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 We are currently through a new  revolution in particle physics
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D0D̄0 strong 
threshold

The present revolution: new particles discoveries beyond the Quark Model in the QQbar sector at/above the strong decay thres 

 for the New particles discovery 

Plots for each experiment  
available at  our https://qwg.ph.nat.tum.de/exoticshub/

 upcoming experiments:

Electron ion collider

STCF 
Future tau-charm  

Facilities



Aubert et al. BNL 74

Γ ∼ 90 KeV

The discovery of the J/psi (ccbar lowest state) is at the  origin of the November revolution  in 1974 

Samuel  Ting: It was like to stumble in a village where people were living 70000 years  

• Discovery of the first quark of heavy type  Q (m_c > Lambda_QCD)

• Confirmation of the quark model and QCD

Past  
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↵s(2mc) ⌧ 1
—>narrow width and asymptotic freedom: annihilation at large scale controlled  

by a small coupling constant 

—>energy levels  and confinement: 
structure of levels controlled by a 

 Cornell potential in a Schroedinger eq.

quarkonium is an ideal system to study qcd

n=2

Coulomb bb cc

n=4

linear

n=3

n=5

n=6

bbar and ccbar energy levels in comparison to 
Coulomb and linear potential energy levels

Eichten et al . 75, 78, 80
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Heavy quarkonia are nonrelativistic systems:multiscale systems 

Many scales: a challenge and an opportunity 

Past  
Revolution



S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

Quarkonium scales

M(J/Ψ) = 3097 GeV
M(Y (1S)) = 9460 GeV

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

Quarkonium scales

M(J/Ψ) = 3097 GeV
M(Y (1S)) = 9460 GeV

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

Quarkonium scales

M(J/Ψ) = 3097 GeV
M(Y (1S)) = 9460 GeV

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

Quarkonium scales

2S+1
LJ

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

Quarkonium scales

M(J/Ψ) = 3097 GeV
M(Y (1S)) = 9460 GeVS states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

Quarkonium scales

M(J/Ψ) = 3097 GeV
M(Y (1S)) = 9460 GeV

Quarkonium scales

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

Quarkonium scales

2S+1
LJ

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

mb ≃ 5 GeV; mc ≃ 1.5 GeV

mQ ≫ ΛQCD

The mass scale is perturbative

Quarkonium scales

2S+1
LJ

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

mb ≃ 5 GeV; mc ≃ 1.5 GeV

mQ ≫ ΛQCD

The mass scale is perturbative

∆E ∼ mv2,∆fsE ∼ mv4

v
2

b ∼ 0.1, v
2

c ∼ 0.3

The system is nonrelativistic(NR)

Quarkonium scales

2S+1
LJ

S states P states

J

!(4S)

!(3S)

!(2S)

!(1S)

(3S)"

!#

$

$ $
h

c

(2P)

(1P)

b

b
(1P)c

(1P)c

% c (1S)

% (2S)

(3770)"

&"##

"##

#

(2S)"

BB threshold

DD threshold

MeV

mb ≃ 5 GeV; mc ≃ 1.5 GeV

mQ ≫ ΛQCD

The mass scale is perturbative

∆E ∼ mv2,∆fsE ∼ mv4

v
2

b ∼ 0.1, v
2

c ∼ 0.3

The system is nonrelativistic(NR)

m ≫ mv ≫ mv
2

v ≪ 1

NR bound states have at least

3 scales

Quarkonium scales

2S+1
LJ

<latexit sha1_base64="qrxQggGTqytYm8Ald3M82A8mG2c="></latexit>

Levels normalizedwith respect to�b(1P )and�c(1P )

Quarkonium scales 
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The  rich structure of separated energy scales makes QQbar systems an ideal probe of  strong interactions 

Quarkonium as a confinement and deconfinement probe

It is precisely the rich structure of separated energy scales that makes quarkonium an
ideal probe of confinement and deconfinement.

• The different quarkonium radii provide different measures of the transition from a
Coulombic to a confined bound state.
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perturbative region (low energy)  as well as the transition 
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𝐼𝐺 = 0+

𝑒+𝑒− → 𝐵 +⋯
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tetraquark?

(narrow width and lack of isospin 
partners hard to explain)
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𝑢 ҧ𝑐 ?
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Large isospin violation rules out pure 𝑐 ҧ𝑐 interpretation
LHCb-PAPER-2021-045 (B. Batsukh Ph.D. thesis, Syracuse 2021)
arXiv:2204.12597 (accepted by PRD Letters)
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Isospin-violating / Isospin-conserving couplings

Natural explanation via large 𝐷0ഥ𝐷∗0 component (the mass 8 MeV below 𝐷+ഥ𝐷∗−)
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production in heavy ions where the  
strongly coulpled  QCD  medium is formed

opens completely new perspectives!



The present revolution: XYZ striking characteristicsHeavy hadrons often lead the way
LISHEP2023, Rio de Janeiro, Mar.2023, Multiquark Exotics, T.Skwarnicki 8

XYZ   Revolution

𝜓(2𝑆)

𝑀(𝜋+𝜋−𝐽/𝜓) [MeV]

𝐵 → (𝜋+𝜋−𝐽/𝜓)𝐾

DD

DD*

𝑋(3872)

Belle 2003: discovery of X(3872)
PRL 91, 262001 (2003) 

23𝑃1
𝑐 ҧ𝑐 ?

~36 signal events

Γ = 1.2 ± 0.2 𝑀𝑒𝑉 (𝑃𝐷𝐺 2022)

𝐽𝑃𝐶 = 1++
𝐼𝐺 = 0+

𝑒+𝑒− → 𝐵 +⋯

𝑐𝑢
𝑐𝑢

diquark
tetraquark?

(narrow width and lack of isospin 
partners hard to explain)

D*0𝑐ത𝑢
𝑢 ҧ𝑐 ?

D0

Large isospin violation rules out pure 𝑐 ҧ𝑐 interpretation
LHCb-PAPER-2021-045 (B. Batsukh Ph.D. thesis, Syracuse 2021)
arXiv:2204.12597 (accepted by PRD Letters)

𝐵+ → (𝜋+𝜋−𝐽/𝜓)𝐾+

𝝎 ~ 2%

𝝆 − 𝝎
~ 19%

𝝆 ~ 79%

Isospin-violating / Isospin-conserving couplings

Natural explanation via large 𝐷0ഥ𝐷∗0 component (the mass 8 MeV below 𝐷+ഥ𝐷∗−)

~6,800 
signal events

𝑝𝑝 → 𝐵+ +⋯

Hidden charmHeavy hadrons often lead the way
LISHEP2023, Rio de Janeiro, Mar.2023, Multiquark Exotics, T.Skwarnicki 8

XYZ   Revolution

𝜓(2𝑆)

𝑀(𝜋+𝜋−𝐽/𝜓) [MeV]

𝐵 → (𝜋+𝜋−𝐽/𝜓)𝐾

DD

DD*

𝑋(3872)

Belle 2003: discovery of X(3872)
PRL 91, 262001 (2003) 

23𝑃1
𝑐 ҧ𝑐 ?

~36 signal events

Γ = 1.2 ± 0.2 𝑀𝑒𝑉 (𝑃𝐷𝐺 2022)

𝐽𝑃𝐶 = 1++
𝐼𝐺 = 0+

𝑒+𝑒− → 𝐵 +⋯

𝑐𝑢
𝑐𝑢

diquark
tetraquark?

(narrow width and lack of isospin 
partners hard to explain)

D*0𝑐ത𝑢
𝑢 ҧ𝑐 ?

D0

Large isospin violation rules out pure 𝑐 ҧ𝑐 interpretation
LHCb-PAPER-2021-045 (B. Batsukh Ph.D. thesis, Syracuse 2021)
arXiv:2204.12597 (accepted by PRD Letters)

𝐵+ → (𝜋+𝜋−𝐽/𝜓)𝐾+

𝝎 ~ 2%

𝝆 − 𝝎
~ 19%

𝝆 ~ 79%

Isospin-violating / Isospin-conserving couplings

Natural explanation via large 𝐷0ഥ𝐷∗0 component (the mass 8 MeV below 𝐷+ഥ𝐷∗−)

~6,800 
signal events

𝑝𝑝 → 𝐵+ +⋯

Hidden charm

surprisingly narrow above 
strong decay thresholds,  
with surprising decay patterns 
 

Sizeable hadronic prompt 
production cross sections 
(Tevatron, CMS, ATLAS, LHCb) 
 

XYZs  not merely composite particles, have unique properties  
 Novel strongly correlated exotics systems 

It is of fundamental interest to  provide first principle predictions for spectra, transitions,  
production and medium evolution from QCD 

production in heavy ions where the  
strongly coulpled  QCD  medium is formed

opens completely new perspectives!
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•Models assume some special degrees of 
freedom and a model interaction  

Exotic Quarkonia

I Exotic Quarkonia are candidates for non traditional hadronic states, including
four constituent quark or an excited gluon constituent.

I Many pictures and corresponding models have been proposed...

I However a compelling, unified, understanding of these new states has not yet
emerged.

I The objective is to connect the di�erent pictures to QCD through EFT and/or
lattice.
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Hybrids (Q!Qg): Extension of  quarkonium. Isospin scalar exotic state. Focus of  this talk. 
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• Multiple Models for Exotics:

Use EFT + lattice for describing  hybrid

 
 

• Individual success in describing some XYZ hadrons. No success in revealing general pattern.

the blind men 
and  the elephant 

from E. 
Braaten

•Lattice  calculation of  exotics masses are limited by the large number of open decay modes and they are not  
Immediately suited for production and in medium studies
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• Multiple Models for Exotics:

Use EFT + lattice for describing  hybrid

 
 

• Individual success in describing some XYZ hadrons. No success in revealing general pattern.

the blind men 
and  the elephant 

from E. 
Braaten

•Lattice  calculation of  exotics masses are limited by the large number of open decay modes and they are not  
Immediately suited for production and in medium studies

 We need  a flexible approach rooted in QCD  that can address all properties of XYZ spectra, production  
and propagation in medium : Born Oppenheimer Effective Field Theory (BOEFT) 
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by using Nonrelativistic Effective Field Theories  
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Only at the level of pNRQCD  we obtain the potentials from  
QCD   and the zero order problem is the Schroedinger equations
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• E(0)
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δEp.
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δEn.p.
n = m

ϵnn6⟨g2 E2(0)⟩
(mCF αs)4

+ . . . Voloshin–Leutwyler terms

local condensates as  predicted in a 
paper by Misha Voloshin in 1979

—>used to extract  precise  
(NNNLO)  

determination of m_c and m_b

Applications of weakly coupled pNRQCD include: precise alphas extraction from the static energy,ttbar 
production, quarkonia spectra, decays, E1 and M1 transitions, QQq and QQQ energies, thermal masses 

and potentials 

 Using  weakly coupled pNRQCD quarkonium becomes a tool for precision physics in QCD  
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hybrid

The degrees of freedoms now are  

with gluons/light quarks  becoming  
part of the binding  over the strong decay threshold  —>nonperturbative problem, use lattice 

 At the nonperturbative soft scale 
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ΛQCDHitting the scale    r ⇠ ⇤�1
QCD

(QQ̄)1 + Glueball
(QQ̄)1

(QQ̄)8G

hybrid

The degrees of freedoms now are  

with gluons/light quarks  becoming  
part of the binding  over the strong decay threshold  —>nonperturbative problem, use lattice 

 At the nonperturbative soft scale 

Use symmetry and scale separation:    
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m > ⇤QCD NRQCD holds
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⇤QCD > mv2 fast   (gluons, light quarks) and slow (heavy quarks) 

 like in molecular physics (fast-electrons, slow nuclei)
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  The spectrum of static energies can be calculated in NRQCD  
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Symmetries

◦ Foster Michael PRD 59 (1999) 094509

Symmetry  of a system with a static  
  Q in x_1 and a Qbar in x_2

Quarkonium hybrids: BOEFT

• Static Energies (Σ, Π, Δ): Eigenvalue of  NRQCD 
Hamiltonian in the static limit.

• Static limit (m→ ∞): Quantum #’s for hybrid

• For r→ 0: static energies are degenerate. 
Characterized by O 3 ×C symmetry group. 

Labelled by: (KPC, Λησ)

Berwein, Brambilla, Castellà , Vairo Phys. Rev. D. 92, (2015)

Gluonic operators characterizing 
Hybrids in Wilson loop

Focus on these two for low lying hybrids 8
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|Xni = �(x2)�(x2,R)T a
H

a(R)�(R,x1) 
†(x1)|vaci 𝐻(𝟎,−𝑇/2) 𝐻(𝟎,𝑇/2)

(𝒙𝟐,−𝑇/2) (a) (b)

(𝒙𝟏,−𝑇/2) (𝒙𝟏,𝑇/2)
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(𝒙𝟏,𝑇/2)(𝒙𝟏,−𝑇/2)

(𝒙𝟐,−𝑇/2)

and x2 of the quark and antiquark, respectively, are good quantum numbers for the static

solution |n;x1,x2⟩(0), while n generically denotes the remaining quantum numbers.

In static NRQCD, the gluonic excitations between static quarks have the same symmetries

as the diatomic molecule [24]. In the center-of-mass system, these correspond to the symme-

try group D∞h (substituting the parity operation by CP). According to that symmetry, the

mass eigenstates are classified in terms of the angular momentum along the quark-antiquark

axis (Λ = 0, 1, 2, . . . , to which one gives the traditional names Σ,Π,∆, . . . ), CP (g for even

or u for odd), and the reflection properties with respect to a plane that passes through the

quark-antiquark axis (+ for even or − for odd). Only the Σ states are not degenerate with

respect to the reflection symmetry. See Appendix A for more details.

Translational invariance implies that E(0)
n (x1,x2) = E(0)

n (r), where r = x1 − x2. This

means that the gluonic static energies are functions of r and of the only other scale of

the system in the static limit, ΛQCD. The ground-state energy E(0)

Σ+
g
(r) is associated to the

static quark-antiquark energy, while the other gluonic static energies E(0)
n (r), n ̸= 0, are

associated to gluonic excitations between static quarks. Following the analogy with the

diatomic molecule, the E(0)
n (r) play the same role as the electronic static energies. However,

in the present case they are nonperturbative quantities and can be obtained in lattice QCD

from generalized static Wilson loops in the limit of large interaction times T [21, 22, 27–32]

Since the static energies are eigenvalues of the static Hamiltonian, one can exploit the

following relation:

(0) ⟨n; x1, x2, T/2| n; x1, x2, −T/2⟩(0) = N exp
[

−iE(0)
n (r) T

]

, (10)

where N =
[

δ(3)(0)
]2

is a normalization constant following from (9). Since the static states

|n; x1, x2⟩(0) form a complete basis, any state |Xn⟩ can be written as an expansion in them:

|Xn⟩ = cn |n; x1, x2⟩(0) + cn′ |n′; x1, x2⟩(0) + . . . . (11)

From Eq. (10), it then follows

⟨Xn, T/2|Xn, −T/2⟩ = N|cn|2 exp
[

−iE(0)
n (r) T

]

+N|cn′|2 exp
[

−iE(0)
n′ (r) T

]

+ . . . . (12)

For large T the exponentials will be highly oscillatory, or in the Euclidean time of lattice

QCD highly suppressed, so such a correlator will be dominated by the lowest static energy.

This allows us to obtain the lowest static energies without knowing the static states explicitly

E(0)
n (r) = lim

T→∞

i

T
log⟨Xn, T/2|Xn, −T/2⟩ . (13)

8
Phi =Wilson lines and H= gluonic  and light quarks 

The Quantum-Mechanical
Matching

The matching condition is:

⟨H|H |H⟩ = ⟨nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs⟩

H=H(0) +
δH(1)

m
+

δH(2)

m2
+

δH(3)

m3
+

δH(4)

m4
+ . . .

H(0) =

∫

d3x
1

2
(ΠaΠa + BaBa) −

nf
∑

q̄ iD · γ q

δH(1) =−

∫

d3xψ†

(

D2

2
+ cF g S · B

)

ψ + antip.
. . . . . . . . .

NRQCD static 
energies

Quarkonium hybrids: BOEFT

• Static Energies (Σ, Π, Δ): Eigenvalue of  NRQCD 
Hamiltonian in the static limit.

• Static limit (m→ ∞): Quantum #’s for hybrid

• For r→ 0: static energies are degenerate. 
Characterized by O 3 ×C symmetry group. 

Labelled by: (KPC, Λησ)

Berwein, Brambilla, Castellà , Vairo Phys. Rev. D. 92, (2015)

Gluonic operators characterizing 
Hybrids in Wilson loop

Focus on these two for low lying hybrids 8
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r = |x1 � x2|
Juge Kuti Mornigstar 98-06 

Static quenched lattice energies II

unit r0 ≈ 0.5 fm

◦ Capitani Philipsen Reisinger Riehl Wagner PRD 99 (2019) 034502

Schlosser, Wagner 2111.00741, Bali Pineda 2004
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and x2 of the quark and antiquark, respectively, are good quantum numbers for the static

solution |n;x1,x2⟩(0), while n generically denotes the remaining quantum numbers.

In static NRQCD, the gluonic excitations between static quarks have the same symmetries

as the diatomic molecule [24]. In the center-of-mass system, these correspond to the symme-

try group D∞h (substituting the parity operation by CP). According to that symmetry, the

mass eigenstates are classified in terms of the angular momentum along the quark-antiquark

axis (Λ = 0, 1, 2, . . . , to which one gives the traditional names Σ,Π,∆, . . . ), CP (g for even

or u for odd), and the reflection properties with respect to a plane that passes through the

quark-antiquark axis (+ for even or − for odd). Only the Σ states are not degenerate with

respect to the reflection symmetry. See Appendix A for more details.

Translational invariance implies that E(0)
n (x1,x2) = E(0)

n (r), where r = x1 − x2. This

means that the gluonic static energies are functions of r and of the only other scale of

the system in the static limit, ΛQCD. The ground-state energy E(0)

Σ+
g
(r) is associated to the

static quark-antiquark energy, while the other gluonic static energies E(0)
n (r), n ̸= 0, are

associated to gluonic excitations between static quarks. Following the analogy with the

diatomic molecule, the E(0)
n (r) play the same role as the electronic static energies. However,

in the present case they are nonperturbative quantities and can be obtained in lattice QCD

from generalized static Wilson loops in the limit of large interaction times T [21, 22, 27–32]

Since the static energies are eigenvalues of the static Hamiltonian, one can exploit the

following relation:

(0) ⟨n; x1, x2, T/2| n; x1, x2, −T/2⟩(0) = N exp
[

−iE(0)
n (r) T

]

, (10)

where N =
[

δ(3)(0)
]2

is a normalization constant following from (9). Since the static states

|n; x1, x2⟩(0) form a complete basis, any state |Xn⟩ can be written as an expansion in them:

|Xn⟩ = cn |n; x1, x2⟩(0) + cn′ |n′; x1, x2⟩(0) + . . . . (11)

From Eq. (10), it then follows

⟨Xn, T/2|Xn, −T/2⟩ = N|cn|2 exp
[

−iE(0)
n (r) T

]

+N|cn′|2 exp
[

−iE(0)
n′ (r) T

]

+ . . . . (12)

For large T the exponentials will be highly oscillatory, or in the Euclidean time of lattice

QCD highly suppressed, so such a correlator will be dominated by the lowest static energy.

This allows us to obtain the lowest static energies without knowing the static states explicitly

E(0)
n (r) = lim

T→∞

i

T
log⟨Xn, T/2|Xn, −T/2⟩ . (13)

8
Phi =Wilson lines and H= gluonic  and light quarks 

The Quantum-Mechanical
Matching
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δH(1) =−

∫

d3xψ†

(
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+ cF g S · B

)

ψ + antip.
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NRQCD static 
energies

Quarkonium hybrids: BOEFT

• Static Energies (Σ, Π, Δ): Eigenvalue of  NRQCD 
Hamiltonian in the static limit.

• Static limit (m→ ∞): Quantum #’s for hybrid

• For r→ 0: static energies are degenerate. 
Characterized by O 3 ×C symmetry group. 

Labelled by: (KPC, Λησ)

Berwein, Brambilla, Castellà , Vairo Phys. Rev. D. 92, (2015)

Gluonic operators characterizing 
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  The spectrum of static energies can be calculated in NRQCD  
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Symmetry  of a system with a static  
  Q in x_1 and a Qbar in x_2

Notice: in presence of light quark in the binding one adds  
ispospin quantum numbers and measure tetraquark static energies  
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and x2 of the quark and antiquark, respectively, are good quantum numbers for the static

solution |n;x1,x2⟩(0), while n generically denotes the remaining quantum numbers.

In static NRQCD, the gluonic excitations between static quarks have the same symmetries

as the diatomic molecule [24]. In the center-of-mass system, these correspond to the symme-

try group D∞h (substituting the parity operation by CP). According to that symmetry, the

mass eigenstates are classified in terms of the angular momentum along the quark-antiquark

axis (Λ = 0, 1, 2, . . . , to which one gives the traditional names Σ,Π,∆, . . . ), CP (g for even

or u for odd), and the reflection properties with respect to a plane that passes through the

quark-antiquark axis (+ for even or − for odd). Only the Σ states are not degenerate with

respect to the reflection symmetry. See Appendix A for more details.

Translational invariance implies that E(0)
n (x1,x2) = E(0)

n (r), where r = x1 − x2. This

means that the gluonic static energies are functions of r and of the only other scale of

the system in the static limit, ΛQCD. The ground-state energy E(0)

Σ+
g
(r) is associated to the

static quark-antiquark energy, while the other gluonic static energies E(0)
n (r), n ̸= 0, are

associated to gluonic excitations between static quarks. Following the analogy with the

diatomic molecule, the E(0)
n (r) play the same role as the electronic static energies. However,

in the present case they are nonperturbative quantities and can be obtained in lattice QCD

from generalized static Wilson loops in the limit of large interaction times T [21, 22, 27–32]

Since the static energies are eigenvalues of the static Hamiltonian, one can exploit the

following relation:

(0) ⟨n; x1, x2, T/2| n; x1, x2, −T/2⟩(0) = N exp
[

−iE(0)
n (r) T

]

, (10)

where N =
[

δ(3)(0)
]2

is a normalization constant following from (9). Since the static states

|n; x1, x2⟩(0) form a complete basis, any state |Xn⟩ can be written as an expansion in them:

|Xn⟩ = cn |n; x1, x2⟩(0) + cn′ |n′; x1, x2⟩(0) + . . . . (11)

From Eq. (10), it then follows

⟨Xn, T/2|Xn, −T/2⟩ = N|cn|2 exp
[

−iE(0)
n (r) T

]

+N|cn′|2 exp
[

−iE(0)
n′ (r) T

]

+ . . . . (12)

For large T the exponentials will be highly oscillatory, or in the Euclidean time of lattice

QCD highly suppressed, so such a correlator will be dominated by the lowest static energy.

This allows us to obtain the lowest static energies without knowing the static states explicitly

E(0)
n (r) = lim

T→∞

i

T
log⟨Xn, T/2|Xn, −T/2⟩ . (13)

8
Phi =Wilson lines and H= gluonic  and light quarks 

The Quantum-Mechanical
Matching

The matching condition is:

⟨H|H |H⟩ = ⟨nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs⟩

H=H(0) +
δH(1)

m
+

δH(2)

m2
+

δH(3)

m3
+

δH(4)

m4
+ . . .

H(0) =

∫

d3x
1

2
(ΠaΠa + BaBa) −

nf
∑

q̄ iD · γ q

δH(1) =−

∫

d3xψ†

(

D2

2
+ cF g S · B

)

ψ + antip.
. . . . . . . . .

NRQCD static 
energies

Quarkonium hybrids: BOEFT

• Static Energies (Σ, Π, Δ): Eigenvalue of  NRQCD 
Hamiltonian in the static limit.

• Static limit (m→ ∞): Quantum #’s for hybrid

• For r→ 0: static energies are degenerate. 
Characterized by O 3 ×C symmetry group. 

Labelled by: (KPC, Λησ)

Berwein, Brambilla, Castellà , Vairo Phys. Rev. D. 92, (2015)

Gluonic operators characterizing 
Hybrids in Wilson loop

Focus on these two for low lying hybrids 8
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Tetraquark static energies 
Sadl, Prevlosek, 

211014568

Eigen-energies En(r) : channel Sh=1, CP=-1, ε=-1

dominant operator 

in each |n> 

according to Oi n
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H+
2 -like molecule spectrum

In H+
2 -like molecules excitations of the electronic cloud are separated from each other

by a gap of order mα2, while vibrational modes of the nucleus have an energy of order

mα2
√

m/M , which is much smaller than mα2; m = mass of e, M = mass of nucleus.

EFT for quarkonium hybrids Hybrid spectrum Spin-dependent potential EFT for tetraquarks Summary and outlook

BOEFT
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State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
u are degenerate and correspond to a gluonic operator with

quantum numbers 1+−.

States are organized in spin multiplets.

Multiplet T JPC(S = 0) JPC(S = 1) EΓ

H1 1 1−− (0, 1, 2)−+ E
Σ−

u

, EΠu

H2 1 1++ (0, 1, 2)+− EΠu

H3 0 0++ 1+− E
Σ−

u

H4 2 2++ (1, 2, 3)+− E
Σ−

u

, EΠu

T is the sum of the orbital angular momentum of the quark-antiquark pair and the

gluonic angular momentum; T = 0 state turns out not to be the lowest mass state.

◦ Braaten PRL 111 (2013) 162003

Braaten Langmack Smith PRD 90 (2014) 014044

Born Oppenheimer  
Description

QED
QCD
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⇤QCD � mv2

Higher excitations  
develop a gap of order Lambda_QCD

• The spectrum of the mv^2 fluctuations around the lowest static energy is the quarkonium spectrum
Introducing a finite mass m: 

• The spectrum of the mv^2 fluctuations around the higher excitations is the exotic spectrum (hybrids and tetraquarks)
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State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
u are degenerate and correspond to a gluonic operator with

quantum numbers 1+−.

States are organized in spin multiplets.

Multiplet T JPC(S = 0) JPC(S = 1) EΓ

H1 1 1−− (0, 1, 2)−+ E
Σ−

u

, EΠu

H2 1 1++ (0, 1, 2)+− EΠu

H3 0 0++ 1+− E
Σ−

u

H4 2 2++ (1, 2, 3)+− E
Σ−

u

, EΠu

T is the sum of the orbital angular momentum of the quark-antiquark pair and the

gluonic angular momentum; T = 0 state turns out not to be the lowest mass state.
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Born Oppenheimer  
Description

QED
QCD
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The Quantum-Mechanical
Matching

The matching condition is:

⟨H|H |H⟩ = ⟨nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs⟩

In a QM language:

H(0)|n;x1,x2⟩
(0) = E(0)

n (x1,x2)|n;x1,x2⟩
(0)

|n;x1,x2⟩
(0) = ψ†(x1)χ(x2)|n;x1,x2⟩

(0)

xj are the quark positions n : CP, ...

|0⟩(0) = |(QQ̄)1⟩ → Quarkonium Singlet
|n > 0⟩(0) = |(QQ̄)g(n)⟩ → Higher Gluonic Excitations
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(Strongly coupled)pNRQCD 

BOEFT 
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|QQ̄qq̄i Tetraquarks

 Nonperturbative matching to the  pNREFT 

Higher excitations  
develop a gap of order Lambda_QCD

• The spectrum of the mv^2 fluctuations around the lowest static energy is the quarkonium spectrum
Introducing a finite mass m: 

• The spectrum of the mv^2 fluctuations around the higher excitations is the exotic spectrum (hybrids and tetraquarks)
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H+
2 -like molecule spectrum

In H+
2 -like molecules excitations of the electronic cloud are separated from each other

by a gap of order mα2, while vibrational modes of the nucleus have an energy of order

mα2
√

m/M , which is much smaller than mα2; m = mass of e, M = mass of nucleus.

EFT for quarkonium hybrids Hybrid spectrum Spin-dependent potential EFT for tetraquarks Summary and outlook

BOEFT

⇤QCD
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g
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State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
u are degenerate and correspond to a gluonic operator with

quantum numbers 1+−.

States are organized in spin multiplets.

Multiplet T JPC(S = 0) JPC(S = 1) EΓ

H1 1 1−− (0, 1, 2)−+ E
Σ−

u

, EΠu

H2 1 1++ (0, 1, 2)+− EΠu

H3 0 0++ 1+− E
Σ−

u

H4 2 2++ (1, 2, 3)+− E
Σ−

u

, EΠu

T is the sum of the orbital angular momentum of the quark-antiquark pair and the

gluonic angular momentum; T = 0 state turns out not to be the lowest mass state.

◦ Braaten PRL 111 (2013) 162003

Braaten Langmack Smith PRD 90 (2014) 014044

Born Oppenheimer  
Description

QED
QCD
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|0;x1x2i� >

The Quantum-Mechanical
Matching

The matching condition is:

⟨H|H |H⟩ = ⟨nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs⟩

In a QM language:

H(0)|n;x1,x2⟩
(0) = E(0)

n (x1,x2)|n;x1,x2⟩
(0)

|n;x1,x2⟩
(0) = ψ†(x1)χ(x2)|n;x1,x2⟩

(0)

xj are the quark positions n : CP, ...

|0⟩(0) = |(QQ̄)1⟩ → Quarkonium Singlet
|n > 0⟩(0) = |(QQ̄)g(n)⟩ → Higher Gluonic Excitations

The Quantum-Mechanical
Matching

The matching condition is:
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m
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V (n)
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mn
|nljs⟩
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(0) = E(0)

n (x1,x2)|n;x1,x2⟩
(0)

|n;x1,x2⟩
(0) = ψ†(x1)χ(x2)|n;x1,x2⟩

(0)

xj are the quark positions n : CP, ...

|0⟩(0) = |(QQ̄)1⟩ → Quarkonium Singlet
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(Strongly coupled)pNRQCD 
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|QQ̄qq̄i Tetraquarks

 Nonperturbative matching to the  pNREFT 

Higher excitations  
develop a gap of order Lambda_QCD

• The spectrum of the mv^2 fluctuations around the lowest static energy is the quarkonium spectrum
Introducing a finite mass m: 

• The spectrum of the mv^2 fluctuations around the higher excitations is the exotic spectrum (hybrids and tetraquarks)
The Quantum-Mechanical

Matching

The matching condition is:

⟨H|H |H⟩ = ⟨nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs⟩

In a QM language:

H(0)|n;x1,x2⟩
(0) = E(0)

n (x1,x2)|n;x1,x2⟩
(0)

|n;x1,x2⟩
(0) = ψ†(x1)χ(x2)|n;x1,x2⟩

(0)

xj are the quark positions n : CP, ...

|0⟩(0) = |(QQ̄)1⟩ → Quarkonium Singlet
|n > 0⟩(0) = |(QQ̄)g(n)⟩ → Higher Gluonic Excitations

 expand quantomechanically NRQCD states and  
 energies  in 1/m around the  

zero order  and identify the QCD potentials

systematically
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• gluonic excitations develop a gap                       and  are integrated out      ΛQCDΛQCD

pNRQCD  and the potentials come from integrating  
out all scales up to  
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• gluonic excitations develop a gap                       and  are integrated out      ΛQCDΛQCD

pNRQCD  and the potentials come from integrating  
out all scales up to  
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• A  pure potential description emerges from the EFT however this is not the constituent 
quark model, alphas and masses  are the QCD fundamental parameters

• The potentials V = ReV + ImV

         
  from QCD in the matching: get spectra and decays 

• We obtain  the form of the nonperturbative potentials V in terms of generalized Wilson loops (stat 
that are low energy pure gluonic correlators: all the flavour dependence is pulled out 
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+�L(US light quarks)

Applications regard: Spectrum, decays, production at LHC, studies of confinement

 Strongly coupled pNRQCD for quarkonium below the threshold



spin dependent 1/m^2 potentialThe singlet  potential has the general structure

High-lying quarkonia away from threshold: 1/m potentials

• Singlet states described by the long tails of the potentials in pNRQCD:

V = V0 +
1

m
V1 +

1

m2
(VSD + VV D)

•Lattice calculations of the pNRQCD  potentials

•Exact relations among the potentials from the EFT

•QCD vacuum calculation of the potential (need only one assumption on the Wilson loop 

static spin dependent velocity dependent
the fact that spin dependent corrections appear   

at order 1/m^2 is called Heavy Quark Spin Symmetry

Matching the potential

• The spin independent (SI) 1/m2 potential:

i jV
(2)
SI =

1

2

{

p2
1, r̂ir̂j

i

2

∫ ∞

0
dt t2

}

+ (1 ↔ 2)
∣

∣V
(1)
p2

i j+
1

r2
(

δij − 3r̂ir̂j
) i
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∫ ∞

0
dt t2 L2

1 + (1 ↔ 2)
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L2

i j−
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∫ ∞

0
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0
dt t2 L1 · L2 + (1 ↔ 2)

∣

∣V
(2)
L2

+ momentum independent terms −∆L effects

◦ Pineda Vairo PRD 63 (2001) 054007

Matching the potential

• The spin dependent (SD) 1/m2 potential:

i j
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r2
cF ϵ

kij i

∫ ∞

0
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cF = 1 + αs/π(13/6 + 3/2 lnm/µ) + ...), dsv,vv = O(α2
s ) from NRQCD.
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Matching the potential

• The static potential:

V (0)(r) = lim
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T
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Wilson loops (as matching Green’s functions) guarantee gauge invariance.
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gauge invariant wilson  
loops can be calculated also in 

 QCD vacuum model and large N
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gauge invariant wilson  
loops can be calculated also in 

 QCD vacuum model and large N

• the potentials contain the contribution of the scale m inherited from NRQCD matching coefficients—> they cancel 
any QM divergences, good UV behaviour

• the nonperturbative part is universal:factorized and depends only on the glue —> only one lattice calculation 
to get  the dynamics and the observables instead of an ab initio calculation of multiple Green functions

• the flavour dependent part is extracted in the NRQCD matching coefficients



 Lattice evaluation of the spin dependent potentials  

Such data can distinguish different models for the dynamics 
of low energy QCD e.g. effective string model 

N. B., Martinez, Vairo 2014 



 BOEFT for  HYBRIDS



2

 

3

 

4

 

5

 

6

0 0.5 1 1.5 2 2.5

[E
H

(r)
 - 

E Σ
+ g(r 0

)]r
0

r/r0

1+-
Πu

Σ-
u

1--
Σ+

g’

Πg2--

∆g

Σ-
g

Πg’

2+-

Σ+
u

Πu’

∆u
3+-

Φu Πu’’
0++ Σ+

g’’

Σ+
g + m0++

4-- ∆g’
Πg’’

1-+

We can calculate the perturbative behaviour of the potential for short distance

octet potential
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Eg =
non perturbative coefficient

 Hybrids static energies at  
short distances
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Q!Q pair: Static Energies

12

Schlosser and Wagner Phys. Rev. D. 105, (2022)

• Static limit (m→ ∞): heavy quarks are fixed in position. Interquark potential given by LDF energy.

Ground state 
gluon: Quarkonium

First excited state gluon configuration: Hybrid

Focus on these two for low lying hybrids

Gluonic operators characterizing hybrids

Degeneracy

Brambilla, Pineda, Soto and Vairo, Rev. Mod. Phys 77, (2005)Foster and Micheal (UKQCD collaboration), 
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Focus on the first hybrid 
static energy 
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fitted  from the lattice  hybrids  
 static energies
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  The first hybrid static energy excitation  
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Schrödinger equation for EΠu and EΣ−
u

hybrids
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called the nonadiabatic coupling.
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fitted  from the lattice  hybrids  
 static energies
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fitted  from the lattice  hybrids  
 static energies

offdiagonal terms change the radial Σ wave function to Π and vice versa, however, they can

not change the parity of the states. This means that ψ(N)
Σ mixes only with ψ(N)

−Π , and ψ(N)
+Π

decouples. We then have the following coupled radial Schrödinger equation for one parity

state,
⎡
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(51)

and for the other we get the conventional radial Schrödinger equation

[

− 1

mr2
∂r r

2 ∂r +
l(l + 1)

mr2
+ E(0)

Π

]

ψ(N)
+Π = EN ψ(N)

+Π . (52)

There is a special case for l = 0 in that the offdiagonal terms in the coupled equation

vanish, so the radial Schrödinger equations for ψ(N)
Σ and ψ(N)

−Π also decouple. In fact, ψ(N)
−Π

is irrelevant, since there are no orbital wave functions with |λ| = 1 for l = 0. The same

applies to ψ(N)
+Π . So for l = 0 there exists only one parity state, and its radial wave function is

given by an almost ordinary Schrödinger equation with the E(0)
Σ potential, the only unusual

element is that the angular part is 2/mr2 even though l = 0.

In Appendix C we describe the derivation of the radial Schrödinger equations in more

detail. For the uncoupled radial Schrödinger equations there exist well established numerical

methods to find the wave functions and eigenvalues. These can also be extended to the

coupled case, more details on the specific approach that we chose to get the numerical

results are given in Appendix D and [51].

C. Comparison with other descriptions of hybrids

We now compare the pattern of hybrid spin-symmetry multiplets that we have obtained in

our approach with the one obtained in different pictures. The BO approximation for hybrids,

as it has been employed in Refs. [19, 21, 22, 34], produces spin-symmetry multiplets with

the same JPC constituents as our Hi multiplets in Table II, however, in all the existing BO

papers the masses of opposite parity states are degenerate.

In Ref. [34] the underlying assumptions of the BO approximation are given in more

detail. Two main points are identified, an adiabatic approximation and a single-channel

approximation. The adiabatic approximation states that the time scales for heavy and
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Coupled radial Schrödinger equations

Projection vectors in matrix elements allow for two di↵erent solutions
(coupled or uncoupled) for the ⌃�

u
and ⇧u radial wave functions:

1st solution
"
�

1

2µr2
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p
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@r r
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l(l + 1)
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+ E(0)

⇧

�
 ⇧ = E  ⇧

energy eigenvalue E gives hybrid mass: mH = mQ +mQ̄ + E

l(l + 1) is the eigenvalue of angular momentum L
2 =

�
LQQ̄ +Lg

�2

the two solutions correspond to opposite parity states: (�1)l and (�1)l+1

corresponding eigenvalues under charge conjugation: (�1)l+s and (�1)l+s+1

Schrödinger equations can be solved numerically

M. Berwein (RIKEN) Exotics with EFTs November 6, 2018 9 / 14

Mixing remove the degeneration 
among opposite parity states: 

->Lambda doubling  
existing also in molecular physics
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belonging to the H
0

1
multiplet after including the uncertainties in the gluelump mass. From Table IV, we see that the

states  (4230) and  (4390) decay both to the spin singlet charmonium, hc(1P ), and to the spin triplet charmonium,
J/ . This could be consistent with hybrid spin-conserving and spin-flipping decays, respectively. Instead, the states
 (4360) and  (4660) have only been observed to decay to spin triplet charmonium states, J/ and  (2S). Recently,
the BESIII collaboration has suggested the existence of two possible new states with quantum numbers JPC = 1��,
Y (4500) and Y (4710), from resonance structures in the e+e� ! K+K�J/ and e+e� ! K0

S
K0

S
J/ cross sections,

respectively [41, 43]. The masses and the quantum numbers of these states are compatible with the excited spin
singlet H

0

1
and H

00

1
hybrid multiplets after including the uncertainties from the gluelump mass.
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Figure 2: Comparison of the mass spectrum of the neutral exotic charmonium-like states shown in Table IV with
results for hybrids obtained by solving the coupled Schrödinger equations (2.18). The experimental states are
represented by horizontal solid blue lines with vertical error bars. Our results for the multiplets H1, H 0

1
, H 00

1
, H2,

H 0
2
, H3, H4 and H5 are plotted with error bands corresponding to a gluelump mass uncertainty of ±0.15 GeV. The

figure has been adapted and updated from Ref. [3].

The quantum numbers JPC = 1++ and the mass of the �c1(4140) and �c1(4274) suggest that they could be
candidates for the spin singlet 1++ member of the H2 hybrid multiplet within uncertainties. For the spin singlet
member of the H2 multiplet, a spin-conserving decay leads to a spin singlet ⌘c(1S) quarkonium in the final state and
a spin-flipping decay leads to a spin triplet �c(1P ) quarkonium in the final state. The states �c1(4140) and �c1(4274),
however, have been observed to decay only to � J/ . It has been suggested that these states could be isospin-0
charmonium tetraquark states [16, 51]. The JPC quantum numbers of the X(4160) have not yet been determined. A
positive charge conjugation and the mass could make it a candidate for the spin triplet (0, 1, 2)�+ member of the H1

multiplet or the spin singlet 1++ member of the H2 multiplet. Recently, the LHCb collaboration reported two new
exotic states, X(4630) and �c1 (4685), with quantum numbers JPC =??+ and JPC = 1++ in the B+

! J/ �K+

decay [42]. The favoured quantum numbers for X(4630) are JPC = (1 or 2)�+ [4, 42]. Based on the quantum numbers
and mass, the X(4630) state could be a candidate for the excited spin triplet (0, 1, 2)�+ member of the H1 multiplet
or the spin triplet (1, 2, 3)�+ member of the H5 multiplet after including the uncertainties from the gluelump mass.
The quantum numbers 1++ and the mass of �c1 (4685) are compatible with the spin singlet state of the excited H

0

2

multiplet after accounting for the uncertainties from the gluelump mass. For the X(4630) and �c1 (4685), only the
decay to � J/ has been seen until now.

The quantum numbers of X(4350) are JPC = (0 or 2)++ [52]. The mass of the X(4350) suggests that it could be a
candidate for the spin singlet 2++ member of the H4 multiplet. The quantum numbers JPC = 0++ and the masses
of the �c0(4500) and �c0(4700) suggest that they could be candidates for the spin singlet 0++ member of the H3

hybrid multiplet within uncertainties. For the spin singlet member of the H3 and H4 multiplets, the spin-conserving
transitions lead to the spin singlet ⌘c(1S) quarkonium in the final state and the spin-flipping transitions lead to the
spin triplet �c(1P ) quarkonium in the final state. However, the states X(4350), �c0(4500), and �c0(4700) have been
observed to decay only to � J/ .

N. B. W. K. Lai, A- Mohapatra, A. Vairo 2212.09187
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Figure 3: Comparison of the mass spectrum of the neutral exotic bottomonium-like states shown in Table IV with
results for hybrids obtained by solving the coupled Schrödinger equations (2.18). The experimental states are
represented by solid blue lines with vertical error bars. Our results for the multiplets H1 and H 0

1
are plotted with

error bands corresponding to the gluelump mass uncertainty of ±0.15 GeV. We only show the multiplets H1 and H 0
1

as there are only three exotic states with matching quantum numbers (see Table IV).

In the bottomonium sector, there are only three exotic candidates for the hybrid states with quantum numbers
JPC = 1��: ⌥(10753), ⌥(10860), and ⌥(11020). The quantum number 1�� corresponds to the spin singlet member
1�� of the bottomonium hybridH1 multiplet or its excitation. The mass of the ⌥(10753) and ⌥(11020) states suggests
that they could be identified with states in the H1 or H

0

1
multiplets, respectively. The mass of the ⌥(10860), besides

being consistent with a conventional ⌥(5S) bottomonium state, is compatible with both H1 and H
0

1
bottomonium

hybrid multiplets within uncertainties. From Table IV, we notice that the states ⌥(10860) and ⌥(11020) decay both
to the spin singlet bottomonium state hb(1P ) and to the spin triplet bottomonium states ⌥(nS). The decay to
hb(1P ) could correspond to a spin-conserving transition and the decay to ⌥(nS) could correspond to a spin-flipping
transition. The state ⌥(10753) has been observed to decay only to spin triplet ⌥(nS) bottomonium states. Recent
studies have suggested that some of these states could be conventional quarkonium or tetraquark states [51, 53–59].

B. Results for the decay rates

The exotic XYZ states in the charmonium sector shown in Fig. 2 have mostly quantum numbers JPC = 1��, 1++,
0++ and 2++ that correspond to the JPC quantum numbers of the spin-singlet members of the hybrid multiplets
H1 [1��], H2 [1++], H3 [0++], H4 [2++] and their excitations. The exotic state X(4630) could have JPC quantum
numbers 1�+ or 2�+, and be a spin triplet member of the hybrid multiplets H1 [(0, 1, 2)�+] or H5 [(1, 2, 3)�+]. The
exotic XYZ states in the bottomonium sector shown in Fig. 3 have quantum numbers JPC = 1�� that correspond
to the JPC quantum numbers of the spin-singlet members of the hybrid multiplet H1 [1��] and its excitations. In
the following, we focus solely on these hybrid states and compute the semi-inclusive spin-conserving and spin-flipping
transition rates to quarkonia. The spin-conserving decays of hybrids to quarkonia, Hm ! Qn +X, where X denotes
light hadrons, are induced by the chromoelectric-dipole vertex (3.12); the expression for the decay rate is given in
Eqs. (3.26) and (3.27). The spin of the QQ̄ pair is the same in the initial hybrid and the final quarkonium states:
spin-0 hybrids decay to spin-0 quarkonia and spin-1 hybrids decay to spin-1 quarkonia. For several charmonium
and bottomonium spin-0 hybrid states, members of the hybrid multiplets H1 [1��], H2 [1++], H3 [0++] and their
excitations, the values of the spin-conserving decay rates are shown in Table V. The spin-conserving decay rates

of the spin-1 hybrid states, members of the hybrid multiplets H1

h
(0, 1, 2)�+

i
, H2

h
(0, 1, 2)+�

i
, H3 [1+�] and their

excitations, are, at the precision we are working (LO in the nonrelativistic expansion), three times the corresponding
spin-conserving decay rates of the spin-0 hybrid states as the final state may assume three di↵erent polarizations, see

Band  in the mass value for each multiplet  
is due to the error (150 Mev) on the gluelump mass measured on the lattice

  Hybrid  multiplets as predicted by BOEFT (coloured rectangles) compared to the neutral isoscalar states observed in 
charmonium/bottomonium sector   (crosses)

Note:
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 Spin dependent interactions  



The BOEFT gives a prescription to calculate  the hybrids spin dependent potentials at 
order 1/m and 1/m^2 

Hybrid spin-dependent potentials at order 1/mh and 1/m2
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= iϵikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.
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• The nonperturbative part in V_i (r) depend on nonperturbative 
 gluonic correlators non local in time not yet calculated on the lattice: six unknowns, 
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• The only flavor dependence is carried by the perturbative NRQCD matching coefficients
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QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium
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• The nonperturbative part in V_i (r) depend on nonperturbative 
 gluonic correlators non local in time not yet calculated on the lattice: six unknowns, 

the octet perturbative part can be calculated in perturbation theory
• The only flavor dependence is carried by the perturbative NRQCD matching coefficients

USE LATTICE CALCULATION OF THE CHARMONIUM  
SPIN MULTIPLETS TO EXTRACT the  6 UNKNOWNs and PREDICT THE BOTTOMONIUM  

SPIN MULTIPLETS,  learn also about the DYNAMICS
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with a pion of about 240 MeV

height of the boxes is an estimate of the 
uncertainty:  

estimated by the parametric size of higher 
order corrections, m alpha_s^5 for the 

perturbative part, powers of Lambda_qcd/m for 
the nonperturbative part, plus the statistical 

error on the fit

the  perturbative part  produces a pattern opposite 
to the lattice  and to ordinary quarkonia —> 

 discrepancy can be reconciled thanks  to the 
nonperturbative parts, especially the one at order 1/

m which goes like Lambda^2/m and is 
parametrically larger than the perturbative 

contribution at order m v^4
which is interesting as 

some models  
are taking  

the spin interaction 
 from perturbation theory 
with a constituent gluon 

Charmonium hybrid spin splittings

◦ Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017

lattice data from Liu et al JHEP 1612 (2016) 089

[2+1 flavors, mπ = 240 MeV]



Charmonium Hybrids  Multiplets H_1 and H_2

H_1 and H_2 corresponds to l=1 and are negative and positive 
parity resp. The mass splitting  between H_1 and H_2 is a result of lambda-doubling

H_3 and H_4 are also calculated 

Charmonium hybrid spin splittings

◦ Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017

lattice data from Liu et al JHEP 1612 (2016) 089

[2+1 flavors, mπ = 240 MeV]

here you find predictions for all H multiplets
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[2+1 flavors, mπ = 240 MeV]

thanks to the BOEFT factorizatio we can  fix the nonperturbative unknowns 
from  a charmonium hybrid calculationthe nonperturbative low energy 

unknownsdo not depend on the flavor: we can predict the bottomonium 
hybrids splin splittings
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Comparison of our prediction to the  
existing lattice data on H1

Bottomonium H1 hybrid spin splittings vs lattice QCD
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  Spin effects 

->difficult to insert in models 

->this  spin structure has huge impact in phenomenology : larger spin multiplets separation  than in quarkonium 

->less spin symmetry in decays due to quarkonium-hybrids mixing via a spin operator at 1/m 

38

Hybrid-quarkonium mixing (in progress)

• Hybrid states in the same energy range and same quantum #’s as quarkonium can mix. 

• Mixing  impact spectrum and decay properties of  hybrid. Implications on hybrid interpretation for 
exotics.

Ex.

Effect on decay:

• Hybrids with gluon quantum # 𝜿 = 𝟏+ −, mix with quarkonium through heavy-quark spin 
dependent operator. Mixing potential at 𝑂( Τ1 𝑚) in BOEFT. 

Brambilla, AM, Vairo,.... (in progress)

• Mixing potential              : determined from matching NRQCD and BOEFT at 𝑂( Τ1 𝑚) 

NRQCD

𝐻𝑚 𝑄′𝑚

BOEFT

=

Expression after matching:

Above expression can be computed on lattice if  we 
identify:

Oncala & Soto, Phys. Rev. D. 96, (2017)
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  BOEFT calculation of semi inclusive hybrids decays to quarkonium: H —> Quarkonium (S) plus X (anything light) 

we calculated spin conserving and spin flipping decays 
they are same size

EPJ Web of Conferences

the linear term to be equal to the one for heavy quarkonium (V⌃+g (r)) as dictated by the QCD e↵ec-
tive string theory (EST) [12], and the Coulomb term to be related to the one of V⌃+g (r) as dictated by
perturbation theory. Hence, only an additive constant is left as a free parameter, which can in turn be
related to the corresponding constant for V⌃+g (r) through the lattice data. The last constant is fixed by
fitting the heavy quarkonium spectrum. For V⇧u (r) a Cornell-like form does not fit lattice data well at
intermediate distances. Hence, we take a slightly more complicated function for it, we substitute the
Coulomb term by a rational function with five free parameters. At short and long distances we impose
V⇧u (r) � V⌃�u (r) to be compatible with the weak coupling pNRQCD results at NLO [3] and with the
EST results at NLO [12] respectively. The remaining two free parameters are fitted to lattice data.

Using the potentials above as an input we solve numerically (4) and obtain the results displayed
in tables 1 and 2. We also display the results for heavy quarkonium, obtained with a Cornell potential
that fits well the lattice data for ⌃+g of [4].

In table 3 we show possible identifications with XYZ states. According to this table only spin
zero hybrids would have been observed. It is interesting to notice that Y(4008), Y(4360) and Y(4660)
would correspond to the ground state and the lower excitations of the (s/d)1 state. However, the three
states have been observed to decay to vector quarkonium, which violates spin symmetry [13]. This is
also so for Yb(10890). In fact, from the 1�� candidates only for X(4630) no spin symmetry violating
decay has been observed. This motivates the study of mixing with heavy quarkonium in section 4. We
report in the next section on our results for the decay widths to lower lying heavy quarkonium states.

3 Decay

Since we are interested in the lowest lying heavy hybrid states, it is enough for us to consider an
e↵ective theory for energy fluctuations E ⌧ ⇤QCD around those states. The energy gap to the lower
lying heavy quarkonium states is greater than ⇤QCD. Hence the lower lying heavy quarkonium states
can be integrated out, which will give rise to an imaginary potential �V for the heavy hybrid states,
which in turn will produce a decay width for them, �H!S = �2 hH|Im�V |Hi. This is much in the
same way as integrating out hard gluons produces operators with imaginary matching coe�cients in
NRQCD [14]. Furthermore, if we assume that the energy gap �E fulfills �E � ⇤QCD, and that the
process is dominated by short distances, the integration can be done using the weak coupling regime
of pNRQCD [3, 15]

We obtain,

Im�V = �2
3
↵sTF

Nc

X

n

ri|S nihS n|ri (i@t � En)3 , (5)

TF = 1/2, Nc = 3, and ↵s is the QCD strong coupling constant. En is the energy of the n-th heavy
quarkonium state, S n. The calculation is reliable only for those states that fulfill �En � ⇤QCD, for
which we identify,

�(Hm!S n)=
4
3
↵sTF

Nc
hHm|ri|S nihS n|ri|Hmi(�Emn)3 , (6)

where m stands for NLJ , the quantum numbers of the heavy hybrid (Hm), n for N0L0, the quantum
numbers of the heavy quarkonium (S n), and �Emn is the energy di↵erence between them. For consis-
tency,

D
S n|ri|Hm

E
�Emn should also be small, otherwise the multipole expansion built in weak coupling

pNRQCD would not be justified. The structure of the decay width above implies that no heavy hybrid
with L = J decays to heavy quarkonium at this order. This selects X(4160) as the preferred candidate
for the 1p1 state in table 3 since no decay to charmonium has been observed, as opposite to X(4140).
The numerical values of the decay widths are given in table 4. The scale of ↵s is taken at µ = �Emn.
At this order, the decays respect heavy quark spin symmetry, and hence the spin of the heavy quarks

24

Hybrid-to-Quarkonium transition decay rate
=  spin-conserving + spin-flipping decay rates. 

Brambilla, Lai, AM, Vairo arXiv:2212.09187Results

ü Decay to open threshold states not accounted !!!!

Our estimate of  decay rate are lower-bounds for the total width of  hybrids

For exotic states (which are possible hybrid candidates), our results sets 
lower-bounds on the inclusive widths of  physical states.
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• Comparison: bottom exotic states with corresponding bottomonium hybrid state:

spin-conserving + spin-flipping decays 
=

lower bound on the total decay widths of  
hybrids which is compared with inclusive 
rate of  physical states in PDG.



• Comparison: charm exotic states with corresponding charmonium hybrid state:
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𝑯𝒎 → 𝑸𝒏 + 𝑿

spin-conserving + spin-
flipping decays 
                  = 
lower bound on the total 
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Hybrid: Summary

✓ Isoscalar neutral mesons (Isospin=0)

Brambilla, Lai, AM, Vairo arXiv:2212.09187

✓ Candidates for hybrids based on mass, quantum numbers, and decays to quarkonium:

• Hybrids (QഥQg): Color singlet state of  color octet QഥQ + gluon. (Q = c, b)

Charm sector:

Bottom sector:

➢ 𝑿 𝟒𝟏𝟔𝟎  : could be  charm hybrid  𝑯𝟏[𝟐−+](𝟒𝟏𝟓𝟓).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟕𝟏𝟎  : could be  charm hybrid  𝑯𝟏[(𝟏− −)](𝟒𝟖𝟏𝟐).

➢ 𝚼 𝟏𝟎𝟕𝟓𝟑  : could be bottom hybrid 𝑯𝟏[(𝟏− −)](𝟏𝟎𝟕𝟖𝟔).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟑𝟗𝟎  : could be  charm hybrid  𝑯𝟏[𝟏−−](𝟒𝟓𝟎𝟕). ➢ 𝝌𝒄𝟏 𝟒𝟔𝟖𝟓  : could be  charm hybrid  𝑯𝟐[(𝟏+ +)](𝟒𝟔𝟔𝟕).

DISCLAIMER!!! 
 All the above interpretation can differ accounting for decays to 
meson-pair threshold states and hybrid-quarkonium mixing. 
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Hybrid  Decays
• Hybrid decays to meson-pair threshold states: ΔE ≲ ΛQCD

Conventional Wisdom: Hybrid decays to two S-wave mesons forbidden!
Kou & Pene, Phys Lett B 631 (2005) Farina, Tecocoatzi, Giachino, Santopinto & Swanson, Phys Rev D 102 (2020)Page, Phys Lett B 407 (1997)

Born Oppenheimer quantum numbers for hybrids and ground state meson pair 
does allow for decay to two s-wave mesons. Bruschini 2306.17120

forbidden for decay into pair of s-wave mesons

Most quarkonium hybrids can decay into pair of s-wave mesons !!! 

Recent lattice computation for 𝒄ത𝒄 hybrid 1− + decay to

Shi et al 2306.12884

Computing these decays of  hybrid to threshold states in BOEFT framework ?
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 BOEFT for  tetraquarks and pentaquarks



BOEFT may be used to describe any system made by two heavy quarks bound adiabatically with some 
light quarks degrees of freedom  (tetraquarks QQlight quarks, QQbar light quarks, pentaquarks) 

In case of light quarks isospin quantum numbers should be added 
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  Tetraquarks and Pentaquarks 

Steps go as before: 

Eb and the light-quark and gluon dynamical energy scale ⇤QCD � Eb. This scale
separation has lead to the observation that exotic quarkonia can be studied in a Born-
Oppenheimer picture. The static energies, as well as the other matching coefficients
of the low-energy EFT describing the heavy-quark bound states, can be written in
terms of static Wilson loops which can be computed on the lattice. In the short-
distance regime r . ⇤QCD the relative momentum of the heavy quarks can also be
integrated out perturbatively leading to a short-distance description of the matching
coefficients. In the long-distance regime r � 1/⇤QCD Effective String Theories can
be used to model the long-distance part of the potentials [2, 10–13].

In these proceedings we briefly outline the construction of EFTs for quarkonium
hybrids and tetraquarks and sumarize some of the most recent results.

2 The effective field theory
Exotic quarkonia are characterized by being formed by two distinct components: on
one hand we have the heavy-quark-antiquark pair and on the other gluonic or light-
quark degrees of freedom. The heavy-quark-antiquark pair forms a nonrelativistic
bound state with three characteristic scales, m the heavy quark mass, mv the relative
momentum, with v ⌧ 1 the relative velocity, and mv2 the heavy quark binding energy.
These scales fulfill the hierarchy m � mv � mv2. The light degrees of freedom are
characterized by a typical energy and momentum of order ⇤QCD. This implies that
the typical size of exotic quarkonia is of order 1/⇤QCD. The scaling of the typical
distance of the heavy quark-antiquark pair r ⇠ 1/(mv) depends on the details of
the full inter-quark potential, which has a long-range nonperturbative part and a
short-range Coulomb interaction. In the most general assumption is r . 1/⇤QCD (or
mv & ⇤QCD). We can use the separation of the scales on the system to build EFTs
to describe Exotic quarkonia [1, 2, 14].

NRQCD [15, 16] is obtained by integrating it out the heavy quark mass, m. We
can study the spectrum of states with a heavy-quark and antiquark at leading order
in NRQCD (the static limit). In the static limit the eigenstates are characterized
by quark-antiquark separation, the flavor content of the light degrees of freedom (for
simplicity we will just consider isospin) and the quantum numbers corresponding
to representations of D1h. According to this symmetry, the mass eigenstates are
classified in terms of the angular momentum along the quark-antiquark axis (⇤ =
0, 1, 2 . . . , to which one gives the traditional names ⌃, ⇧, �), CP (g for even or u
for odd), and the reflection properties with respect to a plane that passes through the
quark-antiquark axis (+ for even or - for odd). Only the ⌃ states are not degenerate
with respect to the reflection symmetry.

The specific form of these static eigenstates depends on nonperturbative physics
and are unknown, nevertheless the corresponding energy eigenvalues, the static ener-
gies, can be obtained from large time logarithms of appropriate correlators

E(0)
n (r) = lim

T!1

i

T
loghOn(T, r, R)|On(0, r, R)i , (1)

where n stands for the set of quantum numbers that identify the static eigenstate, R
and r are the center of mass and relative coordinates of the heavy-quark pair and On

is an interpolating operator.
For hybrid and tetraquark states an appropriate interpolating operator reads

On(t, r, R) = �(t, R� r/2)�(t, R� r/2,R)Hn(t, R)�(t, R,R+ r/2) †(t, R+ r/2) ,
(2)
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Oppenheimer picture. The static energies, as well as the other matching coefficients
of the low-energy EFT describing the heavy-quark bound states, can be written in
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distance regime r . ⇤QCD the relative momentum of the heavy quarks can also be
integrated out perturbatively leading to a short-distance description of the matching
coefficients. In the long-distance regime r � 1/⇤QCD Effective String Theories can
be used to model the long-distance part of the potentials [2, 10–13].

In these proceedings we briefly outline the construction of EFTs for quarkonium
hybrids and tetraquarks and sumarize some of the most recent results.
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bound state with three characteristic scales, m the heavy quark mass, mv the relative
momentum, with v ⌧ 1 the relative velocity, and mv2 the heavy quark binding energy.
These scales fulfill the hierarchy m � mv � mv2. The light degrees of freedom are
characterized by a typical energy and momentum of order ⇤QCD. This implies that
the typical size of exotic quarkonia is of order 1/⇤QCD. The scaling of the typical
distance of the heavy quark-antiquark pair r ⇠ 1/(mv) depends on the details of
the full inter-quark potential, which has a long-range nonperturbative part and a
short-range Coulomb interaction. In the most general assumption is r . 1/⇤QCD (or
mv & ⇤QCD). We can use the separation of the scales on the system to build EFTs
to describe Exotic quarkonia [1, 2, 14].

NRQCD [15, 16] is obtained by integrating it out the heavy quark mass, m. We
can study the spectrum of states with a heavy-quark and antiquark at leading order
in NRQCD (the static limit). In the static limit the eigenstates are characterized
by quark-antiquark separation, the flavor content of the light degrees of freedom (for
simplicity we will just consider isospin) and the quantum numbers corresponding
to representations of D1h. According to this symmetry, the mass eigenstates are
classified in terms of the angular momentum along the quark-antiquark axis (⇤ =
0, 1, 2 . . . , to which one gives the traditional names ⌃, ⇧, �), CP (g for even or u
for odd), and the reflection properties with respect to a plane that passes through the
quark-antiquark axis (+ for even or - for odd). Only the ⌃ states are not degenerate
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gies, can be obtained from large time logarithms of appropriate correlators
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where n stands for the set of quantum numbers that identify the static eigenstate, R
and r are the center of mass and relative coordinates of the heavy-quark pair and On

is an interpolating operator.
For hybrid and tetraquark states an appropriate interpolating operator reads

On(t, r, R) = �(t, R� r/2)�(t, R� r/2,R)Hn(t, R)�(t, R,R+ r/2) †(t, R+ r/2) ,
(2)

—identify the symmetries, identify the interpolating operators O_n   

-obtain the coupled Schroedinger equations in BOEFT

—define the static energies
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—identify the symmetries, identify the interpolating operators O_n   

-obtain the coupled Schroedinger equations in BOEFT
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-the structure of the spin corrections will be similar to the hybrids case (with a 1/m spin correction) 
calculation of decays will use the same technology   

Notice:

-the perturbative part of the potentials can be calculated 
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Hamiltonian (see Eq. (4)). The precise expression of the eigenstates is unknown due to652

nonperturbative physics. However, the corresponding eigenvalues (static energies), can be653

determined by extracting the large time logarithms of the relevant Wilson loop from the654

gauge-invariant correlators in NRQCD::655

E,⇤(r) = lim
T!1

i

T
log

⇥
hOh

,�(T, r, R)|Oh
,�(0, r, R)i

⇤
, h =

�
QQ̄, QQ

�
, (38)656

657

where  = KPC 9, ⇤ = |�| = 0, 1, 2, ... and � = (�⇤, . . . , 0, . . . ,⇤) is the eigenvalue of658

|r̂ ·K| that labels the static energies, R = (x1 + x2)/2 and r = x1 � x2 are the center of659

mass and relative coordinates of the heavy-quark pair, x1 and x2 being the space location660

of the heavy quark pair respectively and O,� is an interpolating gauge-invariant operator.661

In terms of NRQCD fields, we define the gauge-invariant interpolating operator for exotic662

hadrons with a heavy quark-antiquark pair or heavy quark-quark pair 10:663

OQQ̄
,� (t, r, R) = �†(t, x2)�(t, x2,R)HQQ̄

,� (t, R)�(t, R,x1) (t, x1) , (39)664

OQQ
,� (t, r, R) =  T (t, x2)�

T (t, x2,R)HQQ
,� (t, R)�(t, R,x1) (t, x1) , (40)665

666

where  is the Pauli spinor field that annihilates a quark, � is the pauli spinor that creates667

an antiquark and � (x,y) is a Wilson line:668

� (x,y; t) = P exp


�ig

Z x

y

dz ·A (z, t)

�
(41)669

670

where P denotes the path ordering operator. The operator HQQ̄
,� (R) and HQQ

,� (R) involve671

light-quark and gluonic fields that transform under color gauge transformations U (R, t) as672

follows673

HQQ̄
,� (t, R) ! U HQQ̄

,� (t, R)U †, (42)674

HQQ
,� (t, R) ! U⇤ HQQ

,� (t, R)U †, (43)675
676

where we have used the relation: UU † = U⇤UT = 1.677

For hybrids, which are color singlet bound states of color octet QQ̄ source and gluons,678

HQQ̄
,� consists of gluonic operators. Examples of such gluonic operator are shown in Table679

I. In case of tetraquarks, HQQ̄
,� and HQQ

,� consists of light-quark operators and the quantum680

9 For heavy quark-antiquark system, ⌘ = CP , while for doubly heavy states, ⌘ = P . See section III for

notation
10 see details in Refs. [25] and [21] for hybrids and other exotic states
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QQ̄

color state

Light spin

KPC

Static

energies
l

J
PC

{SQ = 0, SQ = 1}
Multiplets

Octet

0�+ {⌃�
u }

0 {0++
, 1+�} T

0
1

1 {1��
, (0, 1, 2)�+} T

0
2

2 {2++
, (1, 2, 3)+�} T

0
3

1��

{⌃+0
g ,⇧g} 1 {1+�

, (0, 1, 2)++} T
1
1

{⌃+0
g } 0 {0�+

, 1��} T
1
2

{⇧g} 1 {1�+
, (0, 1, 2)��} T

1
3

{⌃+0
g ,⇧g} 2 {2�+

, (1, 2, 3)��} T
1
4

Table II. J
PC multiplets for the lowest QQ̄qq̄ tetraquarks. The third column shows the BO-

potentials that appear in the Schrödinger equation of the respective multiplet. For light-quark

quantum numbers KPC = 1��, the static energies {⌃+0
g ,⇧g} are degenerate at short distances

r ! 0, where r is the separation between heavy quark and heavy antiquark. At a finite distance

r, the results of quenched lattice computations indicate ⌃+0
g lower in energy compared to ⇧g

[14, 15, 36, 37]. We label the multiplet as T k
i in the last column in the order of increasing energies,

where k is the eigenvalue corresponding to LDF total angular momentum K.

{1+�, (0, 1, 2)++} corresponding to first l = 1 mixed state. We have assumed that like472

in the hybrids case, this mixed state lies lower than the ground state in either potential473

without mixing, which would have {0�+, 1��} and {1�+, (0, 1, 2)��} quantum numbers re-474

spectively. The quantum numbers are independent of the isospin configuration, while the475

BO-potentials ⌃�
u ,⌃

+0
g ,⇧g themselves depend on the isospin I.476

We would like to point out that conceptually there is no di↵erence between a QQ̄qq̄477

tetraquark with isospin I = 0 and a hybrid with the same quantum numbers. Once light478

quarks are introduced, there can be transitions between the gluonic configuration and the479

light quark configuration, so a proper eigenstate of the static Hamiltonian will have overlap480

with both of them. Transitions may however be suppressed, which would still allow an481

identification of states as primarily hybrid or tetraquark.482
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number n includes the spin K, isospin, and flavour quantum numbers of the light degrees681

of freedom. For isospin I = 0 tetraquark states
�
QQ̄qq̄

�
in Table II, the light-quark682

interpolating operators that transform like Eq. (42) under gauge invariance are given by683

H0�+,0(t,x) =
⇥
q̄(t,x)�5T aq(t,x)

⇤
T a , (44)684

H1��,0(t,x) = [q̄(t,x) (r̂ · �)T aq(t,x)]T a , (45)685

H1��,±1(t,x) = [q̄(t,x) (r̂ ⇥ �)T aq(t,x)]T a , (46)686
687

where T a (a = 1, · · · , 8) are the standard fundamental representation of the generators of the688

SU(3) group. The isospin I = 1 tetraquark states can be interpolated by similar operators689

by just adding eI3 · ⌧ in between the light quark fields, where ⌧ is the isospin Pauli matrix.690

We note that a similar result for the above set of operators has been obtained in Ref. [21].691

For doubly heavy tetraquark states (QQq̄q̄) in Table III, where the two heavy quarks692

are in color anti-triplet state (3̄), the light-quark interpolating operators that transform like693

Eq. (43) under gauge invariance are given by694

H0�,0(t,x) =
⇥
q̄(t,x)T l�2⌧ 2q⇤(t,x)

⇤
T l , (47)695

H0+,0(t,x) =
⇥
q̄(t,x)�5T l�2⌧ 2q⇤(t,x)

⇤
T l , (48)696

H1�,0(t,x) =
⇥
q̄(t,x) (r̂ · �)T l�5�2⌧ 2q⇤(t,x)

⇤
T l , (49)697

H1�,±1(t,x) =
⇥
q̄(t,x) (r̂ ⇥ �)T l�5�2⌧ 2q⇤(t,x)

⇤
T l , (50)698

H1+,0(t,x) =
⇥
q̄(t,x) (r̂ · �)T l�2⌧ 2q⇤(t,x)

⇤
T l , (51)699

H1+,±1(t,x) =
⇥
q̄(t,x) (r̂ ⇥ �)T l�2⌧ 2q⇤(t,x)

⇤
T l , (52)700

701

where the Dirac matrix �2 is required for Lorentz invariance, ⌧ 2 is the antisymmetric isospin702

Pauli matrix, and T l is the antisymmetric tensor for the triplet (3) or anti-triplet (3̄) color703

state. For doubly heavy tetraquark states (QQq̄q̄) in Table V, where the two heavy quarks704

are in color sextet state (6), the light quark interpolation operators are given by Eqs. (47)-705

(51), with the anti-symmetric tensor T l replaced by the symmetric tensor ⌃a, (a = 1, · · · , 6).706

More details on the tensors T and ⌃ can be found in Appendix B. In case of nonzero isospin707

The isospin I = 1 doubly heavy tetraquark states (QQq̄q̄) can be interpolated by similar708

operators by adding eI3 · (⌧ 2⌧ ) in between the light quark fields. We note that a similar709

result for the above set of operators has been obtained in Ref. [21].710

For quarkonium pentaquark state
�
QQ̄q̄q̄

�
with I = 1/2, I3 = ±1/2, and K = 1/2, the711
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I=0

where P stands for path ordering of the color matrices. The temporal Wilson line in the799

LDF correlator in the second line in Eq. (60) ensures the gauge invariance of the expression.800

In Aa
0
= 0 gauge, which we assumed in the Hamiltonian (Eq. (57), it can be replaced by a801

Kronecker delta, but in other gauges it is needed. The LDF correlator can only be evaluated802

nonperturbatively since it only contains the nonperturbative scale ⇤QCD. The large time803

limit of the LDF correlator yields804

hvac|Ha
,�(T/2, R)�ab (T/2,�T/2)Ha†

,�0(�T/2, R)}|vaci = ���0 e�i⇤H
T , (62)805

Based on Eqs. (38) and (60), we have the following relation between the static energy in806

NRQCD and potentials in pNRQCD for gluelumps, adjoint mesons and adjoint baryons807

E,⇤ (r) = Vo (r) + ⇤H
+O

�
r2
�

(63)808
809

where the mass dimension one constant ⇤H
is the gluelump or the adjoint meson or baryon810

mass and the O (r2) terms involve nonperturbative dynamics and are expressed in terms of811

LDF correlators that are determined from the lattice. Eq. (63) implies that at the leading812

order in multipole expansion (short-distance limit r ! 0), several static energies are degen-813

erate since they only depend on the gluelump or adjoint meson or adjoint baryon quantum814

number  ⌘ KPC and not on the projection label ⇤.815

The gluelump represents energy levels associated with the binding of gluon fields (isospin816

singlet) to a static color-octet source. The gluelump spectrum was initially computed817

through quenched lattice QCD by Campbell, Jorysz, and Michael [61]. They determined818

that the lowest gluelump have quantum numbers  = 1±�. Foster and Michael later provided819

more precise results for the gluelump energies (masses) and ordering of low-lying gluelumps820

based on mass:  ⌘ KPC = 1+�, 1��, 2��, · · · [62]. The first computation of the gluelump821

spectrum using lattice QCD with dynamical light quarks was performed by Marsh and Lewis822

[63]. A more recent and precise computation of the gluelump spectrum through quenched823

lattice QCD was performed by Herr, Schlosser, and Wagner, where their result for the lowest824

gluelump mass in the renormalon-subtracted scheme (RS-scheme) at the subtraction scale825

⌫f ⇡ 1 GeV is ⇤g
1+� (⌫f ⇡ 1 GeV) = 0.857(3)(143) GeV 12 [64].826

The adjoint mesons represent energy levels associated with the binding of light-quark827

fields with nonsinglet flavor quantum numbers to a static color-octet source. Currently, our828

12 For clarity and to di↵erentiate between gluelump and adjoint meson, we denote their masses as ⇤i=(g,a)
H

wherever necessary.
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  Tetraquarks and Pentaquarks: lattice input needed 

Tetraquark static energies S. Prevlosek, H. Bahtiyar, J. Petrovich eprint: 1912.02656

Tetraquark static potentials

• The direct use of the I = 1 BO effective Lagrangian is limited by the fact that the

potentials have not, even in their static limit, been measured on the lattice.

Hence, the situation is different from the hybrid case, where static hybrid energies

are known since long time.

• Several lattice studies, however, exist, for static potentials relevant for Q̄Q̄qq

tetraquarks. They typically predict a JP = 1+ bound state in I = 0 qqQ̄Q̄ with no

evidence of JP = 0+, 1+ or 2+ for I = 1 qqQ̄Q̄.

◦ Bicudo Cichy Peters Wagenbach Wagner PRD 92 (2015) 014507

Bicudo Cichy Peters Wagner PRD 93 (2016) 034501

[2 flavors, mπ = 340, 480, 650 MeV + chiral extrapolation]

Bicudo Scheunert Wagner PRD 95 (2017) 034502 [spin effects]
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Figure 1: Static potential determined using the full mixing matrix; the three lowest lying energy
levels Vn(r), n = 0, 1, 2 are shown. The grey line corresponds to twice the static-strange meson
mass, its error is too small to be visible. The black line corresponds to twice the static-light meson
mass; the error is automatically taken into account by using the ratio given in Eq. (2.6). For all
distances, the fixed GEVP with t0/a = 5, td/a = 10 is used.

The matrix of correlation functions Eq. (2.3) we use contains three very different operators,
which should have strong overlap onto the three lowest physical energy eigenstates. Following
Ref. [19], we expect problems with determining energies from the GEVP using a finite basis will
arise when higher states for which no good operator appears in the basis are close in energy. We
can estimate where the next energy levels should be around the breaking region and they are all
higher by a scale of about 500MeV, substantially larger than the gaps observed.

The string breaking region is reproduced in more detail in Fig. 2. Both avoided crossings are
visible and the energy gap between the ground state and first level is larger than the gap between
first and second levels. Qualitatively, the first mixing region appears to be broader, but it is not
possible to determine the difference between the first string breaking distance rc and the second
string breaking distance rcs by eye. The quantification of string breaking involving three levels
is more complex in comparison to the two-level situation. For the Nf = 2 vacuum, the string
breaking distance rc can be defined by the minimum of the energy gap �E [6]. When the strange
quark is included, an alternative definition of the two string breaking distances rc and rcs is needed
as there is not necessarily a minimum energy gap.
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Adiabatic energy levels of the static energy of quarkonium  
and heavy-light, heavylight strange-> 

avoided  level crossing

 Cross talk with the heavy light static energies 
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The matrix of correlation functions Eq. (2.3) we use contains three very different operators,
which should have strong overlap onto the three lowest physical energy eigenstates. Following
Ref. [19], we expect problems with determining energies from the GEVP using a finite basis will
arise when higher states for which no good operator appears in the basis are close in energy. We
can estimate where the next energy levels should be around the breaking region and they are all
higher by a scale of about 500MeV, substantially larger than the gaps observed.

The string breaking region is reproduced in more detail in Fig. 2. Both avoided crossings are
visible and the energy gap between the ground state and first level is larger than the gap between
first and second levels. Qualitatively, the first mixing region appears to be broader, but it is not
possible to determine the difference between the first string breaking distance rc and the second
string breaking distance rcs by eye. The quantification of string breaking involving three levels
is more complex in comparison to the two-level situation. For the Nf = 2 vacuum, the string
breaking distance rc can be defined by the minimum of the energy gap �E [6]. When the strange
quark is included, an alternative definition of the two string breaking distances rc and rcs is needed
as there is not necessarily a minimum energy gap.
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Bulava et al 1902.04006

Adiabatic energy levels of the static energy of quarkonium  
and heavy-light, heavylight strange-> 

avoided  level crossing

 Cross talk with the heavy light static energies In the diabatic picture gives the coupling between 
quarkonium and heavy light states  allowing to solve the  
coupled schoedinger eqs and determine the amount of  

quarkonium and molecular states

Figure 2: Six-parameter fit to the string breaking data of Fig. 1 over the fit range r/a = [11, 25].
The error band indicates 1� bootstrap errors.

4 A model of the string breaking spectrum

We describe the potential-energy spectrum in the breaking region using a simple Hamiltonian that
extends the model for Nf = 2 given in [27]. Consider a three-state system with Hamiltonian:

H(r) =

0

B@
V̂ (r) g1 g2

g1 Ê1 0

g2 0 Ê2

1

CA . (4.1)

The diagonal elements are a function V̂ (r) describing the unbroken string and Ê1, Ê2, the en-
ergies of a noninteracting pair of static-light and static-strange mesons, respectively. As with V̂ ,
these energies are measured relative to 2EB . g1 and g2 are two coupling constants describing the
strength of the mixing between the gluon flux and the separated colour-screened static sources.
The off-diagonal term that would mix the two-static-light-meson state with the two-static-strange-
meson state is set to zero. There is no constraint on this mixing in the energy spectrum alone as
a basis rotation shows any non-zero value of this parameter yields an equivalent spectrum to the
Hamiltonian of Eq. (4.1). Moreover, setting this value to zero ensures the diagonal elements of H
correspond to the asymptotic energy eigenvalues up to corrections at O(r�1) in the limit r ! 1.

A suitable choice for the function representing the string state is the Cornell potential [28].
Since we are modelling the string breaking region and not the potential at small distances, only
the linear part of the Cornell potential

V̂ (r) = V̂0 + �r, (4.2)

with string tension �, is constrained by our data. Notice that we assume that the model parameters
Ê1, Ê2, g1 and g2 in Eq. (4.1) are independent of the distance. We will see that this simplest
possible choice models our data very well in the region of string breaking.
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The matrix of correlation functions Eq. (2.3) we use contains three very different operators,
which should have strong overlap onto the three lowest physical energy eigenstates. Following
Ref. [19], we expect problems with determining energies from the GEVP using a finite basis will
arise when higher states for which no good operator appears in the basis are close in energy. We
can estimate where the next energy levels should be around the breaking region and they are all
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first and second levels. Qualitatively, the first mixing region appears to be broader, but it is not
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string breaking distance rcs by eye. The quantification of string breaking involving three levels
is more complex in comparison to the two-level situation. For the Nf = 2 vacuum, the string
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quark is included, an alternative definition of the two string breaking distances rc and rcs is needed
as there is not necessarily a minimum energy gap.
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a basis rotation shows any non-zero value of this parameter yields an equivalent spectrum to the
Hamiltonian of Eq. (4.1). Moreover, setting this value to zero ensures the diagonal elements of H
correspond to the asymptotic energy eigenvalues up to corrections at O(r�1) in the limit r ! 1.

A suitable choice for the function representing the string state is the Cornell potential [28].
Since we are modelling the string breaking region and not the potential at small distances, only
the linear part of the Cornell potential

V̂ (r) = V̂0 + �r, (4.2)

with string tension �, is constrained by our data. Notice that we assume that the model parameters
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The matrix of correlation functions Eq. (2.3) we use contains three very different operators,
which should have strong overlap onto the three lowest physical energy eigenstates. Following
Ref. [19], we expect problems with determining energies from the GEVP using a finite basis will
arise when higher states for which no good operator appears in the basis are close in energy. We
can estimate where the next energy levels should be around the breaking region and they are all
higher by a scale of about 500MeV, substantially larger than the gaps observed.
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visible and the energy gap between the ground state and first level is larger than the gap between
first and second levels. Qualitatively, the first mixing region appears to be broader, but it is not
possible to determine the difference between the first string breaking distance rc and the second
string breaking distance rcs by eye. The quantification of string breaking involving three levels
is more complex in comparison to the two-level situation. For the Nf = 2 vacuum, the string
breaking distance rc can be defined by the minimum of the energy gap �E [6]. When the strange
quark is included, an alternative definition of the two string breaking distances rc and rcs is needed
as there is not necessarily a minimum energy gap.
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ergies of a noninteracting pair of static-light and static-strange mesons, respectively. As with V̂ ,
these energies are measured relative to 2EB . g1 and g2 are two coupling constants describing the
strength of the mixing between the gluon flux and the separated colour-screened static sources.
The off-diagonal term that would mix the two-static-light-meson state with the two-static-strange-
meson state is set to zero. There is no constraint on this mixing in the energy spectrum alone as
a basis rotation shows any non-zero value of this parameter yields an equivalent spectrum to the
Hamiltonian of Eq. (4.1). Moreover, setting this value to zero ensures the diagonal elements of H
correspond to the asymptotic energy eigenvalues up to corrections at O(r�1) in the limit r ! 1.

A suitable choice for the function representing the string state is the Cornell potential [28].
Since we are modelling the string breaking region and not the potential at small distances, only
the linear part of the Cornell potential

V̂ (r) = V̂0 + �r, (4.2)

with string tension �, is constrained by our data. Notice that we assume that the model parameters
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The BOEFT  contains  all models: what 
dominates and where depends on the 

QCD dynamics  

The static energies are defined in BOEFT that  
gives the appropriate set of operators to be used   

and could describe the short distance limit.  
Being nonperturbative objects E(r) should be calculated  

on the lattice (or in QCD vacuum models)

avoided crossing of the energy levels, mixing  
with open flavour meson-meson configurations

Bruschini, Gonzalez 2021



XYZ production and evolution in medium: may be studied with the  EFT tools  developed for quarkonium  

Bottomonium Nuclear Modification factor  

Bottomonium nuclear modification factor

We compute the nuclear modification factor RAA from

RAA(nS) =
⟨n,q|ρs(tF ; tF )|n,q⟩
⟨n,q|ρs(0; 0)|n,q⟩

can be obtained using pNRQCD at finite temperature,  
density matrix,and open quantum systems

Bottomonium nuclear modification factor

We compute the nuclear modification factor RAA from

RAA(nS) =
⟨n,q|ρs(tF ; tF )|n,q⟩
⟨n,q|ρs(0; 0)|n,q⟩

Bands are from the dependence in kappa and gamma  
parameters

N.B., M. Escobedo, M. Strickland, 
 A. Vairo  P. VanderGriend et al 
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Figure 9. Production cross section of prompt J/ and  (2S) at the LHC center of mass energy
p
s = 7 TeV compared to CMS data [69, 72]; B is the dimuon branching fraction. Results from the

LDMEs given in table 3 are shown as dotted outlined bands.

Figure 10. Production cross section of inclusive ⌥(2S) and ⌥(3S) at the LHC center of mass
energy

p
s = 7 TeV compared to ATLAS data [71]; B is the dimuon branching fraction. Results

from the LDMEs given in table 3 are shown as dotted outlined bands.

the global fit in ref. [40] gives direct J/ cross sections at the LHC that exceed the measured
prompt cross sections in ref. [72] by more than a factor of 2 at pT = 30 GeV, and by more
than a factor of 3 at pT = 60 GeV. The global fit of  (2S) LDMEs in ref. [78] presented
analyses with and without a lower pT cut given by pT > 7 GeV. Unlike the global fit
analysis of J/ LDMEs, the available data for  (2S) employed in ref. [78] come only from
hadroproduction in pp and pp̄ colliders. In their analysis without the pT cut, the 3P [8]

J

LDME is negative, similarly to the global fit of J/ LDMEs, but once the data with
pT < 7 GeV are excluded from the fit, the 3P [8]

J LDME turns positive. The quality of the
fit also improves when the low pT data are excluded. The  (2S) LDMEs in ref. [78] with
the pT cut agree with our results for pmin

T /(2m) > 5 within uncertainties.

4.3 Production of J/ ,  (2S), and ⌥ at the LHC

We now show our results for the production cross sections of J/ ,  (2S), and ⌥ at the LHC,
based on the LDMEs determined in the previous section. Our results for the prompt J/ 

and  (2S) cross sections are shown in figure 9, and the inclusive ⌥(2S) and ⌥(3S) cross
sections are shown in figure 10, compared to CMS [69, 72] and ATLAS measurements [71].

– 30 –

larger value at the scale of the bottom quark mass compared to the charmonium case due
to its running [eq. (3.45)], the directly produced ⌥ is more transverse than J/ or  (2S)
at comparable values of pT /m.
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Figure 12. pNRQCD results for the polarization parameter �✓ for prompt J/ (left) and  (2S)
(right), compared to CMS data [79]. The polarization of J/ from �c decays is shown as a black
dashed line.

We show the direct polarization of  (2S) compared with CMS data from ref. [79] in
figure 12. The theoretical uncertainties come from the uncertainties in the LDMEs, and
encompass the two pT regions. The polarization parameter �✓ of directly produced  (2S) is
negative at small pT , and slowly rises with increasing pT . Since we neglect feeddown effects
on  (2S) production, its direct polarization can be compared directly with measurements,
which agree with the pNRQCD result. The result for direct  (2S) polarization is slightly
changed from the previous pNRQCD analysis in ref. [15], due to improved calculations of
polarized short-distance coefficients and small changes in the LDMEs. In the J/ case,
we consider the feeddowns from  (2S) and �c. The feeddown from  (2S) has little effect
on J/ polarization, because the direct polarizations are same for both states. We take
the pNRQCD determinations of �c LDMEs in ref. [16] to compute the polarization of J/ 
produced in �c decays. The polarization of prompt J/ , including effects of feeddowns
from  (2S) and �c, is shown in figure 12, compared to CMS data [79]. Our results are in
fair agreement with measurements, except for the smallest pT bins. The feeddowns from
�c have little effect on prompt J/ polarization, because J/ from �c decays is similarly
polarized as directly produced J/ .

As shown in figure 12, the pNRQCD results give values of �✓ for J/ and  (2S) that
are positive but small at large pT , meaning that the transverse cross section is almost the
same size as the longitudinal cross section. In our case, this happens because the large
positive transverse cross section from the 3S[8]

1 channel is largely cancelled by the large
negative transverse cross section from the 3P [8]

J channel; such cancellation does not occur
in the longitudinal cross sections, because both channels have positive longitudinal cross
section contributions. We note that a similar mechanism for small �✓ has been suggested
in refs. [75, 76] based on hadroproduction data for J/ and ⌘c by using heavy quark spin
symmetry. As it has been suggested in refs. [44, 46, 80], it is also possible to obtain small
values of �✓ if the cross section is dominated by the 1S[8]

0 channel, because the short-

– 33 –

N.B., Chung, Vairo, Wang  2210.17345



Outlook
NREFTs and lattice   allows us to describe the physics of quarkonium away from the strong decay 

threshold in quantum field theory:  higher order perturbative calculation can be performed and 
quarkonium can be used for precision physics/ factorisation allows to systematically study confinement

NREFTs and lattice  and open quantum system allows us to describe the nonequilibrium evolution 
quarkonium in the quark gluon plasma  and production processes: same theory could be then used 

for XYZ production and evolution in medium in heavy ion collisions

BOEFT   allows  to describe hybrids: new unexpected features are found (Lambda doubling, Spin 
structure, decays, mixing) that have important impact on the phenomenology

The same picture can be extended to tetraquarks and pentaquarks, once some lattice input on 
relevant correlators will be available. 

NOTICE  that the needed lattice calculations are simpler than the direct calculations of the X Y Z 
properties on the lattice, the knowledge of few correlators together with the BOEFT will allow to 

obtain many phenomenological information

This picture has the possibility to give a  unified description to exotics and to leave the 
dynamics decide which configuration will dominate in a given range and can be tested and 

help to guide new discoveries at future tau-charm facilities

BOEFT    allows  to describe hybrids and  calculate multiplets, mixing and decays:  on going work



.
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  Fully heavy Tetraquarks  

5

Mesons Order MQQ̄ [GeV] Mexp/lat

QQ̄
[GeV] [4, 73]

(Bc, B
⇤
c )

LO
NLO
NNLO

6.26505
6.273(2)
6.279(3)

6.317(6)

TABLE I. Spin-averaged 1S masses for bc/cb mesons at each
order of pNRQCD indicated. The rightmost column shows
1/4 times the experimentally measured spin-0 Bc mass [4]
plus 3/4 times the spin-1 B⇤

c mass (which has not yet been
experimentally determined) from lattice QCD [73].

Tetraquarks Order MQQ̄QQ̄ [GeV] BQQ̄QQ̄ [MeV]

Tcccc

LO
NLO

NNLO0

6.1276(3)
6.078(2)
6.018(3)

16.6(4)
67.9(1)
144(2)

Tcccb/Tbccc

LO
NLO

NNLO0

9.294(3)
9.312(4)
9.259(5)

23.0(4)
72(2)
139(2)

Tbbcc/Tccbb

LO
NLO

NNLO0

12.503(1)
12.457(4)
12.386(3)

23.7(4)
79(2)
157(3)

Tbcbc

LO
NLO

NNLO0

12.471(5)
12.417(5)
12.354(6)

19.5(8)
69(2)
139(2)

Tbbbc/Tbcbb

LO
NLO

NNLO0

15.652(6)
15.50(2)
15.37(7)

27.9(7)
87(2)
169(4)

Tbbbb

LO
NLO

NNLO0

18.8693(5)
18.8207(6)
18.7598(6)

31.2(6)
83.6(1)
151(1)

TABLE II. Predictions for tetraquark masses and binding
energies for all combinations of tetraquarks involving only b
and c quarks at each order of pNRQCD indicated. Pairs of
tetraquarks in the same row have identical binding energies
in our calculations due to charge conjugation.

heavy tetraquarks have binding energies of 50-200 MeV.
The inclusion of higher order and 1/mQ-suppressed ef-
fects will a↵ect these results, but a conservative estimate
of the size of these e↵ects obtained by doubling the dif-
ference between pNRQCD and experiment/lattice for the
(Bc, B

⇤
c
) mass (which assumes zero cancellations between

higher-order e↵ects on �E
QQQQ

and �E
QQ

) suggests
that they will not alter the conclusion that fully-heavy b

and c tetraquark bound states exist.

Evidence for an additional near-threshold state
— Increasing the ratio of b/a away from the optimal
value of b/a ⇠ 5 obtained through VMC calculations to
values of b/a ⇠ 100 leads to larger but much more precise
Hamiltonian matrix elements as shown in Fig. 3 for the
example of the LO potential with a quark mass corre-
sponding to mb. States with zero-variance Hamiltonian
matrix elements are in one-to-one correspondence with

FIG. 3. GFMC results for Tbbbb �E(⌧) at LO using two di↵er-
ent values of the trial wavefunction parameter b/a compared
with the analogous results �En(⌧) from approximate energy
eigenstates obtained by solving a GEVP. The black line shows
the two-meson threshold 2�EQQ/mQ; matrix elements below
this line indicate bound tetraquark states.

energy eigenstates. The observation of a trial wavefunc-
tion providing low-variance Hamiltonian matrix elements
that are significantly larger than those obtained with
other trial wavefunctions therefore suggests the presence
of an excited state in the spectrum with a wavefunction
that is well approximated by Eq. (13) with b/a ⇠ 100.
In order to test whether trial wavefunctions with small

and large b/a are overlapping with two or more energy
eigenstates, we computed a matrix of two-point correla-
tion functions,

CIJ(⌧) =
⌦
 I

�� e�H⌧
�� J

↵
, (17)

with di↵erent initial- and final-state trial wavefunctions
for I 6= J using GFMC methods by performing Metropo-
lis sampling with one of the wavefunctions and then in-
cluding appropriate reweighting factors.. We then con-
struct approximate energy eigenstates by solving a gen-
eralized eigenvalue problem (GEVP) [74–77]

CIJ(⌧ref)vJn = �nCIJ(⌧0)vJn, (18)

to obtain the generalized eigenvalues �n(⌧ref, ⌧0) and
eigenvectors vJn(⌧ref, ⌧0) at a variety of initial and ref-
erence imaginary times ⌧0 and ⌧ref (dependence on these
scales is suppressed in Eq. (18) for brevity). The eigen-
vectors can also be used as a change-of-basis matrix that
is applied to Hamiltonian matrix elements as

�En(⌧) =
v
⇤
In

⌦
 I

��He
�H⌧

�� J

↵
vJn

v
⇤
Kn

CKL(⌧)vLn

, (19)

which equals �En plus exponentially suppressed excited-
state e↵ects under the assumption that the set of states
used to construct the correlation function matrix overlaps
with the lowest energy eigenstates. We compute statisti-
cal and systematic uncertainties from solving the GEVP

Assi and Wagman   2311.01498

Variational and  Green function Monte Carlo method based on  
Weakly coupled pNRQCD potential calculated at LO NLO and NNLO’ 

(prime means only two body forces are considered)

Decays may be calculated  in the same framework



Low energy  physics factorized in Wilson loops: can be 
used to probe the confinement mechanism  
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Spectrum: general consideration

• The Schrödinger equation mixes states with the same parity.

A consequence is Λ-doubling, i.e., the lifting of degeneracy between states with

opposite parity. This happens also in molecular physics, however, there Λ-doubling

is a subleading effect, while it is a LO effect in the quarkonium hybrid spectrum.

• The eigenstates are organized in the multiplets H1, H2, ... . Neglecting

off-diagonal terms, the multiplets H1 and H2 would be degenerate.

• We compute the spectrum using quark masses in the renormalon subtraction (RS)

scheme: mc RS = 1.477(40) GeV and mb RS = 4.863(55) GeV.

The gluelump masses, which enter in the normalization of the hybrid potentials,

have been computed in the same scheme and assigned an uncertainty of

±0.15 GeV, which is the largest source of uncertainty in the hybrid masses.
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Spectrum: with mixing and Λ-doubling
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Spectrum: with mixing and Λ-doubling
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Without Lambda-doubling 
masses of opposite parity  

states are degenerate

State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
u are degenerate and correspond to a gluonic operator with

quantum numbers 1+−.

States are organized in spin multiplets.

Multiplet T JPC(S = 0) JPC(S = 1) EΓ

H1 1 1−− (0, 1, 2)−+ E
Σ−

u

, EΠu

H2 1 1++ (0, 1, 2)+− EΠu

H3 0 0++ 1+− E
Σ−

u

H4 2 2++ (1, 2, 3)+− E
Σ−

u

, EΠu

T is the sum of the orbital angular momentum of the quark-antiquark pair and the

gluonic angular momentum; T = 0 state turns out not to be the lowest mass state.

◦ Braaten PRL 111 (2013) 162003

Braaten Langmack Smith PRD 90 (2014) 014044

Spin degenerated





Charmonium Hybrids  Multiplets H_1 

Charmonium hybrid spin splittings

◦ Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017

lattice data from Liu et al JHEP 1612 (2016) 089

[2+1 flavors, mπ = 240 MeV]

Determination of hybrid charmonium meson masses Gaurav Ray

Figure 3: Summary plot for the 1�+ mass as a function
of the square of the lattice spacing, including some of
the previous determinations of the mass by other groups
[12, 33]

Figure 4: Comparison of our determina-
tion of the 1�� hybrid mass at 0.09 fm from
a 4-by-4 fit to the results of three other
groups, and three resonances the PDG lists
as ‘estabished’[12, 34, 35].

state fit range j2 per dof Q mass [GeV] amplitude 5 [MeV] �44 [keV] comment
�/k 3.097(17) 0.16441(26) 417.5(2.3) 5.836(36) concurrent 2x2 fit
k(2() 6-24 0.88 0.72 3.781(28) 0.1860(78) 428(18) 5.01(42) with only
⌘2 (1%) 3.512(29) 0.0578(75) – – vector ops
Hybrid 1-6 0.9 0.58 4.33(16) 0.086(15) – – 2x2 fit w/only hybrid ops
�/k 2-6 0.81 0.82 3.110(18) 0.1701(27) 431.1(7.2) 6.20(20) concurrent 4x4 fit

Hybrid 4.38(12) 0.065(18) 9(167) 0.002(67) with hybrid and vector ops

Table 3: Fit results for the conventional charmonia and the hybrid state on the fine ensemble. The
⌘2 (1%) meson is the parity partner state. The masses and decay constants from the 2-by-2 fits agree
well with experiment. The 4-by-4 and 2-by-2 masses are consistent, though there is a slight tension
between the the �/k amplitudes (and therefore the decay constants too). The leptonic decay widths
are also shown in the penultimate column. The hybrid leptonic width is small, consistent with zero,
and has a large uncertainty, stemming from the sizeable uncertainty in the amplitude.

where V̂ is the vector current operator. The local vector operator was used so we use the /+
renormalization factor from [36]. As a check we computed the decay constant of the �/k meson
(see [28] for a systematic study of the leptonic decay constants of the �/k meson).

From this we can compute the leptonic width of our hybrid vector charmonium state using

�(+22̄ õ! 4+4�) = 16c
27

U2
QED

5 2
�

"�
, (6)

where UQED is the electromagnetic coupling at the charm quark mass. Our amplitude for the vector
operator into the 1�� hybrid state is very small. From this amplitude we obtain an upper bound of
70 eV. A previous calculation of this leptonic width bounded it from above at 40 eV [35].
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G. Ray, C. McNeile, 2110.14101

HISQ lattice action with  2+1+1 sea quarks


