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We study the phase structure, thermodynamics and transport properties of strongly interacting matter. In order to access the

notoriously difficult regimes of QCD, finite density and real time, we develop first-principles functional approaches with a focus

on the functional renormalisation group and Dyson-Schwinger equations.
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Phase structure and dynamics of QCD at high densities

" Critical end point and new phases: where do we stand?

= Strong correlations above the chiral crossover

" Ripples of the critical and point and new phases

*QCD moat and inhomogeneous phases



Critical end point and new phases: where do we stand?
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Experimental & Theoretical Landscape

Experimental landscape

Theoretical landscape
Onset of new phases on the chiral transition line (CEP)
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Critical end point and new phases: where do we stand?

Quantitative functional QCD

Fu, Huang, JMP, Rennecke, Wen, Yin, arxiv:2603.13455
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Critical end point and new phases: where do we stand?
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Critical end point and new phases: where do we stand?
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Modified from Fabian Rennecke’s

QCD PHASE DIAGRAM & THE CEP plenary talk @ QM 2025

?

? " . (] ] o
FRG & DSE results‘corroborated by subsequent "extrapolations” of lattice data

using Yang-Lee edge singularities:
O conformal Padé [Basar, 2312.06952]

N, = 6, 8 results + continuum estimate
[Schmidt, 2504.00629]

very recent lattice extrapolation (1623 x 8)
[Adam et al, 2507.13254]

using thermodynamics:
% constant entropy density [Shah et al. 2410.16206]

[Shah et al. 2601.08823]

not computed

potentially large
systematic error
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Phase structure from functional QCD: how to
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How to: systematic error estimates & the LEGO® principle
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How to: systematic error estimates & the LEGO® principle
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How to: systematic error estimates & the LEGO® principle

>
DO |

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



How to: systematic error estimates & the LEGO® principle
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How to: systematic error estimates & the LEGO® principle
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How to: the unreasonable effectiveness of low energy effective theories
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How to: the unreasonable effectiveness of low energy effective theories
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How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:
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How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:
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How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:
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How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:
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fQCD: workflow

VertEXpand QMeS, DoFun

Mathematica package for the derivation of
vertices from a given action using FORM

Denz, Held, Pawlowski, Rodigast;
unpub. OQO

Mathematica packages for the derivation of functional equations
QMeS: IMP, Schneider, Wink, CPC287 (2023) 108711

DoFun: Braun, Huber, CPC 183 (2012) 1290
Huber, Cyrol, JMP, CPC 183 248 (2020) 107058

4

Vertices/
Feynman Rules

GEFORDERT VOM

FormTracer High-performance, general purpose, easy-to-use

Mathematica tracing tool using FORM % Eu“r“;f;l:?]igiﬂefium
Cyrol, Mitter, Pawlowski, Strodthoff; und Forschung

Algebraic
Flow Equations

Cyrol, Mitter, Strodthoff; CPC 219 (2017) 346

_r/—
Alexander von Humboldt
Stiftung/Foundation

CreateKernels Mathematica package for the automatic generation
of compilable C++ kernels for use in connection
with the frgsolver

fQCD LLIF
Der Wissenschaftsfonds.
frgsolver Flexible, high-performance, parallelized C++ OOP
framework for the numerical solution of functional et
equations P i:.;.::';‘;:-
Numerical solution fQCD BRE{ < g o

1 6 European Research Council

Established by the European Commission



fQCD: workflow

Derive symbolic functional equations: QMeS-Derivation [5]
2

Insert correlation functions

CD

> DiFfRG Mathematica package

2 %
Project onto dressings of specific tensor structures
4
Perform traces over Lorentz, Dirac and other group indices: FormTracer [6]
%
Auto-generate C++ integration kernels for the flow equations
B J/
Set up the PDE system as a numerical model
J
Choose assembler, time-stepper, set up program logic
y

Numerically integrate mo-
A mentum loops and evolve

k

DiFfRG C++ application

. p-dependent vertices

Data output «+— k= k- Ak 1

!
l ‘\} Numerically integrate mo-

mentum loops and evolve

k—0 field dependent quan-

> Computation

tites using deal.Il [21]

JMP, Sattler, CPC 327 (2026) 110262


https://arxiv.org/abs/2412.13043
https://github.com/satfra/DiFfRG

rnason How to: three remarks on functional methods

"... and now for something
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How to: three remarks on functional methods

= off-shell representation of thermodynamic observables
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» gauge fixing = parameterisation

18

on-shell

2

asympt. asympt.
states states

e.g. hadron resonances




‘ How to: three remarks on functional methods

"... and now for something

completely different... = off-shell representation of thermodynamic observables
e.g. 1r <Q(CE)§7($)> on-shell
off-shell e E | asympt. /- asympt.
states states

pressure, trace anomaly,

) e.g. hadron resonances
fluctuations, volume flucs., ... g

» gauge fixing = parameterisation

q(x1) - q(zon) Ap(y1) - - Ap(ym) h(z1) - - - h(z1))

Consequences
I: simple correlations

18



‘ How to: three remarks on functional methods

"... and now for something

completely different... = off-shell representation of thermodynamic observables
e.g. 1r <Q(CE)§7($)> on-shell
off-shell e E | asympt. /- asympt.
states states

pressure, trace anomaly,

) e.g. hadron resonances
fluctuations, volume flucs., ... g

» gauge fixing = parameterisation

q(x1) - q(zon) Ap(y1) - - Ap(ym) h(z1) - - - h(z1))

Consequences

I: simple correlations II: Difficult access to some observables
‘No free lunch theorem’

18



‘ How to: three remarks on functional methods

"... and now for something

completely different... = off-shell representation of thermodynamic observables
e.g. 1r <Q(CE)§7($)> on-shell
off-shell e E | asympt. /- asympt.
states states

pressure, trace anomaly,

) e.g. hadron resonances
fluctuations, volume flucs., ... g

» gauge fixing = parameterisation

q(x1) - q(zon) Ap(y1) - - Ap(ym) h(z1) - - - h(z1))

Consequences

I: simple correlations II: Difficult access to some observables
‘No free lunch theorem’

* ‘Your mean field is not my mean field’

5¢ QS_Q_S 5¢ Cb:(i_squant

18 full quantum equation of motion




How to: direct computations vs extrapolations

Those are my interpretations, '

"... and now for something

completely different...’ To QCD or not to QCD....a minimal point of view

and if you don’t like them....

% well,l have others /

= Self-consistent truncations to functional relations define analytic functions in /B, eg:

3t<q(g;)q(y)>_1(££) = Loop {<q(a¢)q(y)>(lﬁ), <Q($)Au(y)9(2)>(£)a SR ;ﬁ}
at —O—> ®§
X
ot Ao
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... You have neither
Fermito Dyson /'
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Extrapolations & von Neumann’s Elephant
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o | and location of the CEP without external information |
\\ f_ The other way is to have a precise and self-consistent 1 
’ effective theory whose systematic error is under control
....due to external QCD information

“ ‘With four parameters I can fit an elephant,
and with five | can make him wiggle his trunk The Fermi-Von Neumann QCD phase structure elephant
Von Neumann

Picasso-assisted Pawlowski elephant



@ How to: direct computations and the minimal point of view

¢ Those are my interpretations, h

and if you don’t like them....

» Self-consistent truncations to functional relations define analytic functions in up, eg: ~well, | have others

o(a()a(y) )(p) = Loop [{a(2)a(w) )(u), (a(2)4u(0)a(2) ) i)+ 5 g

”Unique: QCD-based analytic continuations‘
| that satisfy the lattice benchmarks
at small chemical potential. |



@ How to: direct computations and the minimal point of view

¢ Those are my interpretations, h

and if you don’t like them....

» Self-consistent truncations to functional relations define analytic functions in up, eg: ~well, | have others

o(a()a(y) )(p) = Loop [{a(2)a(w) )(u), (a(2)4u(0)a(2) ) i)+ 5 g

”Unique: QCD-based analytic continuations‘
| that satisfy the lattice benchmarks
at small chemical potential. 1

By definition, LEFTs (including extrapolations) cannot assess

the existence or absence of emergent phenomenal!



How to: direct computations and the minimal point of view

INTERMISSION J3

‘.ﬁ.a

¢ Those are my interpretations, ™

... and now for something and if you don’t like them....

completely different...’

» Self-consistent truncations to functional relations define analytic functions in up, eg: _well, | have others

0,{a(x)a(y) )115) = Loop |(a(x)2(v) )(up). (a(x)Auw)a(=)) (). 5 1

» Consequences for functional QCD predictions at finite density

“73 <45
180 | — — - =
C @ : . — ’? ’LLB/; 4
160 B | 74 _
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60 U=—— FRG: Fuetal. 2019, us=0 8 * _ . ~
—.—.- DSE: Gunkel et al. 2021, 4, =0 S— el current best truncation o
. o reezeout:
‘ 40 PoE: Gaoetal. 20_20 s =0 <l freezeout: Alba et al.
m moat, Pawlowski et al. 2025, 5 =0 @  freezeout: Andronic et al.
( 20 ! :_nhom. ,V5;W|OWSki et al. 2025, ps =10 [> freezeout: Becattini et al. | 1 O TP R I N T AT AT DA OO,
s 27 Lattice: WB, ng=0 @&  freezeout: Vovchenko et al. i : . : : : 3
\ [ . - K
D P ) B Lattice: HOLQCD ms— 0. ng/ng — 0.4 ®  fromeeout Sagun et ol 7: Unique: QCD-based analytic continuations :
L™ y y ' ' that satisfy the lattice benchmarks &
0 200 400 600 800 1000 y _ _ 5
at small chemical potential. |

Great opportunity for a combined analysis of high density QCD (Exp. data + lattice QCD + functional QCD + LEFTSs)



Strong correlations above the chiral crossover
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Strongly correlated physics

Strongly correlated phase for temperatures 17, ST S 27T,
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Functional confinement & the dynamical gluonic background

FRG: Braun, Gies, JMP, PLB 684 (2010) 262
FRG, DSE, 2PI: Fister, JMP, PRD 88 (2013) 045010
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Functional confinement & the dynamical gluonic background

Yang-Mills vs two-flavour glue potential glue hadronic
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Functional confinement & the dynamical gluonic background

Vglue (90)

Yang-Mills vs two-flavour glue potential glue hadronic
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Direct applications to the QCD phase structure
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Fischer, Lucker, Welzbacher, PRD 90 (2014) 034022 Lu, Fischer, Gao, Liu, JMP, arXiv:2603.09336



Strongly correlated physics

‘Confinement’ related ‘crossovers’ at 7}, S Teont S 27

Functional QCD
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Strongly correlated physics

‘Confinement’ related ‘crossovers’ at 7}, S Teont S 27

Lattice QCD

Functional QCD
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Strongly correlated physics

Spin symmetry for T, ST S 27T,

Rohrhofer, Aoki, Cossu, Fukaya, Glozman, Hashimoto,
Lang, Prelovsek, PRD 96 (2017) 094501

Rohrhofer, Aoki, Glozman, Hashimoto, PLB 802 (2020) 135245
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Strongly correlated physics

Precondensation in chiral QCD

29
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Y/ & functional QCD

J\

Ripples of the CEP

aka

(Strong) signals of the ONP

31
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QCD-assisted low energy effective theory

Direct QCD input

chiral phase structure
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fixing tne subensemble volume

Ripples of the critical point at chemical freeze-out

Canonical corrections via subensemble acceptance
Vovchenko, Savchuk, Poberezhnyuk, Gorenstein, Koch, PLB 811, 135868 (2020)
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Ripples of the critical point at chemical freeze-out

Canonical corrections via subensemble acceptance
Vovchenko, Savchuk, Poberezhnyuk, Gorenstein, Koch, PLB 811, 135868 (2020)
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Ripples of the critical poi

net-baryon fluctuations in QCD vs net-proton fluctuations at STAR
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Fu, Luo, JMP, Rennecke, Yin, PRD 111, L031502

34 Functional QCD: Lu, Gao, Liu, JMP, 113 (2026) 054019
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Variations of the CEP in the allowed estimate regime
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Ripples of the critical point at chemical freeze-out
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Ripples of the critical point at chemical freeze-out

Reconstructing the CEP“
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Unfolding the high density regime with new phases & physics
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Functional Freeze-out
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Demand: build in dynamics
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MMI workshop: Collective phenomena and the EoS of dense baryonic matter

Lu, Fischer, Gao, Liu, JMP, arXiv:2603.09336
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https://indico.gsi.de/event/22170/

Unfolding strongly correlated QCD with heavy ion collisions (extreme QCD)

T~0fm/c T~1fmlc .. .T=10fm/c T>10"fm/c

i Experiment
Freege-out

Chemical  § Kinetic
Lorentz-contracted Lumpy initial ‘
nuclei collide energy density
& ¥ e 4 QGP p,ase:
quark &&gluon Eroo P
Pre-equilibrium degrees ofreedom SR @

fluctuations
to detector

o Fluid despription

Multiple scattering,
equilibration

~ Expansion & cooling

How to unfold: inverse problem!

Demand: unfolding HICs
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The QCD moat and inhomogeneous phases

{ Moat regime }

Pisarski, Rennecke, PRL 127 (2021) 152302
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Regime of quantitative reliability
of
current best truncation
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Estimate

. Moat regime was not captured quantitatively,

Pion spectral functions
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T=114 MeV & [L5=630 MeV

Fu, JMP, Pisarski, Rennecke, Wen, Yin, PRD 111 (2025) 094026



The QCD Moat reloaded
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The QCD Moat reloaded
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Pion propagator

The QCD Moat reloaded

Soft mode
Faa(pMJ)
Soft(est) mode Trr(Par)
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Experimental signatures for the onset of new phases
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" Predictions: T
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* Ripples of new phases aka of the critical end point

Summary

» Soft modes are commonplace, critical regimes are small

* Functional QCD provides direct 15t principle results for the phase structure at finite density

* Explanation for the convergence of CEP locations of extrapolation approaches
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* Results & observables: EoS, fluctuations of conserved charges, tiny critical regime & onset of new phases; moat regime, ....

* Peak height of kurtosis carries the location of the CEP
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Summary

* Functional freeze out & towards real time dynamics
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* First steps in the QCD moat and inhomogeneous phases
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M ate r'i al Collection of talks, colloquia & slides from schools

(Topical reviews )

Collection of reviews & lecture notes on the FRG & DSE

The nonperturbative functional renormalization group and its applications
Dupuis et al, Phys.Rep. 910 (2021) 1-114

QCD at finite temperature and density within the fRG approach: An overview
Fu, Commun.Theor.Phys. 74 (2022) 9, 097304

QCD phase structure & equation of state: A functional perspective
Rennecke, QM plenary talk, arxiv:2510.11270

Phase structure and observables at high densities from first principles QCD

Fischer, JMP, arxiv: 2603.11135, to be published in EPJIST

Phase structure of strong interaction matter from Functional QCD

Fischer, JMP, arxiv: 2606.03703, contribution to Encyclopedia of Nuclear Physics


https://www.thphys.uni-heidelberg.de/~pawlowski/NPgauge24.php#literature
https://arxiv.org/abs/2006.04853
https://inspirehep.net/literature/1800459
https://arxiv.org/abs/2205.00468
https://inspirehep.net/literature/2075426
https://arxiv.org/abs/2510.11270
https://arxiv.org/abs/2603.11135
https://www.thphys.uni-heidelberg.de/~pawlowski/publications.php
https://arxiv.org/abs/2603.11135
https://arxiv.org/abs/2606.03703

Just a reminder: It was your choice!

The phase structure of QCD Colloquium on the phase structure of QCD
from functional the RG with all its g(l)ory details from functional methods
Kon [MeV]
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How to compute

&

How to judge
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Outline

= (I) Functional renormalisation group for QCD

= (II) Functional QCD and the QCD phase structure

51



(I) Functional renormalisation group for QCD

" Introduction to the functional renormalisation group

= Derivation of the flow equation \/
= Spontaneous symmetry breaking \/

= Systematic error control & optimisation X

* Functional flows for QCD

"= Flows for correlation functions & chiral symmetry breaking \/
= Getting dynamical: emergent hadrons & diquarks X

= Dynamical hadronisation at work X
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(I1) Functional QCD and the QCD phase structure

= QCD at finite temperature and density

= Benchmarks in the vacuum X
= Correlation functions at finite temperature X " Phase structure from functional QCD: how to \/
= Polyakov loop from functional approaches X

= QCD phase structure
* Locating the QCD phase boundary and the critical end point \/

* Fluctuations of conserved charges: Ripples of the critical end point X



(I) Functional renormalisation group for QCD

" Introduction to the functional renormalisation group

= Derivation of the flow equation \/
= Spontaneous symmetry breaking \/

= Systematic error control & optimisation X

* Functional flows for QCD

"= Flows for correlation functions & chiral symmetry breaking \/
= Getting dynamical: emergent hadrons & diquarks X

= Dynamical hadronisation at work X
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Introduction to the functional renormalisation group
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Derivation of the flow equation
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Functional renormalisation group

Generating functional Z

Z[J] = _/%/' /dgp c—Slel+ [, Je

partition function

A

o :
Slp] = —/ 0,0, + m*p” + 1904

classical action

zero-dimensional example: ‘Functional’ flows for integrals

57


http://www.thphys.uni-heidelberg.de/~pawlowsk/NPgauge12/bonus/idea.pdf

Functional renormalisation group

Generating functional Z

Z[J] = ,/%/' /dSO e~ Slel+ [, Jo

partition function

Effective action 1

F[gb] _ —log/d@ 6—5[¢+¢]+fw % 51;—235]

free energy

58
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Functional renormalisation group

Generating functional Z

Z[J] = _/%/' /dgp e~ Slel+ [, Jo

partition function

Effective action 1

[[¢] = — log/dso o~ Sletel+[, ¢ 55

free energy

F[cb]zsgp (/mJ ¢ — log Z| ])

Legendre transform
58

<SO>J = ¢
p=p+0¢
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Functional renormalisation group

Generating functional Z

Z[J] = _/%/' /dgp e~ Slel+ [, Jo

partition function

Effective action 1

[lo] = — log/ds?J e~ SPTel+], ¢ %5

free energy
Dyson-Schwinger equation

oT[¢] <6S[¢> + ¢]>
O (x) O (x)

quantum equation of motion 59

<SO>J = ¢
p=p+0¢
(@) sr =0
Xy
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Functional renormalisation group

Dyson-Schwinger equation

0I'[¢] <5S[¢ + ) >

0p(z) \ 0d(x)

Diagrammatics S[¢] = E/ _8qu8ugb + m?¢? + %cb‘l_
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Functional renormalisation group

Dyson-Schwinger equation

0T'[¢]

0¢(x)

Diagrammatics

(

0S5 + ¢

0¢(x)

)

] N
8,u¢au¢ T m2¢2 T Z§b4

60




Functional renormalisation group

Dyson-Schwinger equation

0I'[¢] <5S[¢ + ) >

0p(z) \ 0d(x)

Diagrammatics S[¢] = E/ _8qu8ugb + m?¢? + %cb‘l_

61




Functional renormalisation group

Effective action I

[[¢] = —log/d@ o Slet+ol+ ), ¢ o

No quantum fluctuations

[[¢] = —loge °¥) = S[¢]

62



Functional renormalisation group

Effective action I

[[¢] = —log/dgb o Slet+ol+ ), ¢ 51;—5?]

UV quantum fluctuations up to p° ~ k°

[lg] Clol Sl
k—0 ?H k=A
K-0k Kk
IR uv

63



Functional renormalisation group

Effective action I
DSE

5T 1. [¢] k )
L[] = —1Og/d¢ o Slo+el+3 /, »(p) Ri (p°)@(—p)+ [, ¢(x) 5¢k(a;) 5T [¢) :<55[¢+¢]>

0¢(x) 0¢(x)

UV quantum fluctuations up to p° ~ k°

[[g] [l S[e]
k—0 ?H K=A
k-o0k k
IR uv
Ry (p?) 1

k2
Regulator




Functional renormalisation group

Effective action I

5T, [¢]

Iy (6] = —log / dp e~ SIS [, o) R0 2 (—p)+ [, $(2) 485

UV quantum fluctuations up to p° ~ k°

[¢) [[6] S[g]
k—0 ?H k=A
k-0k k
IR uv
Ry (p*) 0, Ry, (p?)
k2 2k2
Regulator
t =1 i
0 ~ A
; p2
12
65




Functional renormalisation group

Effective action I

5T, [¢]

Iy (6] = —log / dp e~ SIS [, o) R0 2 (—p)+ [, $(2) 485

UV quantum fluctuations up to p° ~ k°

['[¢] R (0] Slo] ng ) &sf;uzgp )
k—0 ?H K=A 1
K-0k Kk

2

Flow orul6) = 5 [ e (G)o ) OBl = log



Flow

Propagator

Functional renormalisation group

67



Functional renormalisation group

Flow —— airulo) = 5 [ 42 (o) () D Re(0?) g
2 | @) A
Propagater - G =—@—— = (p(2)eW)).
G¢) =T} (6] + Re
0SE 5515 (oo ) [ilg) = —log [ dpeSIProls ool o 4

e O

67



Functional renormalisation group

1 Ry (p?)

1
Flow Ol 0| = §Tr I’(Q) [¢] B 0; Ry 1
k koo

O Ry
2k?2

(p*)

regulator

Diagrammatics

(Inverse) propagator

T 0] = —53;

gt

k2



Functional renormalisation group

1 1 2 {f i
Flow Ol |¢] = iTr () S+ R Oy Ry, 1
L k

ats

DSE 02 [0] — SP[¢) = % @ %Q_%@+%@

(Inverse) propagator

fRG atrl(_f) 6] = -

0,0 = Flow, [I"™);m = 2,...,n + 2] '™ = DSE,[S™) . T™:m =2 ... n+2]
69




Functional renormalisation group

1 1 Rkk(fQ) 3151;1; (21?2)
Flow Ol 0| = §Tr 2 0; Ry 1
L7 @] + Ry
0 | 2
K2 g
Propertles fRG DSE 2P| 3PI 4P|

® 1-loop exact \/
® closed \/ \/
ve

® RG-scaling

® energy/particle-number conservation - - \/ \/

\/ automatic

- only in specific approximation schemes



Functional renormalisation group

L g Q
Flow Ol |¢] = iTr () S+ R Oy Ry, 1
L k

2

Properties FunApproaches
® 1-loop exact \/
® closed \/
® RG-scaling \/
® energy/particle-number conservation \/

\/ automatic

- only in specific approximation schemes



Approximation schemes

1 1
8tFk[¢] — §TI' 875Rk

Fl(f) 1P| + Ry,

Derivative expansion

® Expansion in powers of momenta

e Controlled in the presence of a mass gap Migap

p2

max (k?, m3,, )

® Expansion parameter

Vertex expansion

® Expansion in number 7l of external fields

e Controlled in perturbation theory/presence of symmetries

e Expansion parameter 71

Mixtures, exact resummation schemes, ....



Approximation schemes

1 1
Oy 9] = §T1" T 1 R Oy Ry, O, = Flow, [I'™):m =2, ...,n+ 2]
k k

Derivative expansion

® Expansion in powers of momenta

e Controlled in the presence of a mass gap Migap

p2

max (k?, m3,, )

® Expansion parameter

Lowest order: Oth order

el = 5 [ orot [ Vido)+00?) 02 16](p,0) = (5 + V'(6)) (20)%8(p — o



Approximation schemes

1 1
Oy — —Tr Oy
O
Derivative expansion
Lowest order: Oth order
1
Cil¢] = 5 /p OGP P + /x Vi(¢) + O(p?) 02 [0](p q) = (0> + V' (9)) (2m)%6(p — q)
Rk,opt(pQ) e (kz _ p2)9(k2 _p2)
1 Qy f2+d
OV ¢ — //
Vi) = G e 12 V() Do) = 22000 — 1)

L [9](p) + Riope(p®) = [k + V" (9)] 0(K* —p°) + (0° + V" (6))0(0* — k?)



Approximation schemes

1 1
Oy — —Tr Oy
O
Derivative expansion
Lowest order: Oth order
1
Cil¢] = 5 /p OGP P + /x Vi(¢) + O(p?) 02 [0l(p.q) = (0* + Vi (9) 21)%(p — q)
Rk,opt(pQ) e (kz _ p2)9(k2 _p2)
1 Qy f2+d
Flow O Vi (@) = —
t k( ) d (27.‘.)d k.2 4+ Vk (q§) 875Rk,0pt(p2) — 2k29(k2 —p2)
27/ 2

Qq = = @7 L@ [@](p) + Riopt(p?) = [k* + V()] 0(k* — p°) + (0° + V" (¢))0(p* — k°)



Approximation schemes

1 1
Oy — —Tr Oy
O
Derivative expansion
Lowest order: Oth order
1
Cil¢] = 5 /p OGP P + /x Vi(¢) + O(p?) 02 [0l(p.q) = (0* + Vi (9) 21)%(p — q)
Rk,opt(pQ) e (kz _ pZ)H(kQ _p2)
1 Qy f2+d
Flow a V ¢ — T ,
Vi () d (2m)4 k% + V' (¢) / 0y Ris.opt (p°) = 2k20(k> — p?)
27/ 2

0= for D@ [](p) + Ruopt(r?) = [k + V()] 60 = ) + (6 + V" (6)0(p* — k)



Spontaneous symmetry breaking

75



Approximation schemes & phase structure

1 Qg k2+d

W) = ey V)
0 Vi (9) Vk(¢) |
NAGEES
¢ < > ¢

® bosonic flow is symmetry-restoring

e flow guarantees convexity of effective action \ /

vl




Approximation schemes & phase structure

1 Qg k2+d

) = G B V)
Ot Vi (0) Vk(¢) |
V' (p) — —k?
//"‘kd\\ —% 0:Vi(¢) — 0:Vie(o))]
4 < > ?

® bosonic flow is symmetry-restoring

e flow guarantees convexity of effective action \ /

vl




Approximation schemes & phase structure

Anomalous dimension

Vi (6) = Qg 1- 35 7
d (2m)* 1 4 Y (o) =8
0¢ Vi ()
[\
A | A

® bosonic flow is symmetry-restoring

e flow guarantees convexity of effective action
Litim, JMP, Vergara, hep-th/0602140

Example: 3d critical exponents with fRG
Ising universality

Simple approximation: LPA’ N N =1: v, = 0.630...
1 5 Taylor expansion V(¢ —” (6% — 2 1)
o] = §/Z¢ ¢(p)p ¢(—p)+/Vk(¢) z:: & ) fRG: LPA’
P €T
N=1: = 0.637...

VIsing
A simple program to compute critical exponents in O(N)-models with the Wetterich equation

Michael Scherer


https://www.thphys.uni-heidelberg.de/~pawlowski/critical/3dONmodel.nb
https://www.thphys.uni-heidelberg.de/~pawlowski/critical/3dONmodel.nb
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php
http://www.thphys.uni-heidelberg.de/~pawlowsk/critical/critical-script.php

Spontaneous symmetry breaking

0 ? 9" ¢
V// ( gb) Ly k2
+ X
L N
. @ // \\
0

bosonic flow is symmetry-restoring

fermionic flow is symmetry-breaking

competing dynamics decides about fate of symmetries

flow guarantees convexity

78



Spontaneous symmetry breaking

V//( gb) Ly k2
+ k¢ ‘governs general phase structures’
/—-\ e —
) @ // \\
0

bosonic flow is symmetry-restoring

fermionic flow is symmetry-breaking

competing dynamics decides about fate of symmetries

flow guarantees convexity

78



Spontaneous symmetry breaking

bosonic flow is symmetry-restoring

fermionic flow is symmetry-breaking

competing dynamics decides about fate of symmetries

flow guarantees convexity

78

‘governs general phase structures’
T —

Direct access
to
Full order parameter potential

|

Direct definition/access
of
Regime with critical scaling



Spontaneous symmetry breaking

bosonic flow is symmetry-restoring

fermionic flow is symmetry-breaking

competing dynamics decides about fate of symmetries

flow guarantees convexity

78

Initiating the hydro era (2019)
Grossi, Wink, SciPost Phys. Core 6 (2023)

State of the art time steppers
Ihssen, Sattler, Wink, CPC 300 (2024) 109182

‘governs general phase structures’

Direct access
to
Full order parameter potential

|

Direct definition/access
of
Regime with critical scaling



Systematic error control & optimisation

79



Systematic error control & optimisation

1 1
8tFk[gb] — §TI' 2) &5Rk
L) |¢] + Ry
' g5 Theory space
['h=S5
g1 g2
full flow approximated flow

Optimisation: find Rliz)!

80



Systematic error control & optimisation

1 1
T

8tFk[gb] = — 1T &5Rk
2 F/(f) 9| + Ry,
' g5 Theory space
['h=S5
g1 g2
full flow approximated flow

Optimisation: find Rliz)!

Principle of minimal sensitivity

edg. Liao, Polonyi, Strickland, NPB 567 (2000) 493-514
Canet, Delamotte, Mouhanna, Vidal, PRD 67 (2003) 065004

80



Systematic error control & optimisation

1 1
atrk[gb] — §TI' (2) atRk
[ 9] + Ry
' g Theory space
3
I'hr=S5
s}
g1 g2
full flow approximated flow
Optimisation: find Rl(f)! Most rapid convergence at fixed points
Litim, PLB 486 (2000) 92-99
Principle of minimal sensitivity _ o -
Functional optimisation: Integrability
eg. Liao, Polonyi, Strickland, NPB 567 (2000) 493-514

JMP, AP 322 (2007) 2831
JMP, Scherer, Schmidt, Wetzel, AP 384 (2017) 165
S0 RG-consistency: Braun, Leonhardt, JMP, SciPost Phys. 6 (2019) 5, 056

Canet, Delamotte, Mouhanna, Vidal, PRD 67 (2003) 065004



Systematic error control & optimisation

1 1
atrk[gb] — §TI' (2) atRk
L7 (o] + Ry
Theory space + g
I'hr=5
g2 g1
full flow Optimised flow
Optimisation: find Rl(f)! i 1 Y 0
L—0 L

Functional optimisation: Integrability

JMP, AP 322 (2007) 2831
JMP, Scherer, Schmidt, Wetzel, AP 384 (2017) 165
81 RG-consistency: Braun, Leonhardt, JMP, SciPost Phys. 6 (2019) 5, 056



Just a reminder: It was your choice!

The phase structure of QCD Colloquium on the phase structure of QCD
from functional the RG with all its g(l)ory details from functional methods
Kon [MeV]
200 SRRy
130 BA 400
160 R 350
g 140 b — Crossover lino e\ / 300
~ 120 250

= =: {RG: Fu et al.

100F ... DSE: Gao et al. ,/, - 200
—-— DSE: Gunkel et al. /" ‘T
80 Lattice: WB _,s"‘/’, L 150
1 Lattice: Hptf;)zC,D
'." /, 100

0 200 400 600 300

How to compute

&

How to judge

Jump back to: Phase structure from functional QCD: how to



Functional flows for QCD

Jump back to: Phase structure from functional QCD: how to



Flows for correlation functions & chiral symmetry breaking

84



Functional flows for QCD

free energy at momentum

['[¢] [ [¢] S|4l
k—0 % k=A
k-ok k
IR uv

quarks & gluons

85

Dupuis et al, Phys.Rept. (2021)
Fu, Commun.Theor.Phys. 74 (2022) 9, 097304

ab initio



Functional flows for QCD

Dupuis et al, Phys.Rept. (2021)
Fu, Commun.Theor.Phys. 74 (2022) 9, 097304

free energy at momentum

['[¢] [ [¢] S|4l
k—0 % k=A ab initio
k-0k k
IR uv

quarks & gluons

glue

quantum fluctuations (RG—scale k: t=1In k)

functional RG: O 'L [(I)] —

free energy/

grand potential quark

quantum fluctuations

85



Functional flows for QCD

Dupuis et al, Phys.Rept. (2021)
Fu, Commun.Theor.Phys. 74 (2022) 9, 097304

free energy at momentum

['[¢] [ [¢] S|4l
k—0 % k=A ab initio
k-0k k
IR uv

quarks & gluons

\/

fRG approach with emergent composites/dynamical hadronisation

glue hadronic
quantum fluctuations quantum fluctuations (RG_SCale k: t = In k)

5
functional RG: <8t + / 5(I)> Fk[q)] — éij? . @ n
OR=—R— I'"™ = \O/

free energy/
grand potential

27—
8t+ %

Y G =

quark
quantum fluctuations 5@) P

d = (A,ua C, 57 q, qa ¢)
85

gb hadronic composites



Flows for correlation functions

glue
quantum fluctuations

| R N
1 1
functional RG: atl“k [(I)] = 9 — P _|_5

free energy/
grand potential

quark
quantum fluctuations

Correlation functions



Flows for correlation functions

glue
quantum fluctuations

functional RG: O L' [(I)] —

free energy/
grand potential

L1
2

quark
quantum fluctuations

gluon propagator

<AMAV> (p) Correlation functions

Pure glue




Flows for correlation functions

glue
quantum fluctuations

functional RG: O L' [(I)] —

free energy/
grand potential

quark
quantum fluctuations

gluon propagator

Correlation functions

Pure glue

--- 1-loop exact



no hadronic composites

Flows for correlation functions 5= 0

glue
quantum fluctuations

functional RG: O L' [(I)] —

free energy/
grand potential

quark
quantum fluctuations

Correlation functions

gluon propagator quark propagator

(Audy)(p) (9q) ()




no hadronic composites

Flows for correlation functions 5= 0

glue
quantum fluctuations

1
functional RG: (’M“k [(I)] — 5 - S
free energy/ el "

grand potential

quark
quantum fluctuations

Correlation functions

gluon propagator quark propagator quark-gluon vertex

(Audy)(p) () (p) (4qA,.) (P1; p2)

Eight tranverse tensor structures




no hadronic composites

Flows for correlation functions 5= 0

glue
quantum fluctuations

1
functional RG: (’M“k [(I)] — 5 - 3
free energy/ \\\-(_-",

grand potential

quark
quantum fluctuations

Correlation functions

gluon propagator quark propagator quark-gluon vertex quark—anti-quark scattering

(ApA)(p) (aq) (p) (9GA L) (p1,p2) (93499)(p1,p2, P3)

Eight tranverse tensor structures




no hadronic composites

Flows for correlation functions 5= 0

~
N\
N _

\

\
\
' —
)

I

quark
quantum fluctuations

glue
quantum fluctuations

functional RG: O L' [(I)] —

free energy/
grand potential

Correlation functions

quark propagator quark-gluon vertex quark—anti-quark scattering

gluon propagator

<AMAV> (p)

(aq) (p) (9GA L) (p1,p2) (93499)(p1,p2, P3)

Eight tranverse tensor structures

- 1-loop exact



no hadronic composites

Chiral symmetry breaking & mesons b= 0

~
N\
N _

\

\
\
' —
)

I

quark
quantum fluctuations

glue
quantum fluctuations

functional RG: O ', [(I)] —

free energy/
grand potential

2 tensor structures

[ mat :éq(—p) [Zq(p)izﬁ + Mq(p)} q(p) + Z/



Chiral symmetry breaking & mesons

Chiral symmetry breaking in a nutshell

t = log k/AQCD

89



Chiral symmetry breaking & mesons

Chiral symmetry breaking in a nutshell

Beta-function of dimensionless scalar-pseudoscalar coupling

O\ = 2\ — A(k, M,) \*

t = log k/AQCD

S—pPS

89



Chiral symmetry breaking & mesons

Chiral symmetry breaking in a nutshell

Beta-function of dimensionless scalar-pseudoscalar coupling

AN = 2\ — A(k, M,) N2 — B(k, M,, M...,) s

t = log k/AQCD

S—pPS

89



Chiral symmetry breaking & mesons

Chiral symmetry breaking in a nutshell

Beta-function of dimensionless scalar-pseudoscalar coupling

O\ = [2 — B(k, M, Mgap)as] A — Ak, M) N2 — C(k, My, Myap)a2

t =logk/Aqco

S—pPS

89



Getting dynamical: emergent hadrons & diquarks

Gies, Wetterich, PRD 65 (2002) 065001
PRD 69 (2004) 025001

JMP, AP 322 (2007) 2831-2915
Floerchinger, Wetterich, PLB 680 (2009) 371

Fu, JMP, Rennecke, PRD 101, (2020) 054032
Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022

90



Dynamical hadronisation: mesons & diquarks

glue hadronic
quantum fluctuations quantum fluctuations
K- )
. - 1
functional RG: Oy | — 5
P

quark
quantum fluctuations

‘DynHad for mesons & diquarks is BSE-DSE for QCD in a ‘unified’ effective action approach’

Dynamical hadronisation

91



Functional flows for QCD

glue hadronic
quantum fluctuations quantum fluctuations

1
2

functional RG: <8t

quark
quantum fluctuations

Correlation functions

gluon propagator quark propagator quark-gluon vertex quark—anti-quark scattering

(9q) (p) (9GA L) (p1,p2) (939q)(p1, D2, p3)

Eight tranverse tensor structures

Dynamical hadronisation




Dynamical hadronisation: mesons & diquarks

Implementation:
glue hadronic
quantum fluctuations quantum fluctuations
. N 1
functional RG: Oy ; | — 5
quark

quantum fluctuations

93



Dynamical hadronisation: mesons & diquarks

Implementation:

glue hadronic
quantum fluctuations quantum fluctuations

functional RG: <8t

quark
quantum fluctuations

Consider path integral in the presence of sources for composite operators

JMP, AP 322 (2007) 2831-2915

Z\Jyq, Jg, Jo| = /dqdq—e—S[q,qu Jqq—3Jq+ [ Jo Olq,q]

93



Dynamical hadronisation: mesons & diquarks

Implementation:

glue hadronic
quantum fluctuations quantum fluctuations

functional RG: <8t

quark
quantum fluctuations

Consider path integral in the presence of sources for composite operators

JMP, AP 322 (2007) 2831-2915

Z\Jyq, Jg, Jo| = /dqdq—e—S[q,qu Jqq—3Jq+ [ Jo Olq,q]

Choose scale-dependent O;[¢, 7] ‘to optimise dynamics’!

g

atrk [A,Un q, Q] — 8trk [(I)] T 8750[(;) [(I)] 0P,

® = (A,,q,q (0D, ...)

93



Dynamical hadronisation: mesons & diquarks

2001 - : Braun, Florchinger, Fu Gies, JMP,

Implementation: Rennecke, Wetterich, ...
Ay T Dve 2aly) 2 D L 252 Ay = -
T [@)° = (97579)°] = |ihd(r - @) + Sm3d b=
i 1 EoM(®)
Hubbard-Stratonovich ¢ = (0, 7)

[Xj T- =04+ 1y50T

Consider path integral in the presence of sources for composite operators

JMP, AP 322 (2007) 2831-2915

Z\Jyq, Jg, Jo| = /dqdq_e_s[q’qu Jqq—3Jq+ [ Jo Olq,q]

Common choices

Ti — (17 /7553)

Scalar-pseudoscalar channel

94



Dynamical hadronisation: mesons & diquarks

2001 - : Braun, Florchinger, Fu Gies, JMP,

Implementation: Rennecke, Wetterich, ...
Ay T Dve 2aly) 2 D L 252 Ay = -
T [@)° = (97579)°] = |ihd(r - @) + Sm3d b=
i 1 EoM(®)
Hubbard-Stratonovich ¢ = (0, 7)

[Xj T- =04+ 1y50T

Consider path integral in the presence of sources for composite operators

JMP, AP 322 (2007) 2831-2915

Z\Jyq, Jg, Jo| = /dqdq_e_s[q’qu Jqq—3Jq+ [ Jo Olq,q]

Common choices

T - i
T_(17/75O-) T:/YO
Scalar-pseudoscalar channel Density channel
(part of vector multiplet)

94



Dynamical hadronisation: mesons & diquarks

2001 - : Braun, Florchinger, Fu Gies, JMP,

Implementation: Rennecke, Wetterich, ...
Ay T Dve 2aly) 2 D L 252 Ay = -
T [@)° = (97579)°] = |ihd(r - @) + Sm3d b=
i 1 EoM(®)
Hubbard-Stratonovich ¢ = (0, 7)

[Xj T- =04+ 1y50T

Consider path integral in the presence of sources for composite operators

JMP, AP 322 (2007) 2831-2915

Z\Jyq, Jg, Jo| = /dqdq_e_s[q’qu Jqq—3Jq+ [ Jo Olq,q]

Common choices

T ( —») i —
7=, 0 T" = (v0,79)
Scalar-pseudoscalar channel Density channel
(part of vector multiplet)

94



Dynamical hadronisation: mesons & diquarks

2001 - : Braun, Florchinger, Fu Gies, JMP,

Implementation: Rennecke, Wetterich, ...
Ay T Dve 2aly) 2 D L 252 Ay = -
T [@)° = (97579)°] = |ihd(r - @) + Sm3d b=
i 1 EoM(®)
Hubbard-Stratonovich ¢ = (0, 7)

[Xj T- =04+ 1y50T

Consider path integral in the presence of sources for composite operators

JMP, AP 322 (2007) 2831-2915

Z\Jyq, Jg, Jo| = /dqdq_e_s[q’qu Jqq—3Jq+ [ Jo Olq,q]

Common choices

Scalar-pseudoscalar channel Density channel Diguark channels

(part of vector multiplet)

94



Dynamical hadronisation: mesons & diquarks

Implementation:

A } Jy s ] 2
A1) — (rs7)?] = |ihd(r - D)+ ~md 3 o
: - 2 1 EoM(®P) b

Hubbard-Stratonovich O = (0, 7?)

[Xj T- =04+ 1y50T

Common choices

T" = (1, 750) T" = (v0,79) w1y
Scalar-pseudoscalar channel Density channel Diquark channels
(part of vector multiplet)

Complete basis

Neg=2:10 Neg=3:26

Momentum-independent
tensor structures



Dynamical hadronisation: mesons & diquarks

Implementation:

A — - _. _ 1 | h2
20 () — (rs7)?] = |ih§(r - D)+ =m2 = 2
. - 2 1 EoM(®) Mg,
Hubbard-Stratonovich b = (0, 7)

[ﬁj T- =04+ 1y50T

Common choices

T" = (1, 750) T" = (v0,79) w1y
Scalar-pseudoscalar channel Density channel Diquark channels
(part of vector multiplet)

Complete basis

Ne=2:10 Ne=3:26

Momentum-independent

tensor structures All tensor structures for Ny = 2 : 256



Dynamical hadronisation: mesons & diquarks

Implementation:
A—w[(ﬁw)z—(i “0)2] = |iho(r- ) + tm2a? W
V5T)) } = |ihy(r-P)Y + mg VP 2
2 ] 2 1 EoM(®) g

Hubbard-Stratonovich O = (0, 7?)

[ﬁj T- =04+ 1y50T

General dynamical hadronisation

S 1 . 5¢5 ol .
hadronised Flow — = —
adronised Flo 5 ¢Fk[¢] QGk’¢Rk’¢ + R G 5 5¢¢

¢ : (A,U7 C? é? Q7 q_7 q)7 9 n) ﬁ) )

mesons baryons

How to fix Pk& Pk? Dy ~ Ak&ﬂb + B,y + Cy



Dynamical hadronisation: mesons & diquarks

Implementation:

Flow for four-fermion coupling )\w - )\¢ k’2 with infrared scale £

A - T\ - T\ - T
k@k)\w 2)\¢ + A(E) )\i + B(E) )\¢ g+ C(E) Ckg-l-...

M+ :é\‘/i\‘\‘\/<+ ji ji -
O—@&—0)

97



Dynamical hadronisation: mesons & diquarks

Implementation:

Flow for four-fermion coupling )\w a )\¢ k2 with infrared scale &

Oy Ay ! a=0 + o + o o

O<a< o,




Dynamical hadronisation: mesons & diquarks

Implementation:

Flow for four-fermion coupling )\w a )\¢ kQ with infrared scale &




Dynamical hadronisation: mesons & diquarks

Implementation:

A

Full bosonisation A}é; = 0




Dynamical hadronisation: mesons & diquarks

! Reminder!

Full bosonisation )‘TP — () Really?
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Dynamical hadronisation: mesons & diquarks

! Reminder!

A

Full bosonisation )‘TP — () Really?

R

‘_
= < (¢)
where =0
(p1+p3)° =0
52’ <p—3 (p2 + pa)? =0

(i) Complete dynamical hadronisation of one tensor channel removes one momentum channel!

(i) Residual four-quark vertex left!

100



Dynamical hadronisation at work

Jump back to: Phase structure from functional QCD: how to

101
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Dynamical hadronisation

Stability & decoupling
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- Cutoff scale of dynamical
- chiral symmetry breaking

Dynamical hadronisation

Stability & decoupling

201
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Dynamical hadronisation

Stability & decoupling
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Dynamical hadronisation

Stability & decoupling

quarks & mesons quarks & gluons
2
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Dynamical hadronisation

Stability & decoupling

quarks & mesons quarks & gluons
102 n ' T L

100 102 100 10°
k|{MeV]

Pions: Chiral perturbation theory

103 Fu, JMP, Rennecke, PRD 101, (2020) 054032



Dynamical hadronisation at work

Mesons & diquarks:

X

(

(—
= 5 (¢)
where =0
(p1+p3)®>=0
52’ <p_3 (p2+pa)® =0

104 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



Dynamical hadronisation at work

Mesons & diquarks:

(i) (ii)
> < () > <« [d)
p1 P4 D1 P2
where >< =0 where X =0
(p1+ps)® =0 > - (p1 +p2)> =0
52» <]7_3 (b +ps)" =0 D3 D4 (p3 +pa)® =0

104 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



Dynamical hadronisation at work

Mesons & diquarks:

(ii)

X XK

-— d
51’ P4 <¢) 1;1- ]342- ( )
=0
where >< where X =0
(p1+p3)* =0 > -« (p1+p2)® =0
EZ <10_3 (p2 +pa)® =0 D3 D4 (ps +pa)* =0

Schematical flow

—>—. > ’—» < >
dynamical . - .
Oy + hadronisation = +0; | | +0, +0,
terms I I
4—‘ < ‘—4— <
—@—>
= ‘—4—
I

104

Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



Dynamical hadronisation at work

Mesons & diquarks:

(ii)

e X e

- d
51’ P4 <¢) ];1- ]342- ( )
h =0
where where =0
(p1+p3)* = 0 “=
2 > - (p1+p2)” =0
52’ 4p—3 (p2 +pa)> =0 P3 yZ (ps +ps)* =0

Schematical flow
. —>—. > ’—» < >
dynamical . - .
) >< AR 4
terms I I
4—‘ < ‘—4— > <
> ’—»
‘I—ét | ‘I—ét : —I—ét
< ‘—4—
I

104 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022




Dynamical hadronisation at work

Mesons & diquarks:

(i) (ii)
s t : i:
> < () > <« [d)
P1 P4 P1 P2
=0
where where X =0
(p1 ‘I‘pS)z =0 > - (p1 +p2)> =0
52» <]7_3 (P2 +p4)" =0 D3 D4 (p3 +pa)® =0

Schematical flow
. —>—. > ’—» < >
dynamical . - .
terms I I
(—‘ < ‘—(— > <
s-channel s-ps
t-channel diquark —@~>
‘I—ét | ‘I—ét | —I—ét

I
< ‘—4—
I

104 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022




Dynamical hadronisation at work

baryons:

Dominant UV-process: o, x = 9, +... X
>

w0 W

105 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



Dynamical hadronisation at work

baryons:

Dominant UV-process: ) x = 0, ﬁ +... X ()4:53
>
=
UV-subdominant: 0, X — ), +0, % % +9,
>

o)

105 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



Dynamical hadronisation at work

baryons:

Baryonisation

Baryon formation processes

e

106 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



Dynamical hadronisation at work

baryons:

Baryonisation

three-quark scattering quark-diquark scattering

M O e X

106 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



Dynamical hadronisation at work

baryons:

Baryonisation

three-quark scattering quark-diquark scattering
Yukawa-flows with baryonisation
Mo N ~
— — =0 — — +0 _ — ...
% ‘|‘8>M + ..

106 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022

nucleon-nucleon — (7, o) scattering: O,

t

nucleon-nucleon — w, scattering: O,

<+~




Dynamical hadronisation at work

‘DynHad for mesons, diquarks & baryons is Faddeev-BSE-DSE for QCD in a ‘unified’ effective action approach’

_|_
DO | =
MIH

—

mesons diquarks baryons

107 Fukushima, JMP, Strodthoff, PRD 110 (2024) 076022



(I1) Functional QCD and the QCD phase structure

= QCD at finite temperature and density

= Benchmarks in the vacuum X
= Correlation functions at finite temperature X " Phase structure from functional QCD: how to \/
= Polyakov loop from functional approaches X

= QCD phase structure
* Locating the QCD phase boundary and the critical end point \/

* Fluctuations of conserved charges: Ripples of the critical end point X

Jump back to: Getting dynamical: emergent hadrons & diquarks



Jump back to: Critical end point and new phases: where do we stand?

Phase structure from functional QCD: how to

109



How to: systematic error estimates & the LEGO® principle

yee=

. 7
(. )
. J

32 16
2 2
16 . 24
2 2

10" E
10°E

1071 E

101 109

k |GeV]
110

101

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



How to: systematic error estimates & the LEGO® principle

FIOWE\QA)

FIOWE\QA@ ‘

10!

@

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



How to: systematic error estimates & the LEGO® principle

| 5
B
| 5
B
DO | OO
B
=
B
DO | W~

1750 —— [Flow®

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



How to: systematic error estimates & the LEGO® principle

>
DO |

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



How to: systematic error estimates & the LEGO® principle

D
DO | W~

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



How to: systematic error estimates & the LEGO® principle

@16
2
D

@4
2

The unreasonable effectiveness of low energy effective theories

pgsu
3nn

1750 —— [Flow@®

150 e Flowg\qA@
12.5 /" Access and combined use of ™

(g9) ‘

" —— |Flow!

= 100 ] error estimates ]
E oy \_ from functional QCD & LEFTs _/
] v AR S
2.5F
0.0

10!

Ihssen, JMP, Sattler, Wink, arXiv:2408.08413



How to: the unreasonable effectiveness of low energy effective theories

1 @ /////®\\\\\ @ 1 @ fQCD
L'y [®] = 2 - '\\ /,‘ — + B

Sequential decoupling of gluon, quark, sigma, pion fluctuations

| | | | |
102F —— aga -~ - 2
F—— g /'/ ) Jrai
S s :
1 o 7 ;
10 JREREEEE Qe A ‘/ / E g_
n / / : 5As
QA / [ A i
| kQ )\(77) ./““"":/’ N i
100 —.— 1.2 \(0) V2 X E
5 oA L0 N\ 5
- 7 :
_ /" /

]_0—1 — ,/ / i —@ @
: R 7 : | |
S }:‘/ // : ]{52)\(7T’0) | |
I-I- ------ 1 12 v nd 1 VAV EE 1 L1 11l 1 L1 1 1l ] ‘ ‘

10~ 10~ 10~ 10" 10
k |GeV]

Vacuum: Ihssen, JMP, Sattler, Wink, arXiv:2408.08413
Phase structure: Fu, JMP, Rennecke, PRD 101, (2020) 054032



How to: the unreasonable effectiveness of low energy effective theories

éizz% I @ @ fQCD
5’tI‘k[<I>]:§ - '\\ /,‘ — —|—§

Sequential decoupling of gluon, quark, sigma, pion fluctuations
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Vacuum: Ihssen, JMP, Sattler, Wink, arXiv:2408.08413
Phase structure: Fu, JMP, Rennecke, PRD 101, (2020) 054032
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'// \\| B 1 1 / \ 1
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QCD-assisted low energy effective theories
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How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:

4

113



How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:

4

gluon two-point correlator O

1/Z 4(p)

25 T T I I
fRG-DSE
————— fRG
u lattice
2.0 T Ny e lattice fit ]
1.5} -
1.0 | . i
S
N
0.5} i
0.0 : '
0 1 2 5
p |GeV]
3 | | | | L | | | | L
-—-- RG scale dep.
— — 1D mom. dep.
) ~ —— 3D mom. dep.

gluon propagator dressing

.
.
—‘“’
o

113



How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:

4

gluon two-point correlator O

1/Z 4(p)

25 T T I I
fRG-DSE
————— fRG
o lattice
2.0 | S e PR lattice fit [
quark two-point correlator —QO—
1.5} |
1.0} — y 0.5 —
= this work
N s N | Rt fRG-DSE ‘
4 Lattice
0.5 F = 0.4 - . i
0.0 ' | %
0 1 2 5 )
p |GeV] 2
3 | | | | L | | | | L
-—-- RG scale dep.
— — 1D mom. dep.
) = —— 3D mom. dep. D [GGV]

gluon propagator dressing

.
.
—‘“’
o
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How to: systematic error estimates & the LEGO® principle

Example: Disect quark-gluon box E g:

4

gluon two-point correlator wTnOWL quark-gluon scattering >jmm/
2.5 i
fRG-DSE
————— fRG
lattice
2.0} A N P lattice fit
quark two-point correlator —QO—
1.5}
1.0}
0.5
0.0 | | 101 | ;?éeV] I1o1 '%‘
0 1 2 3 4 5 O
p |GeV] 3
=
3
I -—-- RG scale dep. ]
%D - — — 1D mom. dep. | -
§2_ ~ —— 3D mom. dep. | | p[GeV]
o
P
|
§ I
& 1
c |
s L
b~0 =
_—""""’I" "I | | | | I| | | | | | | I_ ]
0k : ) Relevant: A1, A4, A7
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fQCD: workflow

VertEXpand QMeS, DoFun

Mathematica package for the derivation of
vertices from a given action using FORM

Denz, Held, Pawlowski, Rodigast;
unpub. OQO

Mathematica packages for the derivation of functional equations
QMeS: IMP, Schneider, Wink, CPC287 (2023) 108711

DoFun: Braun, Huber, CPC 183 (2012) 1290
Huber, Cyrol, JMP, CPC 183 248 (2020) 107058

4

Vertices/
Feynman Rules

GEFORDERT VOM

FormTracer High-performance, general purpose, easy-to-use

Mathematica tracing tool using FORM % Eu“r“;f;l:?]igiﬂefium
Cyrol, Mitter, Pawlowski, Strodthoff; und Forschung

Algebraic
Flow Equations

Cyrol, Mitter, Strodthoff; CPC 219 (2017) 346

_r/—
Alexander von Humboldt
Stiftung/Foundation

CreateKernels Mathematica package for the automatic generation
of compilable C++ kernels for use in connection
with the frgsolver

fQCD LLIF
Der Wissenschaftsfonds.
frgsolver Flexible, high-performance, parallelized C++ OOP
framework for the numerical solution of functional et
equations P i:.;.::';‘;:-
Numerical solution fQCD BRE{ < g o

1 1 4 European Research Council

Established by the European Commission



fQCD: workflow

Derive symbolic functional equations: QMeS-Derivation [5]
2

Insert correlation functions

CD

> DiFfRG Mathematica package

2 %
Project onto dressings of specific tensor structures
4
Perform traces over Lorentz, Dirac and other group indices: FormTracer [6]
%
Auto-generate C++ integration kernels for the flow equations
B J/
Set up the PDE system as a numerical model
J
Choose assembler, time-stepper, set up program logic
y

Numerically integrate mo-
A mentum loops and evolve

k

DiFfRG C++ application

. p-dependent vertices

Data output «+— k= k- Ak 1

!
l ‘\} Numerically integrate mo-

mentum loops and evolve

k—0 field dependent quan-

> Computation

tites using deal.Il [21]

JMP, Sattler, CPC 327 (2026) 110262


https://arxiv.org/abs/2412.13043
https://github.com/satfra/DiFfRG

rnason How to: three remarks on functional methods

"... and now for something

completely different... = off-shell representation of thermodynamic observables

es. Tr (q(x)q(x))

off-shell

pressure, trace anomaly,
fluctuations, volume flucs., ...
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2 INTERMISSION 3%
3 C

"... and now for something
completely different...’

How to: three remarks on functional methods

= off-shell representation of thermodynamic observables

es. Tr (q(x)q(x))

off-shell

pressure, trace anomaly,
fluctuations, volume flucs., ...

» gauge fixing = parameterisation

116
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‘ How to: three remarks on functional methods

"... and now for something

completely different... = off-shell representation of thermodynamic observables
e.g. 1r <Q(CE)§7($)> on-shell
off-shell e E | asympt. /- asympt.
states states

pressure, trace anomaly,

) e.g. hadron resonances
fluctuations, volume flucs., ... g

» gauge fixing = parameterisation

q(x1) - q(zon) Ap(y1) - - Ap(ym) h(z1) - - - h(z1))

Consequences

I: simple correlations II: Difficult access to some observables
‘No free lunch theorem’

* ‘Your mean field is not my mean field’

5¢ QS_Q_S 5¢ Cb:(i_squant

116 full guantum equation of motion




How to: direct computations vs extrapolations

Those are my interpretations, '

"... and now for something

completely different...’ To QCD or not to QCD....a minimal point of view

and if you don’t like them....

% well,l have others /

= Self-consistent truncations to functional relations define analytic functions in /B, eg:

3t<q(g;)q(y)>_1(££) = Loop {<q(a¢)q(y)>(lﬁ), <Q($)Au(y)9(2)>(£)a SR ;ﬁ}
at —O—> ®§
X
ot Ao

117



§ irsnssion g Extrapolations & von Neumann’s Elephant

,fyThos

"... and now for something

. . e and if you don’t like them....
completely different... Extrapolations are ill-conditioned problems y

% well,l have others /



Prmussion 3 Extrapolations & von Neumann’s Elephant

,fyThos

"... and now for something

. . . and if you don’t like them....
completely different...’ Extrapolations are ill-conditioned problems Tyou !

% well,l have others /

‘There are two ways of doing calculations in theoretical physics.
One way is to have a clear physical picture of the process that you are calculating.
t The other way is to have a precise and self-consistent mathematical formalism. ,

... You have neither
Fermito Dyson /'
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Extrapolations & von Neumann’s Elephant

# Thos

"... and now for something

. . " and if you don’t like them....
completely different...’ Extrapolations are ill-conditioned problems 'T'you cont fike them

% well,l have others /

‘There are two ways of doing calculations in theoretical physics.

,' One way is to have a clear physical picture of the process that you are calculating.:?,_ , With four parameter models we can fit many data
! The other way is to have a precise and self-consistent mathematical formalism. "‘% , but we cannot extrapolate without external information  ’
... YOu have neither /'1 " \
Fermi to DYSO“_ In particular, extrapolations cannot predict the existence
o | and location of the CEP without external information |
\\ f_ The other way is to have a precise and self-consistent 1 
’ effective theory whose systematic error is under control
....due to external QCD information

“" ‘With four parameters I can fit an elephant,

and with five | can make him wiggle his trunk The Fermi-Von Neumann QCD phase structure elephant
Von Neumann



Extrapolations & von Neumann’s Elephant

# Thos

"... and now for something

. . " and if you don’t like them....
completely different...’ Extrapolations are ill-conditioned problems 'T'you cont fike them

% well,l have others /

‘There are two ways of doing calculations in theoretical physics.

,' One way is to have a clear physical picture of the process that you are calculating.:?,_ , With four parameter models we can fit many data
! The other way is to have a precise and self-consistent mathematical formalism. "‘% , but we cannot extrapolate without external information  ’
... YOu have neither /'1 " \
Fermi to DYSO“_ In particular, extrapolations cannot predict the existence
o | and location of the CEP without external information |
\\ f_ The other way is to have a precise and self-consistent 1 
’ effective theory whose systematic error is under control
....due to external QCD information

“ ‘With four parameters I can fit an elephant,
and with five | can make him wiggle his trunk The Fermi-Von Neumann QCD phase structure elephant
Von Neumann

Picasso-assisted Pawlowski elephant



How to: direct computations and the minimal point of view

INTERMISSION J3

‘.ﬁ.a

¢ Those are my interpretations, ™

... and now for something and if you don’t like them....

completely different...’

* Self-consistent truncations to functional relations define analytic functions ins , eg: _well, | have others

0,{a(x)a(y) )115) = Loop |(a(x)2(v) )(up). (a(x)Auw)a(=)) (). 5 1

» Consequences for functional QCD predictions at finite density

“73 <45
180 | — — - =
C @ : . — ’? ’LLB/; 4
160 B | 74 _
140 | | By now the best truncations to functional
QCD pass lattice benchmark tests at
120 | | i vanishing and small chemical potential
this work, ng=0
% 100 I FRG: this work, us=0 ]
z [ FRG: moat regime, ng=0 b
- 80 | FRG: moat regime, s =0 o & 7 Regime of quantitative reliability "
=====: FRG: Pawlowski et al. 2025, pug=0 ® Of B < 4 5
60 U=—— FRG: Fuetal. 2019, us=0 8 * _ . ~
—.—.- DSE: Gunkel et al. 2021, 4, =0 S— el current best truncation o
. o reezeout:
‘ 40 PoE: Gaoetal. 20_20 s =0 <l freezeout: Alba et al.
m moat, Pawlowski et al. 2025, 5 =0 @  freezeout: Andronic et al.
( 20 ! :_nhom. ,V5;W|OWSki et al. 2025, ps =10 [> freezeout: Becattini et al. | 1 O TP R I N T AT AT DA OO,
s 27 Lattice: WB, ng=0 @&  freezeout: Vovchenko et al. i : . : : : 3
\ [ . - K
D P ) B Lattice: HOLQCD ms— 0. ng/ng — 0.4 ®  fromeeout Sagun et ol 7: Unique: QCD-based analytic continuations :
L™ y y ' ' that satisfy the lattice benchmarks &
0 200 400 600 800 1000 y _ _ 5
at small chemical potential. |

Great opportunity for a combined analysis of high density QCD (Exp. data + lattice QCD + functional QCD + LEFTSs)



Jump forward to: QCD phase structure

QCD at finite temperature and density

Jump back to: Critical end point and new phases: where do we stand?

120



Benchmarks in the vacuum

121



Current set of correlation functions

glue sector

‘ 3
% (v, q) ()

classical tensor  classical tensor

ﬁ\ % %ﬁg X quark-glue sector

FAqq p,q FAAqq psym A3qq psym qqqq papa _p

CI]D q complete, n <3 mom.—ind. tensors

quark-meson sector

p, —p, 0, O

— ¢3

“classical” tensor “classical” tensor

2 flavours

Aiming at apparent convergence
Cyrol, Mitter, JMP, Strodthoff, PRD 97 (2018) 054006,

PRD 97 (2018) 054015
Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005
Mitter, JMP, Strodthoff, PRD 91 (2015) 054035

122 2+1 flavours: Fu, Huang, JMP, Tan, Zhou, JMP, PRD 12 (2025) 054047
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gluon propagator dressing 1/Z,

Euclidean propagators

Two-flavour QCD
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gluon propagator dressing 1/Z,

Euclidean propagators

Two-flavour QCD
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Quark-gluon vertex
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Quark-gluon vertex

_ pbg
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Quark-gluon vertex

_ pbg
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3 INTERMISSION 393 Quark-g I UOn Ve rtex

o — p-q
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Binosi, Chang, Papavassiliou, Qin, Roberts, PRD 95 (2017) 031501
Aguilar, Cardona, Ferreira, Papavassiliou, arXiv:1610.06158

Mitter, JMP, Strodthoff, PRD 91 (2015) 054035

Pelaez, Tissier, Wschebor, PRD 92 (2015) 045012
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fRG/DSE-assisted DSE/fRG

128 Gao, Papavassiliou, JMP, PRD 103 (2021) 094013



fRG/DSE-assisted DSE/fRG

More generally: X-assisted Y X=fRG, DSE, nPI,

lattice, exp. data
Y=fRG, DSE, nPI
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fRG/DSE-assisted DSE/fRG

More generally: X-assisted Y X=fRG, DSE, nPI,

lattice, exp. data
Y=fRG, DSE, nPI

(a) 2+1 fRG-assisted gluon

Example: use in 2+1 flavour DSE quark gap eq.
(b) optional: two-flavour fRG quark-gluon vertex
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fRG/DSE-assisted DSE/fRG

More generally: X-assisted Y X=fRG, DSE, nPI,

lattice, exp. data

Y=fRG, DSE, nPI

(a) 2+1 fRG-assisted gluon

Example: use in 2+1 flavour DSE quark gap eq.
(b) optional: two-flavour fRG quark-gluon vertex

Input: 2+1 flavour gluon propagator
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fRG/DSE-assisted DSE/fRG

More generally: X-assisted Y X=fRG, DSE, nPI,
lattice, exp. data
Y=fRG, DSE, nPI

(a) 2+1 fRG-assisted gluon
Example: use in 2+1 flavour DSE quark gap eq.
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fRG/DSE-assisted DSE/fRG

More generally: X-assisted Y X=fRG, DSE, nPI,
lattice, exp. data
Y=fRG, DSE, nPI

(a) 2+1 fRG-assisted gluon
Example: use in 2+1 flavour DSE quark gap eq.
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Further example, e.qg. lattice-assisted 2+1 flavour DSE
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fRG/DSE-assisted DSE/fRG

(a) 2+1 fRG-assisted gluon

Example: use in 2+1 flavour DSE quark gap eq.
(b) optional: two-flavour fRG quark-gluon vertex

Full quark
gluon (
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fRG/DSE-assisted DSE/fRG

(a) 2+1 fRG-assisted gluon

Example: use in 2+1 flavour DSE quark gap eq.
(b) optional: two-flavour fRG quark-gluon vertex

lattice

Full quark
gluon (
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fRG/DSE-assisted DSE/fRG

(a) 2+1 fRG-assisted gluon

Example: use in 2+1 flavour DSE quark gap eq.
(b) optional: two-flavour fRG quark-gluon vertex
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Correlation functions at finite temperature



YM-theory: gluonic correlation functions

A4 (D)

(Aiming at apparent convergence )

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015



YM-theory: gluonic correlation functions

Oy ol B R Thermal flows
@ -

T
1O5 | —<<1)

(Aiming at apparent convergence )

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015



Euclidean gluon propagator at finite T

chromo-magnetic propagator

T T T T T T T T T T T T T 5 T T T T T T T T T T T T

[ T T T
L 2 - |
[GeV?] * 0 | =——T=0
- Transversal Propagator G 1 = - -
L - 0p) B _
4 FRG: T =0 - £ 4| T =0 L
I <A A> (p2) FRG: T = 0.361 7., ] < [|—— T=098 1,
—~
e ' 7 | Tm==- FRG: T = 0.903 T, ] [ T=1.02T.
3L | : FRG: T = 1817, i = sl T=107 T
- < Lattice: T =0 1 2t ' ‘
I — Lattice: T =0.361T,. | _ S 0 I'=1.36 T,
N Lattice: T = 0.903T. | - ~ f|l— T=180T.
2r Lattice: T=1.817, | | S 2r . :
— i IS o
ple - ] 20 - T
2 ] S
= |
1 *// ~ S ] g 1F -
- T a !
-~ ‘ - = |
0 ] | l l l l l l | l - 1 1 O'-=i - f . . | . . L . | . .
0.0 0.5 1.0 1.5 2.0 0.1 0.2 0.5 1 9 5
p [GeV] p [GeV]
Fister, JMP, arXiv:1112.5440
Lattice: Maas, JMP, Smekal, Spielmann, PRD 85 (2012) 034037 Lattice: Silva, Oliviera, Bicudo, Cardoso, PRD89 (2014) 7, 074503

CF model: Reinosa, Serreau, Tissier, Tresmontant, PRD 95 (2017) 045014

(Aiming at apparent convergence )

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015



mg/T

2.6]

2.0

2.4

2.3]

2.21

2.1

2.01

Euclidean gluon propagator at finite T

Debye mass (chromo-electric)

\ _ FRG
% -=-= first order HTL

S, --= second order HTL, ¢,=1
N | - second order HTL, ¢, = 0.88

T [GeV]

electric gluon propagator dressing

chromo-electric propagator

12_ v I 2 v ' I T T LA | T T
(A A)(p) — T=0 _
10F — T=045 T, |
—— T=098 T,
sF LA T=1.02 T, |
_ I IItIIiI T=1.07 T, |
ol . T=136T, |-
; — T=180 T, |]
af ‘ - ]
2_ ‘.‘-_
B L
O; = ] ] ]
0.1 0.2 0.5 | 2 5

Lattice: Silva, Oliveira, Bicudo, Cardoso, PRD89 (2014) 7, 074503

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015



mg/T

Euclidean gluon propagator at finite T

Debye mass (chromo-electric)

2.6

2.00

247

2.3]

2.2]

2.1

2.01

— FRG

-=-= first order HTL

N, --= second order HTL, ¢,=1

N | - second order HTL, ¢, = 0.88

T [GeV]

electric gluon propagator dressing

chromo-electric propagator

12_ v I 2 v ' I T T LA | T T
(A A)(p) — T=0 _
10F — T=045 T, |
—— T=098 T,
sF LA T=1.02 T, |
_ I IItIIiI T=1.07 T, |
ol . T=136T, |-
; — T=180 T, |]
af ‘ - ]
2_ ‘.‘-_
B L
O; = ] ] ]
0.1 0.2 0.5 | 2 5

Lattice: Silva, Oliveira, Bicudo, Cardoso, PRD89 (2014) 7, 074503

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 97 (2018) 5, 054015



Polyakov loop from functional approaches
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Flow equation for the Polvakov loop expectation value
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Confinement

Flow equation for the Polvakov loop expectation value

Parameterisation
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Confinement

Flow equation for the Polvakov loop expectation value
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Confinement

Flow equation for the Polvakov loop expectation value
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QCD phase structure

Jump back to: QCD at finite temperature and density



Phase structure from functional QCD: Predictions & estimates
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Locating the critical end point
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Ripples of the critical point
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Ripples of the critical point
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Ripples of the critical point
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Unfolding the high density regime with new phases & physics

Great opportunity for a combined high precision analysis of high density QCD (Exp. data + lattice QCD + functional QCD) ,:
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Ripples of the critical point

net-baryon fluctuations in QCD vs net-proton fluctuations at STAR
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Demand: build in dynamics
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Summary

Jump back to: Ripples of the CEP or the onset of new phases (ONP)



(I) Functional Renormalisation Group for QCD

* The renormalisation group Is a one-loop exact functional approach

= consistent RG-scaling \/
= systematic expansion schemes & error control \/
= compatibility with other functional approaches \/

* Resonances via dynamical hadronisation

* hadrons as exchange fields of quarks scattering vertices
= BSE wave function -~ quark-hadron vertex
= Stable dynamical emergence of low energy effective theories

" Quark-gluon-meson correlation functions

= Self-consistent results: all correlation functions computed are fed back
= Dynamical chiral symmetry breaking & confinement
* Quantitative agreement with lattice results

155



(II) Functional QCD and the QCD phase structure

= QCD at finite temperature and density

= all available benchmarks in the vacuum passed
= confinement-deconfinement phase transition
= compatibility with other functional approaches

* Locating the QCD phase structure and the critical end point

* Quantitative predictions for g /T < 4.5, estimates for ug/T < 9
= Estimate for the location of the CEP: (145, T')cgp ~ (600 — 650, 105 — 115) MeV
* Diquark domination for ug /1T 2 8 "

* Fluctuations of conserved charges: Ripples of the critical end point

= QCD-assisted low energy effective theory with the phase structure of QCD & functional QCD
" Quantitative agreement of the fluctuations of conserved charges with lattice results
= Qualitative accounting for canonical effects with the sub-ensemble method

* Remarkable compatibility with the new STAR data (baryon vs proton fluctuations,
olume effects, ...)
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