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Motivation

The cross sections of many processes with hadronic pairs production
demonstrate significant enhancement near the thresholds
(e+e− → pp̄, nn̄,ΛΛ̄,ΛcΛ̄c, BB̄,B

∗B̄, B∗B̄∗, some J/ψ decays, etc.).

Strong energy dependence of the cross sections is observed in these
processes.

Standard description of resonances based on the Breit-Wigner
parametrization is not valid near the threshold. Other approaches are
necessary.

A nontrivial energy dependence of the cross sections is also observed in
other processes at energies close to the thresholds for the production of
hadronic pairs (e+e− → 6π,K+K−π+π− and others).

We would like to have a unified interpretation of near-threshold
resonances in various processes.
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Final-state interaction

Near-threshold resonances in hadroproduction cross sections
appear as the result of interaction between produced hadrons.

qq̄ pair is produced at small distances r ∼ 1/
√
s.

Hadronization takes place at larger distances r ∼ 1/ΛQCD.
Hadronic system is described by a wave function ψ(r), which
characteristic size is much larger than 1/ΛQCD.
Near the threshold, the velocity of hadrons is small, so they interact for
quite a long time.
The interaction between slow hadrons significantly changes the wave
function of a pair.
Thanks to the separation of scales, the amplitude is factorized:

T = T0 · ψ(r ≲ 1/ΛQCD) ≈ T0 · ψ(0) , where T0 ≈ const

The function ψ(0) has a strong energy dependence near the threshold.
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Interaction of hadrons

The exact equation for the wave function of the hadronic
system depends on their quantum numbers:

spin of particles, isospin, angular momentum, total angular momentum.

For the production of spinless particles with angular momentum l, total
kinetic energy E and mass M the radial Schrödinger equation has form(

p2r +M V (r) +
l(l + 1)

r2
− k2

)
ψ(r) = 0 , k =

√
ME .

We find the solution with asymptotic behavior

ψ(r →∞) = 1
2ikr

(
S χ+

l − χ
−
l

)
, χ±

l = exp [±i (kr − πl/2)]

Pair production cross section: σ =
πkα2

2M3

∣∣∣g ψ(l)(0)
∣∣∣2

g ≈ const — the amplitude of pair production at small distances,

ψ(l)(0) = dl

drl
ψ(r)

∣∣∣
r=0
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Properties of hadroproduction cross section

The scattering cross section (σsc =
π
k2

(2l + 1) |S − 1|2) and the
cross section of pair production are determined by the behavior of
wave function in different regions.

In the resonance case the energy dependence of the cross sections
is determined by a small number of parameters, such as scattering
length and effective range of interaction.

One can use different parametrizations of the potential that
reproduce these parameters.

We consider the potentials we used to be phenomenological
effective potentials rather than real ones.

For l = 0 and the rectangular potential well: V (r) =

{
−U r ⩽ R

0 r > R

σ =
πkα2g2

2M3

q2

q2 cos2 (qR) + k2 sin2 (qR)
, q =

√
M (E + U)
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Elastic and inelastic processes

Elastic processes —
production of real
hadronic pair with low
relative velocity

Inelastic processes — production
of virtual hadronic pair in the
intermediate state with subsequent
annihilation into other particles

In order to describe inelastic processes we use optical potentials
that contain imaginary part: V (r) = U(r)− iW (r).

The total cross section is expressed via the Green’s function of the
Schrödinger equation at r = r′ = 0:

σtot = σel + σinel =
πα2g2

2M3
ImD(0, 0|E)
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The process e+e− → ΛΛ̄

Near the threshold, ΛΛ̄ pair is produced mainly with quantum numbers
l = 0, S = 1, I = 0.

The simple model described before can be applied as is: R = 0.45 fm,
U = 584MeV.

σ =
2πkα2

M s
F 2
D(s) g2 |ψ(0)|2 ,

FD(s) =
(
1− s

1GeV2

)−2
, s = (2M + E)

2
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Tensor interaction in the process e+e− → ΛcΛ̄c

The interaction potentials of hadrons contain the contribution of the
tensor operator S12 = 3 (σ1n) (σ2n)− (σ1σ2).

Conserves the total spin S of particles and total angular
momentum J .

Changes the angular momentum l by 2. As a result, the states
with S = 1 and l = J ± 1 are mixed. Coupled-channels
Schrödinger equation should be considered.

The ΛcΛ̄c pair has the quantum numbers S = 1, J = 1, l = 0, 2.

The cross section is expressed via the components of two
independent solutions of coupled-channels Schrödinger equation:

ψ1(r →∞)

u1 → 1
2ikr

(
S11χ

+
0 − χ

−
0

)
w1 → 1

2ikr S12χ
+
2

ψ2(r →∞)

u2 → 1
2ikr S21χ

+
0

w2 → 1
2ikr

(
S22χ

+
2 − χ

−
2

)
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Tensor interaction in the process e+e− → ΛcΛ̄c

σ =
πkα2g2

2M3

(
|u1(0)|2 + |u2(0)|2

)
,

GE

GM
=
u1(0)−

√
2u2(0)

u1(0) +
1√
2
u2(0)

The functions u1(0) and u2(0) have nontrivial energy dependence.

The ratio GE/GM depends on energy and
differs from unity due to tensor interaction.
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pp̄ and nn̄ pairs production in e+e− annihilation

Aspects to consider:

Nontrivial dependence of GE/GM on energy means that the
tensor interaction plays an important role.

Nucleon-antinucleon pairs are produced with isospins I = 0 and
I = 1, which are mixed because of violation of isotopic invariance.

The proton-neutron mass difference and the Coulomb
interaction are important at low energies.

The cross section of pp̄ and nn̄ annihilation into mesons is large,
therefore the imaginary part of interaction potential is important.

The predictions based on nucleon-antinucleon interaction potential
should reproduce a lot of experimental data (partial-wave
scattering cross sections, cross sections of pair production,
electromagnetic form factors, etc.).

All these can be taken into account within our approach.
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pp̄ and nn̄ pairs production in e+e− annihilation

pp̄ cross section
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Form factors of p and n in the time-like region

Energy dependence of the ratio of electromagnetic form factors
GE/GM is the consequence of tensor interaction.

Proton form factors

□
□

□
□▲▲

▲
▲ ▲

▲

▲

▲

▲

▲

▲



0 50 100 150 200 250 300
0.0

0.5

1.0

1.5

2.0

Neutron form factors







0 50 100 150 200 250 300
0.0

0.5

1.0

1.5

2.0

S. G. Salnikov (BINP) Physics of near-threshold resonances 13



Contribution of NN̄ interaction to inelastic processes

elastic
inelastic
total

Significant drop of the inelastic
cross section is predicted in
the state with I = 1.

This results in strong energy
dependence of cross sections of
some processes near the NN̄
production threshold.
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Effect of the Coulomb interaction near the threshold

pp̄ cross section ΛcΛ̄c cross section

blue – cross section without the Coulomb interaction
green – the same multiplied by the Sommerfeld factor C = 2πη

1−e−2πη

red – cross section with proper account for the Coulomb
interaction within our approach

Multiplication of pair production cross section by the Sommerfeld
factor is an incorrect way of account for the Coulomb interaction.
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BB̄, B∗B̄ and B∗B̄∗ production in e+e− annihilation

Aspects to consider:

The masses are close : MB = 5280MeV, MB∗ = 5326MeV.

Meson pairs are produced with quantum numbers I = 0, l = 1,
JPC = 1−−. Transitions between different states are possible.

Pairs of charged or neutral mesons can be produced.

For simplicity, we use rectangular potential wells to describe the
interaction in each final state, as well as the mixing between states.
The potential is a matrix Vij(r) = Uij · θ(Rij − r).
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Cross sections of BB̄, B∗B̄ and B∗B̄∗ production

Sum of elastic cross sections

Exclusive cross sections

Sharp dips appear because of
transitions between channels.

The peak at E ≈ 75MeV in B∗B̄
channel could be due to mixing
with bound state in B∗B̄∗ channel.
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Summary

We developed an approach for the description of nontrivial energy
dependence of pair production cross sections near the thresholds.

Our approach allows one to easily consider various effects: the
Coulomb interaction, different masses of particles, tensor
interaction, coupling between channels.

The approach allows one to obtain the contribution of interaction
in the intermediate state to the cross sections of inelastic processes.

Within this approach, good agreement with the experimental data
was obtained for many processes.

Thank you for attention!
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The scattering theory

The scattering cross section: σsc =
π

k2
(2l + 1) |S − 1|2,

S = e2iδl , where δl is the scattering phase.

The scattering cross section and the cross section of pair production
are determined by the behavior of wave function in different regions.

Low-energy scattering

The scattering length a = lim
k→0

(
−δ0
k

)
For resonance scattering |a| ≫ R (the range of interaction)
▶ Loosely bound state: a > 0, binding energy ε = −1/Ma2

▶ Virtual state: a < 0, energy ε = 1/Ma2

In both cases |ε| ≪ U , σsc = 4πa2 ≫ 4πR2
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Example: rectangular well for l = 0

Consider potential V (r) =

{
−U r ⩽ R ,

0 r > R ,
where U ≫ E

σ=
πkα2g2

2M3

q2

q2cos2 (qR) + k2sin2 (qR)
, q =

√
M (E + U)≫ k =

√
ME

Resonant pair production takes place for

q0R = π
(
n+ 1

2

)
+ φ , q0 =

√
MU, |φ| ≪ 1, n − integer

Then the cross section of pair production is

σ ≈ πα2g2
√
M

2M3

γ U
√
E

(E − E0)
2 + γE

←− one-channel Flatté formula

γ =
4U

q20R
2
= 4 |ε| a

2

R2
, E0 = −

2Uφ

q0R
≈ −2 |ε| a

R
, |ε| ≪ |E0| ≪ U

Cross section has maximum at E ≈ |ε| = Uφ2, but not E0!
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Example: rectangular well for l = 0

The energy dependence of enhancement factor |ψ(0)|2 (left) and cross
section of pair production (right) for M = 5279MeV, R = 1.5 fm.

A bound state appears at U = 396MeV.

U = 370MeV — a virtual state above the threshold.

U = 420MeV — a loosely bound state below the threshold.
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Virtual pair production

We use optical potentials that contain imaginary part to take
inelastic processes into account.
The total cross section is expressed via the Green’s function of the
Schrödinger equation at r = r′ = 0:

σtot = σel + σinel =
πα2g2

2M3
ImD(0, 0|E)

For l = 0 we have: ImD(0, 0|E) = Im
[
q q sin(qR)+ik cos(qR)

q cos(qR)−ik sin(qR)

]
Loosely bound state

elastic
inelastic
total

Virtual state

elastic
inelastic
total
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NN̄ interaction

Ũ0
S Ũ0

D Ũ0
T Ũ1

S Ũ1
D Ũ1

T

Ui (MeV) −196 80.8 −2.2 −36.3 401.6 15.2
Wi (MeV) 167.3 225.4 −2 −16.4 217.2 1.5
ai (fm) 0.701 1.185 2.704 1.294 0.739 1.289

gi gp = 14.1 gn = 3.6− 1.1i

σpel =
4πkpα

2

q3
F 2
D(q)

[
|gpup1(0) + gnu

n
1 (0)|

2
+ |gpup2(0) + gnu

n
2 (0)|

2
]
,

σnel =
4πknα

2

q3
F 2
D(q)

[
|gpup3(0) + gnu

n
3 (0)|

2
+ |gpup4(0) + gnu

n
4 (0)|

2
]
.
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BB̄, B∗B̄ and B∗B̄∗ interaction

VXX VY Y VZZ VXY VXZ VY Z

Uij (MeV) −613.1 −360.6 −586.7 26.7 20 78.6
aij (fm) 1.361 1.804 1.809 0.953 2.819 2.209

gi (fm) gX = 0.118 gY = −0.004 + 0.217 i gZ = −0.6 + 0.193 i

σX =
2πβXα

2

s

∣∣∣gXu(1)1R(0) + gY v
(1)
1R(0) + gZw

(1)
1R(0)

∣∣∣2 ,
σY =

2πβY α
2

s

∣∣∣gXu(1)2R(0) + gY v
(1)
2R(0) + gZw

(1)
2R(0)

∣∣∣2 ,
σZ =

2πβZα
2

s

∣∣∣gXu(1)3R(0) + gY v
(1)
3R(0) + gZw

(1)
3R(0)

∣∣∣2 .
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