
QGP transport properties from LQCDHai-Tao Shu 10 Jul. 2026

Transport properties of quark-gluon-plasma 
from Lattice QCD

Hai-Tao Shu

Jul. 10, 2026, Hefei, China

见微学术沙龙

Central China Normal University



QGP transport properties from LQCDHai-Tao Shu 1
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Transport of conserved current: HQ diffusion
Heavy quarkonia in heavy ion collisions I 2/21

⌅ bulk of matter created in HICs is expected to quickly reach some intermediate equilibrium
) “strongly coupled QGP”

⌅ But wait... what about heavy quarkonia?
⌅ M � T , only produced in early hard collisions
⌅ remain as bound states / melt into constituents

⌅ travel through QGP, thermalize to some extent via diffusion

⌅ form DD̄ or BB̄ meson pairs, decay into dileptons
) probes for transport properties of QGP

J/ ⌥

cc̄ bb̄

3.1GeV 9.5GeV

cf. T ⇠ O(100) MeV

[Figure: S. Bass, mod. by O. Kaczmarek]

[SA.Bass]

How can we quantify the strength of the heavy quark diffusion?

• Heavy quarks travel through QGP, 
thermalize via diffusion  

• Heavy quark diffusion coefficient 
probes how fast do heavy quarks 
equilibrate? 
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Perturbative estimate of HQ diffusion
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LO: 2𝜋TD～37.5 
NLO: 2𝜋TD～7.2

𝛼s=0.2

[G. Moore, D. Teaney, PRC71, 064904]

• HQ diffusion coefficient as crucial input for phenomenological studies  
• Poor convergence from perturbative theory

• Heavy quark diffusion coefficient

PRL98(2007)172301

<latexit sha1_base64="dK/didGqI7fzG3vyM8+u3hF52OU="></latexit>

⌧kin,charm ⇠ 6 fm/c � ⌧kin,light ⇠ 1 fm/c

[Moore, Teaney (2005); hep-ph/0412346 
[Baier et al. (1994); arXiv:hep-ph/9411409]Perturbative estimates:
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Experimental hints of HQ diffusion

<latexit sha1_base64="RFbc/cs99n+WV7A9C4BWyTfLE/s=">AAACH3icbVBNSwMxEM3Wr1q/Vj16CRbBg5Rdleqx6MVjBfsB3VKyadqGJtklmRXL0n/ixb/ixYMi4q3/xmzbg7Y+GHi8N8PMvDAW3IDnTZzcyura+kZ+s7C1vbO75+4f1E2UaMpqNBKRbobEMMEVqwEHwZqxZkSGgjXC4W3mNx6ZNjxSDzCKWVuSvuI9TglYqeOWAyBJJ5AEBlqmQ67O6IBoOQ5IHOvoCS/ZgvcHMO64Ra/kTYGXiT8nRTRHteN+B92IJpIpoIIY0/K9GNop0cCpYONCkBgWEzokfdayVBHJTDud/jfGJ1bp4l6kbSnAU/X3REqkMSMZ2s7sUrPoZeJ/XiuB3nU75SpOgCk6W9RLBIYIZ2HhLteMghhZQqjm9lacxUMo2EgLNgR/8eVlUj8v+eXSxf1lsXIzjyOPjtAxOkU+ukIVdIeqqIYoekav6B19OC/Om/PpfM1ac8585hD9gTP5Ab5ppKg=</latexit>⌧kin,charm ⇡ ⌧kin,light
[STAR Collaboration, PRL.18 (2017) 21, 212301]

• Scaled D0 v2 is consistent with that of other light mesons 
• Need non-perturbative ab-initio determination using lattice QCD
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Experimental estimates:
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Transport of momentum/stress: viscosities

• Shear and bulk viscosity: the coefficients in the expansion of the 
EMT in terms of the velocity fields:

T
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Need for non-perturbative viscosities
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[Luzum and Romatschke 08]

Relativistic viscous hydrodynamics – p.20

[M. Luzum, et al, PRC 78, 034915 (2008)]

• High sensitivity of transport/phenomenological models to viscosity 
inputs 

• Transport phenomena lie intrinsically in the non-perturbative regime 
• Lattice QCD provides essential first-principles input
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Introduction to lattice QCD

LQCD is designed for non-perturbative physics: hadron structure, 

QCD vacuum, hadron spectrum, transport physics, …

Partition function Path integral Gauge field Quark field Anti-quark field LQCD action

<latexit sha1_base64="Hsuc7xjdbe3iYDthoUZV13uVoDg="></latexit>

SF =

Z
d4x  ̄ [(@µ + iAµ)�

µ +m] 

<latexit sha1_base64="Mb3e8+LM4ekx2yrSNiYiNcCdp3M="></latexit>

SG[C] =
�

3

X

n2⇤

X

µ⌫

ReTr [1� Uµ⌫(n)]

<latexit sha1_base64="U4JcQMj3EKUC84Q2xGE1bS9njrg="></latexit>

hOi =
1

Z

Z
D[U ]⇧fD[ ]D[ ̄]O exp(�SLQCD)



LQCD as high-dimension numerical integration

aN⌧ = 1/T

aN�

quark filed on  
the site:  ̄,  

注意γµ矩阵与Ω矩阵处于不同空间，所以我们可以直接将γµ矩阵两侧的费米子场写在一

起考虑。为了使导数项在规范变换下保持不变，我们引入链变量(link variable)Uµ(n)，

其规范变换为

Uµ(n) → U ′
µ(n) = Ω(n)Uµ(n)Ω

†(n+ µ̂). (2.1.25)

这样一来我们就发现可以构造如下费米子作用量

SF = a4
∑

n∈Λ

ψ̄(n)
( 4∑

µ=1

γµ
Uµ(n)ψ(n+ µ̂)− U−µ(n)ψ(n− µ̂)

2a
+mψ(n)

)
(2.1.26)

其在规范变换下保持不变。我们把这种做法得到的费米子叫做简易费米子(naive

fermion)。和连续情况下的Wilson 线相对比，我们发现被引入的链变量和规范场有如下

关系

Uµ(n) = exp(iaAµ(n)). (2.1.27)

最后值得一提的是我们知道在将配分函数的求迹转换成路径积分时要求费米子场在

时间方向上遵守反周期性边界条件，空间方向上遵守周期性边界条件，而波色子场在所

有四个方向上都遵守周期性边界条件[29, 30]，即

Uµ(Nσ, n2, n3, n4) = Uµ(1, n2, n3, n4), Uµ(n1, Nσ, n3, n4) = Uµ(n1, 1, n3, n4)

Uµ(n1, n2, Nσ, n4) = Uµ(n1, n2, 1, n4), Uµ(n1, n2, n3, Nτ ) = Uµ(n1, n2, n3, 1)

ψµ(Nσ, n2, n3, n4) = ψµ(1, n2, n3, n4),ψµ(n1, Nσ, n3, n4) = ψµ(n1, 1, n3, n4)

ψµ(n1, n2, Nσ, n4) = ψµ(n1, n2, 1, n4),ψµ(n1, n2, n3, Nτ ) = −ψµ(n1, n2, n3, 1)

ψ̄µ(Nσ, n2, n3, n4) = ψ̄µ(1, n2, n3, n4), ψ̄µ(n1, Nσ, n3, n4) = ψ̄µ(n1, 1, n3, n4)

ψ̄µ(n1, n2, Nσ, n4) = ψ̄µ(n1, n2, 1, n4), ψ̄µ(n1, n2, n3, Nτ ) = −ψ̄µ(n1, n2, n3, 1).

(2.1.28)

2.2 纯纯纯胶胶胶子子子场场场

由于我们的研究需要在纯胶子场上计算流的两点关联函数，因此我们要考虑如何

先在格点上产生满足条件的链变量（规范场），然后再在规范场的不同格点上放上费

米子，最后计算关联函数。在第一步产生规范场时我们有几个输入参数：反规范耦

合β ≡ 6/g2(inverse gauge coupling)，这个参数决定了格点间距a （这部分我们会在后边

讨论）；时间、空间长度Nτ、Nσ。在这部分中我们略去关于Haar 测度（measure）的

知识不提。只需要记得在规范变换前后满足dUµ(n) = dU ′
µ(n)。在开始产生规范场之前

我们先了解以下物理量：

• 小方格（plaquette）

9

gauge filed as links:

Uμν

• Basic quantities in LQCD:
✴ lattice volume 
✴ lattice spacing 
✴ gauge field 
✴ quark field 
✴ quark mass

SU(3) matrix

Dirac spinor (vector)

• 4 dimensional grid (lattice) 
• quarks live on lattice sites 
• gluons live on the links 

• Typical sizes 243x6 to 2564  

• parallelization over lattice sites

QGP transport properties from LQCDHai-Tao Shu 8
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Ingredients of LQCD calculations

<latexit sha1_base64="dHNQwu7BMLTJtKk/TrLrsRsBlQY="></latexit>

hOi =
1

Z

Z
D[U ]⇧f det[Df ] O e�SG[U ]

<latexit sha1_base64="tPZ+pDE5gAt5nW1tXxM7CWgn6xM="></latexit>

Z =

Z
D[U ]⇧f det[Df ] e

�SG[U ]

Importance sampling
<latexit sha1_base64="ZLrz4TuIVSGZ6KOK9ttw+dG8Aok="></latexit>

dP (U) =
D[U ]⇧f det[Df ] e�SG[U ]

Z

<latexit sha1_base64="LaWlrChgNcOa0VohrBOLnEzHdGQ="></latexit>

hOi = lim
N!1

1

N

NX

n=1

O[Un]

Gauge configurations

Procedures of LQCD calculations:
• Generation of gauge configurations 
• Measure operators on the configurations 
• Extract physical observables 

• Accelerator 
• Detector 
• Data analysis

Experimental studies:
<latexit sha1_base64="v4/Xx2ES9HB8pEsDs9dwkB32k40=">AAACKHicjVDLSgNBEJz1GddX1KOXwSB4Crsi0ZtBLx48RDAPyIYwO5ndDJmdWWZ6lRDyOV78FS8iiuTqlzh5HDTxYEFDUdVNd1eYCm7A80bO0vLK6tp6bsPd3Nre2c3v7deMyjRlVaqE0o2QGCa4ZFXgIFgj1YwkoWD1sHc99usPTBuu5D30U9ZKSCx5xCkBK7Xzl8GtkrFgEWged4ForR6DwP232s4XvKI3AV4k/owU0AyVdv4t6CiaJUwCFcSYpu+l0BoQDZwKNnSDzLCU0B6JWdNSSRJmWoPJo0N8bJUOjpS2JQFP1J8TA5IY009C25kQ6Jp5byz+5TUziC5aAy7TDJik00VRJjAoPE4Nd7hmFETfEkI1t7di2iWaULDZujYEf/7lRVI7LfqlYunurFC+msWRQ4foCJ0gH52jMrpBFVRFFD2hF/SOPpxn59X5dEbT1iVnNnOAfsH5+gbSPqhQ</latexit>()
()
()
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Typical costs of a LQCD calculation
• Meson two-point correlation function

<latexit sha1_base64="Alvky0rThdorvXmZdXzl4oRLZ70="></latexit>

hO1O2i =
R
D[U ] det[Du] det[Dd] det[Ds]e�SG[U ] ⇥O1(U)O2(U)R
D[U ] det[Du] det[Dd] det[Ds]e�SG[U ]

Df = mf + (@µ + igAa
µt

a)�µ ! 1

注意γµ矩阵与Ω矩阵处于不同空间，所以我们可以直接将γµ矩阵两侧的费米子场写在一

起考虑。为了使导数项在规范变换下保持不变，我们引入链变量(link variable)Uµ(n)，

其规范变换为

Uµ(n) → U ′
µ(n) = Ω(n)Uµ(n)Ω

†(n+ µ̂). (2.1.25)

这样一来我们就发现可以构造如下费米子作用量

SF = a4
∑

n∈Λ

ψ̄(n)
( 4∑

µ=1

γµ
Uµ(n)ψ(n+ µ̂)− U−µ(n)ψ(n− µ̂)

2a
+mψ(n)

)
(2.1.26)

其在规范变换下保持不变。我们把这种做法得到的费米子叫做简易费米子(naive

fermion)。和连续情况下的Wilson 线相对比，我们发现被引入的链变量和规范场有如下

关系

Uµ(n) = exp(iaAµ(n)). (2.1.27)

最后值得一提的是我们知道在将配分函数的求迹转换成路径积分时要求费米子场在

时间方向上遵守反周期性边界条件，空间方向上遵守周期性边界条件，而波色子场在所

有四个方向上都遵守周期性边界条件[29, 30]，即

Uµ(Nσ, n2, n3, n4) = Uµ(1, n2, n3, n4), Uµ(n1, Nσ, n3, n4) = Uµ(n1, 1, n3, n4)

Uµ(n1, n2, Nσ, n4) = Uµ(n1, n2, 1, n4), Uµ(n1, n2, n3, Nτ ) = Uµ(n1, n2, n3, 1)

ψµ(Nσ, n2, n3, n4) = ψµ(1, n2, n3, n4),ψµ(n1, Nσ, n3, n4) = ψµ(n1, 1, n3, n4)

ψµ(n1, n2, Nσ, n4) = ψµ(n1, n2, 1, n4),ψµ(n1, n2, n3, Nτ ) = −ψµ(n1, n2, n3, 1)

ψ̄µ(Nσ, n2, n3, n4) = ψ̄µ(1, n2, n3, n4), ψ̄µ(n1, Nσ, n3, n4) = ψ̄µ(n1, 1, n3, n4)

ψ̄µ(n1, n2, Nσ, n4) = ψ̄µ(n1, n2, 1, n4), ψ̄µ(n1, n2, n3, Nτ ) = −ψ̄µ(n1, n2, n3, 1).

(2.1.28)

2.2 纯纯纯胶胶胶子子子场场场

由于我们的研究需要在纯胶子场上计算流的两点关联函数，因此我们要考虑如何

先在格点上产生满足条件的链变量（规范场），然后再在规范场的不同格点上放上费

米子，最后计算关联函数。在第一步产生规范场时我们有几个输入参数：反规范耦

合β ≡ 6/g2(inverse gauge coupling)，这个参数决定了格点间距a （这部分我们会在后边

讨论）；时间、空间长度Nτ、Nσ。在这部分中我们略去关于Haar 测度（measure）的

知识不提。只需要记得在规范变换前后满足dUµ(n) = dU ′
µ(n)。在开始产生规范场之前

我们先了解以下物理量：

• 小方格（plaquette）

9

3 x 3 x 2 x 8 Byte x 4 x 1443 x 36 =  58 GB

(3 x 4) x (3 x 4) x 2 x 8 Byte x 1443 x 36 =  231 GB

[LA, DC, OK, GDM, HTS, PRD 109 (2024) 11, 114505]

Humongous costs needed to compute the fermion Dirac matrix !

CNSC3 @ CCNU
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Transport coefficient from LQCD: Kubo formula

Linear response theory

Example: HQ diffusion coefficient 

Legevin/diffusion dynamics 

<latexit sha1_base64="+W/Hq8yrf+CvQ31ybR4Arlq2JVA=">AAACFXicbZDLSsNAFIYn9V5vVZduBotQQUoi3jaCl41LBdsKTSiT6Uk7dDKJMxOxhLyEG1/FjQtF3ArufBsnsQut/jDw851zmHN+P+ZMadv+tEoTk1PTM7Nz5fmFxaXlyspqU0WJpNCgEY/ktU8UcCagoZnmcB1LIKHPoeUPzvJ66xakYpG40sMYvJD0BAsYJdqgTmXb5UT0OOCTmhsS3feD9C7bcmUBO2nBZJjCTZYd2Z1K1a7bhfBf44xMFY100al8uN2IJiEITTlRqu3YsfZSIjWjHLKymyiICR2QHrSNFSQE5aXFVRneNKSLg0iaJzQu6M+JlIRKDUPfdOZbqvFaDv+rtRMdHHopE3GiQdDvj4KEYx3hPCLcZRKo5kNjCJXM7Ippn0hCtQmybEJwxk/+a5o7dWe/vne5Wz0+HcUxi9bRBqohBx2gY3SOLlADUXSPHtEzerEerCfr1Xr7bi1Zo5k19EvW+xclcZ94</latexit>

hA(x)ieq = 0
<latexit sha1_base64="MfiPSS80uMR4WfC+TQBYjcfclZY=">AAACOXicfVDLSgMxFM34rPVVdekmWAQFKTPiayP4WrisYFXo1HInzdTQTGZI7ohl6G+58S/cCW5cKOLWHzBTu/CFBwKHc84l954gkcKg6z44Q8Mjo2PjhYni5NT0zGxpbv7MxKlmvMZiGeuLAAyXQvEaCpT8ItEcokDy86BzmPvn11wbEatT7Ca8EUFbiVAwQCs1S1U/AY0CZBN9CaotOd1f8SPAqyDMbnpruOrrvrx75CsIJFyu/59rlspuxe2D/ibegJTJANVm6d5vxSyNuEImwZi65ybYyPKtmOS9op8angDrQJvXLVUQcdPI+pf36LJVWjSMtX0KaV/9OpFBZEw3Cmwy39X89HLxL6+eYrjTyIRKUuSKfX4UppJiTPMaaUtozlB2LQGmhd2VsivQwNCWXbQleD9P/k3O1iveVmXzZKO8dzCoo0AWyRJZIR7ZJnvkmFRJjTBySx7JM3lx7pwn59V5+4wOOYOZBfINzvsHNiatxA==</latexit>

@thA(x, t)i = Dr2hA(x, t)i

Solution:
<latexit sha1_base64="B7ZA4ZxAza26/6fO8YLITsNil4s="></latexit>

hA(k,!)i = i

! + iDk2
hA(k, t = 0)i

Non-equilibrium -> Relaxation -> Equilibrium
<latexit sha1_base64="3wy7olB8XNi/z7YeWk4yzEPLpLc="></latexit>

H(t) = H0 �
Z

dx A(x)h(x)e✏t⇥(�t)

Perturbation to Hamiltonian:

Solution:

Kubo formula:

<latexit sha1_base64="rAFHLmmgTPbo3kn7ESOS2lEVJnc="></latexit>

@

@t

⇣
�hA(k, t = 0)i

⌘
= �GR(k, t)

�q(k)
�hA(k, 0)i

<latexit sha1_base64="LHhwS0/2UqOGP7PAQTpPbxFQr2g="></latexit>

D =
1

3�q
lim
!!0

3X

i=1

⇢ii(!)

!

<latexit sha1_base64="PGjew7QU4xRl81DSC9TBYvGsL6c="></latexit>

GR(k,!) =
iDk2

! + iDk2
�q(k) ⇠ ⇢(~k,!)

<latexit sha1_base64="MJYGtQIJ0Yq998q6+GU1UqvNGF0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgupMyIr41QdSOuKtgHdGq5k6ZtaDIzJBmlDP0JN/6KGxeKuBXc+Tdm2llo64ELJ+fcS+49fsSZ0o7zbc3Mzs0vLOaW8ssrq2vr9sZmVYWxJLRCQh7Kug+KchbQimaa03okKQif05rfv0z92j2VioXBrR5EtCmgG7AOI6CN1LL3z7EnWbenQcrwAV/feSI+83yQiRcpNvS6IASkYvps2QWn6IyAp4mbkQLKUG7ZX147JLGggSYclGq4TqSbCUjNCKfDvBcrGgHpQ5c2DA1AUNVMRlcN8a5R2rgTSlOBxiP190QCQqmB8E2nAN1Tk14q/uc1Yt05bSYsiGJNAzL+qBNzrEOcRoTbTFKi+cAQIJKZXTHpgQSiTZB5E4I7efI0qR4U3ePi0c1hoXSRxZFD22gH7SEXnaASukJlVEEEPaJn9IrerCfrxXq3PsatM1Y2s4X+wPr8AT3Pn4o=</latexit>

A ! Jµ =  ̄�µ 

Transport coefficient can be determined from the 
transport peak of the spectral function (SPF)!
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Spectral function from Euclidean correlation
• Spectral function and retarded correlation function

<latexit sha1_base64="coenM/BJqrUznwTk8puop8HbTRg="></latexit>

GR(!) =

Z +1

�1

d!0

⇡

⇢(!0)

!0 � ! � i⌘

• Lattice-computable Euclidean correlation function in imaginary time

• Fourier transform of the Euclidean 
correlation function with analytic 
continuation 
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• SPF as commutation of the mesonic 
currents
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A way of extracting SPF from Euclidean correlators !

<latexit sha1_base64="LXidbsX905KlqDspC34+ACGWGfw="></latexit>

⇢(!) =

Z +1

�1
dt ei!t

Z
d3x

D1
2
[J(x, t), J(0, 0)]

E

=
1

2

⇥
G+(!)�G�(!)

⇤

K(!, ⌧, T ) ⌘
cosh

�
!(⌧T � 1/2)

�

sinh(!/2T )

(Anti-periodic boundary)



QGP transport properties from LQCDHai-Tao Shu 13

Various transport coefficients 

Transport Coe�cient / lim
!!0

⇢X(!)

!

• Kubo formula: Euclidean correlation functions <—> spectral function

• Transport coefficients encoded in the transport peak of the SPFs

<latexit sha1_base64="YdmJEdj1812sckK1yB2aHYZvmQw="></latexit>

Ds =
1

3�q
lim
!!0

⇢ii(!)

!
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() ÔX = q

⌘ = lim
!!0

⇢12,12(!)

!
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Computing charmonium 2pt on the lattice

• Euclidean 2pt correlation functions are typically available at only ~O(10) 
discrete time points.
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Challenges of relativistic heavy flavor on the lattice
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�Q ⇠ 1

mQ
Compton wavelength of heavy quarks:

Small  requires fine  to resolve the dynamicsλQ a

• Need high temperature to study thermal effects on heavy flavor 
   ➙  small  with not-small   

• Generic lattice quark action has discretization error in powers of  
• Heavy flavor requires fine lattice for better resolution

T = 1/(aNτ) a Nτ
amQ

• Large & fine ensembles in generation by Wuhan 
LQCD group 

• Discretization error of charm quarks under control 
• LQCD study of relativistic charmonium on the 

way
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aMc = 0.042 fm⇥ 1.273 GeV ⇥ 5.068 = 0.27 ⌧ 1
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Extracting transport coefficients from SPF
Temporal correlation function relates to spectral function:

ill-posed!

discretized 
~O (10)

continuos 
~O (1000)

• Need high precision lattice data to constrain the SPF 
• Need to tackle the inverse problem

meson SPF
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meson correlators



QGP transport properties from LQCDHai-Tao Shu 17

Challenges in reconstructing the transport peak 

Transport peak sensitive to large  τT
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⇢pertV (!) = Amatch�(!)⇢pNRQCD
V (!)✓(!match � !) + ⇢vacV (!)✓(! � !match)

• pNRQCD calculations applicable around the threshold 
• Ultraviolet asymptotics valid well above the threshold 
• Combine two parts by interpolation:

[M. Laine, JHEP05(2007)028]

[Y. Burnier et al., EPJC72, 1902(2012)]

[Y. Burnier et al., JHEP11(2017)206]
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[HTD, OK, AL, HO, HS, 舒海涛, PRD104(2021) 11, 114508]
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Heavy quark diffusion from meson correlators
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[HTD, OK, AL, HO, HS, 舒海涛, PRD104(2021) 11, 114508]

• Still quenched approximation (but in the continuum limit) 
• Extension to full QCD on the way
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Heavy quark diffusion via HQEFT

• Large quark mass limit in HQ effective field theory

• Mass dependent momentum diffusion coefficient
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���
⌘⌧|!|.!UV
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J. Casalderrey-Solana and D. Teaney, PRD 74, 085012 
S. Caron-Huot et al., JHEP 0904 (2009) 053 
A. Bouttefeux, M. Laine, JHEP 12 (2020) 150
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@tpi = �⌘Dpi + ⇠i(t)

• Langevin equations of heavy quark motion
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Heavy quark mass limit and finite mass correction

⌧

� <latexit sha1_base64="R6FKTF3SPyp0se/UCYn3cZDRM1E=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVRIVdVkUwWUF+4A2hMn0ph06eTBzI5YQ8FfcuFDErd/hzr9x2mahrQcuHM65d+7c4yeCK7Ttb2NhcWl5ZbW0Vl7f2NzaNnd2mypOJYMGi0Us2z5VIHgEDeQooJ1IoKEvoOUPr8d+6wGk4nF0j6ME3JD2Ix5wRlFLnrnfRXjEyTuZL1LIsxuP555Zsav2BNY8cQpSIQXqnvnV7cUsDSFCJqhSHcdO0M2oRM4E5OVuqiChbEj70NE0oiEoN5usza0jrfSsIJa6IrQm6u+JjIZKjUJfd4YUB2rWG4v/eZ0Ug0s341GSIkRsuihIhYWxNc7C6nEJDMVIE8ok13+12IBKylAnVtYhOLMnz5PmSdU5r57enVVqV0UcJXJADskxccgFqZFbUicNwkhGnskreTOejBfj3fiYti4Yxcwe+QPj8wdj2pZq</latexit>

Ei
<latexit sha1_base64="R6FKTF3SPyp0se/UCYn3cZDRM1E=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVRIVdVkUwWUF+4A2hMn0ph06eTBzI5YQ8FfcuFDErd/hzr9x2mahrQcuHM65d+7c4yeCK7Ttb2NhcWl5ZbW0Vl7f2NzaNnd2mypOJYMGi0Us2z5VIHgEDeQooJ1IoKEvoOUPr8d+6wGk4nF0j6ME3JD2Ix5wRlFLnrnfRXjEyTuZL1LIsxuP555Zsav2BNY8cQpSIQXqnvnV7cUsDSFCJqhSHcdO0M2oRM4E5OVuqiChbEj70NE0oiEoN5usza0jrfSsIJa6IrQm6u+JjIZKjUJfd4YUB2rWG4v/eZ0Ug0s341GSIkRsuihIhYWxNc7C6nEJDMVIE8ok13+12IBKylAnVtYhOLMnz5PmSdU5r57enVVqV0UcJXJADskxccgFqZFbUicNwkhGnskreTOejBfj3fiYti4Yxcwe+QPj8wdj2pZq</latexit>

Ei

⌧

�

<latexit sha1_base64="oWfQYtnhzOcuJG34o864b/XRqHk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcyoqMcQLx4jmAWSEHp6apImPQvdNWIcBn/FiwdFvPof3vwbO8tBEx8UPN6r6up6biyFRtv+tnJLyyura/n1wsbm1vZOcXevoaNEcajzSEaq5TINUoRQR4ESWrECFrgSmu7weuw370FpEYV3OIqhG7B+KHzBGRqpVzzoIDzg5J1UgZel1Z7IesWSXbYnoIvEmZESmaHWK351vIgnAYTIJdO67dgxdlOmUHAJWaGTaIgZH7I+tA0NWQC6m062ZvTYKB71I2UqRDpRf0+kLNB6FLimM2A40PPeWPzPayfoX3VTEcYJQsini/xEUozoOArqCQUc5cgQxpUwf6V8wBTjaAIrmBCc+ZMXSeO07FyUz27PS5XqLI48OSRH5IQ45JJUyA2pkTrh5JE8k1fyZj1ZL9a79TFtzVmzmX3yB9bnD4xmlfA=</latexit>

Bi
<latexit sha1_base64="oWfQYtnhzOcuJG34o864b/XRqHk=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcyoqMcQLx4jmAWSEHp6apImPQvdNWIcBn/FiwdFvPof3vwbO8tBEx8UPN6r6up6biyFRtv+tnJLyyura/n1wsbm1vZOcXevoaNEcajzSEaq5TINUoRQR4ESWrECFrgSmu7weuw370FpEYV3OIqhG7B+KHzBGRqpVzzoIDzg5J1UgZel1Z7IesWSXbYnoIvEmZESmaHWK351vIgnAYTIJdO67dgxdlOmUHAJWaGTaIgZH7I+tA0NWQC6m062ZvTYKB71I2UqRDpRf0+kLNB6FLimM2A40PPeWPzPayfoX3VTEcYJQsini/xEUozoOArqCQUc5cgQxpUwf6V8wBTjaAIrmBCc+ZMXSeO07FyUz27PS5XqLI48OSRH5IQ45JJUyA2pkTrh5JE8k1fyZj1ZL9a79TFtzVmzmX3yB9bnD4xmlfA=</latexit>

Bi

<latexit sha1_base64="U8Pj/4gH9thYJ69gu2N7x1DSRYg="></latexit>

 = E +
2

3
hv2iB

<latexit sha1_base64="XcszG3vqg7ZImkIXeJnc4uK8ECE="></latexit>

1

2⇡TD
=



4⇡T 3
=

1

2⇡T 2
lim
!!0

⇢(!)

!

<latexit sha1_base64="KzpS57DO93TnHFuLtRZliFYLhlA="></latexit>

G(⌧, T ) =

Z
d!

⇡

cosh(!(⌧T � 1/2)/T )

sinh(!/(2T ))
⇢(!, T )

<latexit sha1_base64="QM1UP0ehuWtQJItKh7Aj2o/LHlk="></latexit>

Ds =
2T 2


=) Ds =

2T 2


· hp2i
3MT

<latexit sha1_base64="062IIlShoZf8Tb1lzony+vIk0Xw="></latexit>

2/3 · hv2icharm : 18% ⇠ 30%

2/3 · hv2ibottom : 7% ⇠ 13%
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Pros and cons via HQEFT

• Cheaper to measure on the lattice  
• No peak structures in spectral functions  
• Absence of transport peak

<latexit sha1_base64="LKW/8pw7oMTfAtz8MDUhBd/PYig=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU01U1GPRi8cK9gOSUDbbTbt0sxt2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHobup3npg2XMlHGKcsTMhA8phTAlbyAz1UZ4FK2ID0qjW37s6Al4lXkBoq0OxVv4K+olnCJFBBjPE9N4UwJxo4FWxSCTLDUkJHZMB8SyVJmAnz2ckTfGKVPo6VtiUBz9TfEzlJjBknke1MCAzNojcV//P8DOKbMOcyzYBJOl8UZwKDwtP/cZ9rRkGMLSFUc3srpkOiCQWbUsWG4C2+vEza53Xvqn7xcFlr3BZxlNEROkanyEPXqIHuURO1EEUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwAgEJEp</latexit>

⇢/!

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!

<latexit sha1_base64="aU5QzHSWFT+WeAj07zlK/Q/Ao+Y=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lq1fYgFL14rNgvaEPZbDft0s0m7G6EEvoTvHhQxKu/yJv/xm0boYo+GHi8N8PMPC/iTGnb/rQyK6tr6xvZzdzW9s7uXn7/oKXCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3wz89sPVCoWioaeRNQN8FAwnxGsjXTfuLL7+YJdtOdAS6RarZRK58hJlQKkqPfzH71BSOKACk04Vqrr2JF2Eyw1I5xOc71Y0QiTMR7SrqECB1S5yfzUKToxygD5oTQlNJqryxMJDpSaBJ7pDLAeqd/eTPzL68bar7gJE1GsqSCLRX7MkQ7R7G80YJISzSeGYCKZuRWREZaYaJNOzoTw/Sn6n7RKReeieHZXLtSu0ziycATHcAoOXEINbqEOTSAwhEd4hheLW0/Wq/W2aM1Y6cwh/ID1/gXTu42E</latexit>

T = 0
<latexit sha1_base64="gG8hnwj88isOe9Lt7tpnzaNwflk=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i00taLFL14rNC0hTaUzXbTLt1swu5GKKG/wYsHRbz6g7z5b9y0EVT0wcDjvRlm5vkxZ0oj9GEV1tY3NreK26Wd3b39g/LhUVdFiSTUJRGPZN/HinImqKuZ5rQfS4pDn9OeP7vJ/N49lYpFoqPnMfVCPBEsYARrI7mdq86IjMoVZF826wg1IbLREhmpNlCtBp1cqYAc7VH5fTiOSBJSoQnHSg0cFGsvxVIzwumiNEwUjTGZ4QkdGCpwSJWXLo9dwDOjjGEQSVNCw6X6fSLFoVLz0DedIdZT9dvLxL+8QaKDppcyESeaCrJaFCQc6ghmn8Mxk5RoPjcEE8nMrZBMscREm3xKJoSvT+H/pFu1nbpdu7uotK7zOIrgBJyCc+CABmiBW9AGLiCAgQfwBJ4tYT1aL9brqrVg5TPH4Aest0+Pno6K</latexit>

T > Tc

<latexit sha1_base64="LKW/8pw7oMTfAtz8MDUhBd/PYig=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU01U1GPRi8cK9gOSUDbbTbt0sxt2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHobup3npg2XMlHGKcsTMhA8phTAlbyAz1UZ4FK2ID0qjW37s6Al4lXkBoq0OxVv4K+olnCJFBBjPE9N4UwJxo4FWxSCTLDUkJHZMB8SyVJmAnz2ckTfGKVPo6VtiUBz9TfEzlJjBknke1MCAzNojcV//P8DOKbMOcyzYBJOl8UZwKDwtP/cZ9rRkGMLSFUc3srpkOiCQWbUsWG4C2+vEza53Xvqn7xcFlr3BZxlNEROkanyEPXqIHuURO1EEUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwAgEJEp</latexit>

⇢/!

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!

Advantages:

Challenges:
• Strong UV fluctuations in the correlators

Desperate signal at large !τT



A noise problem stuck for ~17 years!

QGP transport properties from LQCDHai-Tao Shu 23

Signal-to-noise ratio: a long-standing problem



A long history of lattice calculations, but all 
using multi-level:

•  Multi-level algorithm reduces noise in correlators 
•  But only applicable in quenched approximation
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⌧T

2.25Tc, � = 7.457, 643 ⇥ 24

[A. Francis, et al, PRD92 (2015)116003]

[S. Caron-Huot, et al., JHEP 04 (2009) 053] 
[D. Banerjee, et al., P.R.D 85 (2012) 014510] 
[A. Francis, et al., PRD92 (2015)116003] 
[D. Banerjee, et al., JHEP 08 (2022) 128] 
[D. Banerjee, et al., Nucl.Phys.A.2023.122721] 
[N. Brambilla, et al., PRD107 (2023) 054508]

[M. Luscher and P. Weisz, JHEP 09 (2001) 010]

ML: independent updates in each sub-lattice

Previous solution using multi-level algorithm
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Action non-local in full QCD 
(connection between any two sites):

Action local in quenched QCD (sum of plaq.):

<latexit sha1_base64="SNuSyFRPvv3kWrYtYmRZ4UFjo2U="></latexit>

Z(V, T ) =

Z
[dU ][d ][d ̄]e�SG[U ]�SF [U, , ̄]

<latexit sha1_base64="gXBek7pzDzjZjbkGLqImbaYutiA="></latexit>

SG[U ] =
1

2g2

X

n,µ,⌫

2Tr[1� Pµ⌫(n)]

<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

<latexit sha1_base64="kA54JH7HhFVXgdjIvWsi5V6FHRc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkAbymY7aZduNmF3UyyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8m/rNESrNY/loxgn6Ee1LHnJGjZWanRGy7GnSLZXdijsDWSZeTsqQo9YtfXV6MUsjlIYJqnXbcxPjZ1QZzgROip1UY0LZkPaxbamkEWo/m507IadW6ZEwVrakITP190RGI63HUWA7I2oGetGbiv957dSEN37GZZIalGy+KEwFMTGZ/k56XCEzYmwJZYrbWwkbUEWZsQkVbQje4svLpHFe8a4qFw+X5eptHkcBjuEEzsCDa6jCPdSgDgyG8Ayv8OYkzovz7nzMW1ecfOYI/sD5/AG0f4/S</latexit>

~x

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="EhIztTHoTH5E2trrFs12GbbjJz4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9yLNeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzYuKV61U7y/LtZs8jgIcwwmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzsgjS4=</latexit>

n0

Breaking down of Multi-level algorithm in QCD

<latexit sha1_base64="rRYrM6yAlE5ruAprxnYByHyBhTg=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCi1ISkepGKAriRqho2kISwmQ6aYdOLs5MhBL6Em58FTcuFHEruPNtnLQBtfWHgY//nMOZ8/sJo0Iaxpc2N7+wuLRcWimvrq1vbOpb2y0RpxwTC8cs5h0fCcJoRCxJJSOdhBMU+oy0/cF5Xm/fEy5oHN3KYULcEPUiGlCMpLI8vXrjXdhW1UkErTo+4llOI/f0h+GVd2dbbs6eXjFqxlhwFswCKqBQ09M/nW6M05BEEjMkhG0aiXQzxCXFjIzKTipIgvAA9YitMEIhEW42vmoE95XThUHM1YskHLu/JzIUCjEMfdUZItkX07Xc/K9mpzI4cTMaJakkEZ4sClIGZQzziGCXcoIlGypAmFP1V4j7iCMsVZBlFYI5ffIstA5rZr1Wvz6qNM6KOEpgF+yBA2CCY9AAl6AJLIDBA3gCL+BVe9SetTftfdI6pxUzO+CPtI9vaeyfBA==</latexit>

SF [U, ,  ̄] =  ̄Mq[U ] 
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Smearing extendable to QCD — Gradient flow

Luscher & Weisz, JHEP1102(2011)051
Narayanan & Neuberger, JHEP0603(2006)064
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Evolve fields according to diffusion equations:
dBµ(x, t)

dt
⇠ ��SG[Bµ(x, t)]

�Bµ(x, t)
⇠ D⌫G⌫µ(x, t)

• Smear gauge field + quark field simultaneously

<latexit sha1_base64="IHMwvlKi/lMBSUVgi4TNv/ZCPZc="></latexit>

@t� = ��

@t�̄ = �̄
 �
�
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[LA, AME, OK, LM, GDM, 舒海涛, PRD 103 (2021) 1, 014511]

• Strong suppression of UV fluctuations under flow 
• Well-defined renormalization   
• Consistent quenched results from ML & GF
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Multi-level method
Gradient flow method

Flow smearing effects on the correlators
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First full QCD calculation of EE correlators
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[LA, OK, RL, SM, PP, 舒海涛, SS, PRL 130 (2023) 23, 231902]

First full QCD calculation of , only possible via Gradient Flow!κ

• 195 MeV <= T <= 352 MeV 
•  2+1 flavor in the sea 
• pion mass 320 MeV
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Spectra analysis

<latexit sha1_base64="Pnqi57eE1SX9uDz2pq8eB3rf9uc="></latexit>

⇢max ⌘ max(�IR,�UV)

⇢smax ⌘
q

�2
IR + �2

UV

⇢plaw ⌘

8
><

>:

�IR !  !IR,

a!b for !IR < ! < !UV,

�UV ! � !UV,

10°1 100 101 102

!/T
100

101

102

103 2ΩE

!T 2
model
maxNLO
maxLO
smaxNLO
smaxLO
plawNLO
plawLO

<latexit sha1_base64="zx7WW63qor/jmpOFkFmIHFhTIEM=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsz4diEU3bgRKvQFnaFk0kwbmmSGJCOUof6KGxeKuPVD3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq3C0vLK6lpxvbSxubW9Y+/utVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORreZ334kUtFINPQ4Jj5HA0FDipE2Us8uN67dqzMPehzpoeTpPWlNenbFqTpTwEXi5qQCctR79pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9PwE3holD4MI2me0HCq/t5IEVdqzAMzmWVU814m/ud1Ex1e+ikVcaKJwLNDYcKgjmDWBOxTSbBmY0MQltRkhXiIJMLa9FUyJbjzX14kreOqe149eTit1G7yOopgHxyAI+CCC1ADd6AOmgCDMXgGr+DNerJerHfrYzZasPKdMvgD6/MHbSyUAg==</latexit>

T = 195 MeV

<latexit sha1_base64="pkHRYPndaCcNIjaUxk+Wk4wcJxE=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCrtR1EYI2mgXJS/IxnB3MpsMmd1ZZmaFsOwX2PgrNhaK2Frb+TdOHoUmHrhwOOde7r3HizhT2ra/rczS8srqWnY9t7G5tb2T391rKBFLQutEcCFbHijKWUjrmmlOW5GkEHicNr3h1dhvPlCpmAhrehTRTgD9kPmMgDZSN1905UDcJ2k3ublLL1xfAkncIUQRYFcEtA9pUq6l3XzBLtkT4EXizEgBzVDt5r/cniBxQENNOCjVduxIdxKQmhFO05wbKxoBGUKftg0NIaCqk0zeSXHRKD3sC2kq1Hii/p5IIFBqFHimMwA9UPPeWPzPa8faP+8kLIxiTUMyXeTHHGuBx9ngHpOUaD4yBIhk5lZMBmAi0SbBnAnBmX95kTTKJee0dHx7UqhczuLIogN0iI6Qg85QBV2jKqojgh7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gDvaZyr</latexit>

⇢IR =
!

2T

<latexit sha1_base64="4O9tbQFuGXEtp5crd2AcaPkxqtc=">AAACBXicbVC9TsMwGHT4LeUvwAhDRIXEVCUUAWMFC2ORSFupSSPHdVqrjm3ZDlIVdWHhVVgYQIiVd2DjbXDbDNBykqXT3ffp810sKFHadb+tpeWV1bX10kZ5c2t7Z9fe228qnkmEfcQpl+0YKkwJw74mmuK2kBimMcWteHgz8VsPWCrC2b0eCRymsM9IQhDURorso0AOeDcfR7nfHAdCcqG5E/AU92G3FtkVt+pO4SwSryAVUKAR2V9Bj6MsxUwjCpXqeK7QYQ6lJojicTnIFBYQDWEfdwxlMMUqzKcpxs6JUXpOwqV5TDtT9fdGDlOlRmlsJlOoB2rem4j/eZ1MJ1dhTpjINGZodijJqGOSTipxekRipOnIEIgkMX910ABKiLQprmxK8OYjL5LmWdW7qNbuziv166KOEjgEx+AUeOAS1MEtaAAfIPAInsEreLOerBfr3fqYjS5Zxc4B+APr8wf4IZje</latexit>
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[LA, OK, RL, SM, PP, 舒海涛, SS, PRL 130 (2023) 23, 231902]
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Charm and Bottom quark diffusion
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• HQ mass dependence of HQ diffusion: mild  
• Universal change pattern with quark mass 
• Weak quark mass dependence in LQCD & 

T-matrix 
• Weaker than quasi-particle model (QPM) 

calculations

First full QCD determination of charm&bottom quark diffusion!

[LA, DC, OK, RL, GDM, SM, PP, 舒海涛, SS, PRL 132 (2024) 5, 051902]



• Lattice provides short equilibration time for 
charm&bottom quark  

• Rapid equilibrium <—> QGP is near perfect 
fluid  

• Lattice determination of  favors the 
experimental estimate (~1 fm/c for all)
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[LA, DC, OK, RL, GDM, SM, PP, HTS, SS, PRL 132 (2024) 5, 051902]
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Equilibration time of charm&bottom quark
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HQ diffusion at the physical point 

• Similar magnitudes as previous studies 
• Approaching AdS/CFT limit near  
• Consistent with NLO at high temperature 

Tc

[JDG, SM, PP, 舒海涛, JHW, et al., JHEP 09 (2025) 180]
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Heavy-flavor diffusion is insensitive to 
changes in the light degrees of 

freedom across the phase transition
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Status of LQCD study of electrical conductivity

Status: renormalized full QCD results are available, but no continuum limit
[G. Aarts and A. Nikolaev, EPJA 57 (2021) 4, 118]

• Electrical conductivity also from meson correlator:
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Jf
µ (x) =  ̄f (x) �µ  f (x)

f = charm, bottom : heavy quark diffusion
f = light, strange : electrical conductivity
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Temperature dep. of electrical conductivity

[G. Aart, et al., JHEP 02 (2015) 186]

• Correlators computed using 
conserved discretization in QCD • SPF reconstructed using MEM

• Similar values for light and strange flavor  
• σ/T increases by a factor of 5–6 in the 

studied temperature range
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Viscosities from lattice QCD
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Gradient flow: renormalization scheme 
& noise reduction for EMT
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Status of viscosities studies

• Previous LQCD calculations of viscosities are all in pure gauge  

• Previous LQCD studies used the multi-level algorithm, not 

straightforwardly extendable to QCD
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• Strong UV suppression for both channels 
• Linear flow time dependence in certain flow time window
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EMT correlators under flow at 1.5Tc

[LA, AME, AF, OK, LM, GDM, 舒海涛, PRD 108 (2023) 1, 014503]
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Physical EMT correlators at 1.5Tc

[LA, AME, AF, OK, LM, GDM, 舒海涛, PRD 108 (2023) 1, 014503]

• Achieved percent-level precision at large τT
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Spectral function reconstruction
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• IR part: Lorentzian  
• UV part: NLO spectral functions
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[Y. Zhu & A. Vuorinen, JHEP 03, 002 (2013)]
[M. Laine et al., JHEP 09, 084 (2011)]

✦ : transport strength 
: peak width/lifetime 
: UV normalization 

✦ Scanning  and  brackets 
the dominant model uncertainty

A
C
B

C = 1 C = 5

Viscosities: 
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[LA, AME, AF, OK, LM, GDM, 舒海涛, PRD 108 (2023) 1, 014503]



[S.Cremonini et al., JHEP 1208 (2012) 167]
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•  is expected to be small in the strongly coupled region 
• Across the phase transition,  probes the change of degree of freedom  
• Temperature dependence of viscosities is crucial 

η/s
η/s

Shear viscosity near the transition
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Temperature dependence of EMT correlators
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[HTD, 舒海涛, CZ, PRD 113 (2026) 7, 074503]

• Both channels exhibit clear temperature dependencies 
• Precision at percent level allows for controlled spectral reconstruction 
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Temperature dependence of viscosities

0.5 1.0 1.5 2.0 2.5

T/Tc10°3

10°2

10°1

100

101

102 ≥/s This Work (LQCD, GF)
Altenkort et al. (LQCD, GF)
Astrakhantsev et al. (LQCD, ML)
Meyer (LQCD, ML)
Sum Rule
QPM

0.5 1.0 1.5 2.0 2.5

T/Tc

10°1

100

101

102 ¥/s

AdS/CFT

This Work (LQCD, GF)
Altenkort et al. (LQCD, GF)
Astrakhantsev et al. (LQCD, ML)
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•  reaches a minimum in the transition region 
•  consistent with NLO prediction at high T and close to the AdS/CFT 

bound near Tc 
•  decreases with increasing T across the deconfined regime

η/s
η/s

ζ/s
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Extending to QCD is on the way!

[HTD, 舒海涛, CZ, PRD 113 (2026) 7, 074503]
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Jet quenching 
• Jet exchanges transverse momentum squared with QGP when traversing it

[A. Kumar, A. Majumder, J.H. Weber, 
PRD 106 (2022) 3, 034505]
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• High energy & virtuality parton with large , single scattering per hard partonq−
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Jet transport coefficient 

[A. Kumar, A. Majumder, J.H. Weber, PRD 106 (2022) 3, 034505]
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• The lattice   are consistent with JETSCAPE phenomenological extractions, 
contrary to calculations using perturbation theory 

• Possible improvement: gradient flow as smearing&renormalization+matching?

̂q
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Summary

✦ Transport properties of the QGP are intrinsically non-perturbative 

✦ Lattice QCD provides a reliable ab initio framework for 
determining transport coefficients 

✦ Key challenges include precise control of Euclidean correlators 
and systematic uncertainties in spectral modeling 

✦ For most transport coefficients, determinations in full QCD are 
now available 

✴ Gradient flow enables viscosity calculations in full QCD and 
improves jet-transport determinations



https://indico.ihep.ac.cn/event/30090/

 CCNU will host the  
Gradient Flow in QCD and Strongly Coupled Field Theories 

Mar. 2 - 5, 2027
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Backup: jet transport coefficient 
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�
Log in perturbative due to “one 

gluon exchange” diagram: 

• JET uses models of energy loss from HTL effective theory 
• JETSCAPE extraction applied an amalgam of theories for different epochs of the jet 

shower, with a data-driven (Bayesian) determination of qˆ/T 3 , allowed to depend on 
T, the energy and scale of a given parton in the shower 

• Both work with the OGE approximation —>A log-like rise at low T is allowed in both 
frameworks



M. Asakawa, et al., PPNP. 46(2001) 445-508

✴ New Bayesian Method 
✴ Backus-Gilbert Method 
✴ Maximum Entropy Method 
✴ Stochastic Approaches 
✴ …

B. B. Brandt, et al., PRD93, 054510(2016)

Y. Burnier and A. Rothkopf, PRL 111,18,182003

Commonly used approaches
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Backup: spectral Reconstruction Methods

This talk: theory-inspired spectral fits
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Figure 24: Diffusion coefficient.

Table 4: Fit results of diffusion coefficient with a linear
fit ansatz 2πDT = c0 + c1T/η.

T/Tc c0 c1
1.1 0.789(11) 0.53(8)
1.3 0898(8) 0.43(2)
1.5 0825(9) 0.54(7)

13

• Dependence on priors / assumptions       
• Limited spectral resolution

[HTD, OK, SM, HO,  舒海涛, PRD97(2018) 9, 094503] [HTD, OK, AK, RL, LM, SM, HO, HS, 舒海涛, NPA 982 (2019) 715-718]

[HTD, OK, SM, HO,  舒海涛, PRD97(2018) 9, 094503]

SPF reconstruction using SA&MEM at 1.5Tc Transport peak reconstruction using MEM

Main limitations:

➙
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Backup: electric conductivity in external B-field
[G. Almirante, et al., PRD 111 (2025) 3, 034505]

• Suppression of σ/T in the direction 
orthogonal to B
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a = 0.0572 fm

Nf=2+1 calculations using HISQ
σ/T extracted using Backus-Gilbert method

• Motion in the direction orthogonal to B is restricted by Lorentz force —> drop in σ/T 
• The enhancement in the direction parallel to B can interpreted through the chiral 

magnetic effect (CME)

• Enhancement of σ/T in the direction 
parallel to B
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⌧ (extract the relaxation time)


