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Introduction

The Cornerstones for Modern Physics

» Quantum Mechanics.

» Special Relativity.
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Two Most Genuine Features of Quantum Mechanics

» Quantum entanglement.

» Bell's theorem.
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Completeness, Realism, and Locality

» Completeness: Every element of physical reality must have a
counterpart in the physical theory in order for the theory to be
complete.

» Realism: If the value of a physical quantity can be predicted
with certainty, i.e., probability 1, without disturbing the
system, then the quantity has physical reality.

P Locality: There is no action at a distance. Measurements on a
(sub)system do not affect measurements on (sub)systems that
are far away.
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Quantum Entanglement

» EPR Paradox: in 1935, Einstein-Podolsky-Rosen
demonstrated the conflict between local realism and quantum
mechanics by considering quantum entangled states . They
claimed that quantum mechanics is incomplete.

» In 1935, Schrodinger called it quantum entanglement, a
characteristic of quantum mechanics.

» In 1949, Wu-Shaknov provided the first photon entanglement
experiment, and obtained a clearly spatially separated
quantum entangled state.

» In 1957, Bohm-Aharonov found that Wu-Shaknov experiment
achieved the photon polarization correlation, and showed that
the non-entangled state could not give such results. Also, they
first presented the spin-spin realization of the EPR Paradox.
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Local Hidden Variable Theory

» Einstein attempted to formulate a deterministic counter
proposal to quantum mechanics, presenting a paper at a
meeting of the Academy of Sciences in Berlin, on 5 May 1927,
titled " Bestimmt Schrodinger’'s Wellenmechanik die Bewegung
eines Systems vollstandig oder nur im Sinne der Statistik?"

(" Does Schrodinger's wave mechanics determine the motion
of a system completely or only in the statistical sense?").
However, as the paper was being prepared for publication in
the academy’s journal, Einstein decided to withdraw it,
possibly because he discovered that, contrary to his intention,
his use of Schrodinger's field to guide localized particles
allowed just the kind of non-local influences he intended to
avoid.
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Local Hidden Variable Theory

» At the Fifth Solvay Congress, held in Belgium in October
1927 and attended by all the major theoretical physicists of
the era, Louis de Broglie presented his own version of a
deterministic hidden-variable theory, apparently unaware of
Einstein's aborted attempt earlier in the year. In his theory,
every particle had an associated, hidden " pilot wave” which
served to guide its trajectory through space. The theory was
subject to criticism at the Congress, particularly by Wolfgang
Pauli, which de Broglie did not adequately answer; de Broglie
abandoned the theory shortly thereafter.

Tianjun Li Henan Normal University



Introduction

Local Hidden Variable Theory

» John von Neumann in his 1932 book Mathematical
Foundations of Quantum Mechanics had presented a proof
that there could be no "hidden parameters” in quantum
mechanics. The validity of von Neumann's proof was
questioned by Grete Hermann in 1935, who found a flaw in the
proof. The critical issue concerned averages over ensembles.
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Local Hidden Variable Theory

» In 1952, David Bohm proposed a hidden variable theory.
Bohm unknowingly rediscovered (and extended) the idea that
Louis de Broglie's pilot wave theory had proposed in 1927
(and abandoned) — hence this theory is commonly called "de
Broglie-Bohm theory”. Assuming the validity of Bell's
theorem, any deterministic hidden-variable theory that is
consistent with quantum mechanics would have to be
non-local, maintaining the existence of instantaneous or
faster-than-light relations (correlations) between physically
separated entities.
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Bell's Theorem

» In 1964, Bell proposed the inequality satisfied by local realism
or local hidden-variable theory.

» Quantum entangled states might violate Bell's inequality, but
polarization needs to be measured in a direction that is
neither parallel nor perpendicular.

» It is not easy to measure the polarizations of high energy
photons directly.

» Over decades, quantum entanglement and Bell non-locality
have been rigorously confirmed through various experiments
violating Bell inequalities and demonstrations of quantum
teleportation, primarily in low-energy systems such as
photons, atoms, and solid-state qubits.
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Nobel Prize in Physics 2022

Alain Aspect John F. Clauser Anton Zeilinger

The Nobel Prize in Physics 2022 was awarded jointly
to Alain Aspect, John F. Clauser and Anton Zeilinger
“for experiments with entangled photons,
establishing the violation of Bell inequalities and
pioneering quantum information science”
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Quantum Entanglement and Bell's Theorem

» Quantum entanglement and Bell non-locality are closely
related. However, there is a subtle difference: quantum
entanglement is a necessary condition for Bell non-locality,
but not a sufficient condition.

» The exploration of entanglement in high-energy particle
physics remains an emerging frontier, where the interplay
between quantum correlations and relativistic dynamics opens
new avenues to probe fundamental physics.
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High Energy Physics

» The foundation of the Stanard Model (SM) is quantum field
theory, which is based on quantum mechanics and special
relativity.

» We can probe the fundamental properties of quantum
mechanics at various high energy physics experiments such as
colliders.

» The quantum entanglement in top quark-antiquark (tt)
system has been observed by the ATLAS and CMS
Collaborations *.

» The polarization state of the tt system is encoded in its spin
density matrix p

/4+Zi (BI—"_O'I®/2+BI_I2®0'I)+Z,J Cijai®aj
p= :
4

1G. Aad et al. [ATLAS], Nature 633, n0.8030, 542-547 (2024) [arXiv:2311.07288 [hep-ex]]; ‘A. Hayrapetyanzet
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Spin Density Matrix

14+ By + By +C33 By +C3 —i(By +Cx2) Bf +Ci3—i(BY +Cp3) €1 — Coa —i(Ci2 + Cap)
- Bl + G +i(B7 4+ Cxn) 1+B;"—B;—Cu Cii+Ca2 +1(Cr2 — Cop) B,*'—C'u—i{B;—Cg}
PTF| Bf +Ci3+i(Bf +Cn) €y +Cos +i(Cay —Cp) 1= Bf +By —C33 By —Cyy —i(By — Cx)
Cip— G2 +i(C21 +C12) B]"—Cn+r'£Bz+—C231 B —Ca +i(By —C32)

1 - Bf —B; +Cx3

B

-~ and B, are respectively the spin polarizations of t and ¢, and

Cjj is the spin correlation matrix. Under CP invariance, we obtain
BIJr = Bf, and C,'j = CJ,
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High Energy Physics

» For the decay processes t — e + v, + b and
t — e~ + Ue + b, the angular distributions of the e™ and e~
in their parent particles’ rest frames are

~

1 do 1+4B"-q.-B"-4-—G;+-C-q_
ocdQ.dQ_ (47)2 ’
» The LHC experiments utilized the observable
D=tr [C] /3 = —3<C0596—e+> )

and cosfe— o+ = QG4+ - G—.

> A value of D < —1 is a sufficient (though not necessary)
condition for quantum entanglement.

> At the e"e™ coIIiders, the leading-order (LO) calculations
predict D = 3, independent of beam energy, polarization, or
the top quarks’ emission angles.

Tianjun Li Henan Normal University




Introduction

Truth and Beauty: Quantum Entanglement Theory

» The criteria for quantum entanglement and Bell non-localities
in the previous studies are all defined via the inequalities 2,
and are not universal. Why?

» Truth: the quantum entanglement and Bell non-localities
have been confirmed in low-energy systems such as photons,
atoms, and solid-state qubits.

» Fundamental Principles in Physics: Simplicity, Naturality,
Universality, and Beauty.

> Beauty: there might exist a quantum entanglement theory
which is indeed beautiful?

2J, F. Clauser, M. A. Horne, A. Shimony and R. A. Holt, Phys. Rev. Lett. 23, 880-884 (1969); R. Horodecki,
P. Horodecki and M. Horodecki, Phys. Lett. A 200, no.5, 340-344 (1995); A. Peres, Phys. Rev. Lett. 77,
1413-1415 (1996) [arXiv:quant-ph/9604005 [quant-ph]]. M. Horodecki, P. Horodecki and R. Horodecki, Phys.
Lett. A 223, 1 (1996) [arXiv:quant-ph/9605038 [quant-ph]].
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Mathematical Beauty

» Paul Dirac summarized his philosophy of physics at the
Moscow State University in 1956:
Physical Laws Should Have Mathematical Beauty.

» Jules H. Poincare
The scientist does not study nature because it is useful;
he studies it because he delights in it, and he delights in
it because it is beautiful.
If nature were not beautiful, it would not be worth
knowing, and if nature were not worth knowing, life
would not be worth living.

Tianjun Li Henan Normal University



Introduction

Quantum Entanglement Theory and Its Generic Searches

> A great challenge question: can we propose a beautiful
Quantum Entanglement Theory (QET) which can define the
quantum entanglement exactly?

» We need to provide the solid foundation for quantum
entanglement, and probe it via a fundamental approach at the
exact level in general.

» Similarly, for any specific approach to probe the quantum
entanglement, we need to define the corresponding quantum
entanglement criterion exactly as well.

Quantum range, classical range, and quantum entanglement range.
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» Mathematics: Think It Geometrically, Prove It Algebraically.

» The parameter space for a quantum complex system is
compact. We define the total spin polarization parameter
space as the quantum space, and the spin polarization
parameter space for classical theory as the classical space.

» The classical space is a subspace in the quantum space. Thus,

we can describe the classical space via the algebraic equations
in the quantum space.

» The quantum entanglement space is the difference between
the quantum space and classical space, i.e., the quantum
space minus classical space.
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Outline

Quantum Entanglement Theory
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Quantum Entanglement Theory

Spin Density Matrix p

>
>
>
>
>
>

The trace of p is unity: Trp = 1.

p is a Hermitian matrix, and then pP = diag(A1, X2, ..., Ap).
All the diagonal elements are non-negative.

p satisfies the Schwarz inequality: |p;i|> < piipj-

Trp? = > ome1 Ao < (XM=t Am)? = (Trp)* = 1.

For pure and mixed states, we have n=1and n > 1,
respectively.
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Quantum Entanglement Theory

The Classical Correlated State and Quantum Entangled
State

Definition of the Classical Correlated State.

The state p acting on the Hilbert space H = H; ® Hy is separable
if it can be approxiamted in the trace norm by the states of the
form 3

n
p= mepmv where mep,ln(X)p%,.

m=1

where n < N2, N = dimH, p,, is a pure product state, and p., and
p2, are the states in Hy and Ha, respectively.
Definition of the Quantum Entangled State.

The state is not separable.

3R. F. Werner, Phys. Rev. A 40, 4277-4281 (1989); P. Horodecki, Phys. Lett. A 232, 333 (1997)

[arXiv:quant-ph/9703004 [quant-ph]].
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Quantum Entanglement Theory

Quantum Entanglement Theory

» Based on SU(N) group theory or complex projective space, we
can formulate the quantum entanglement theory.

» The quantum entanglement criteria can be derived from its
definition.

» The subtle issue: how to define the Bell non-locality in
general?
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Quantum Entanglement Theory

The Two-Fermion f;f, System

The Werner states with a free parameter w for the spin density
matrix are

7 0 0 0
14w w 1
W = 0 4W 1—|—%v 0 , WE |:_7 1:|
0o 0 o0 L~
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» Using the Peres-Horodecki criterion, we can prove that the
Werner states are classical or separable for w < 1 and
quantum entangled for w > %

» The Bell variable for the CHSH inequality for a Werner state
is 2¢/2|w/|, i.e., B=2v2|w|. And thus we can realize Bell

i 1
non-locality for w > 75
» For the Werner states, the quantum entanglement range is

w € (3, 1], and the Bell non-locality range is w € (%, 1]
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» The condition w = % is the condition that the spin density
matrices for f; and f, satisfy the non-negative condition.

» The upper bound w = 1 is the condition that the spin density
matrix for the two-fermion f;f, system satisfies the
non-negative condition.

P> These conditions are determined by the pure states.

» We can define the Bell non-locality for specific cases, but no
universal formular. Why?
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Quantum Entanglement Theory

The Bell Non-Locality via Super-Activation

» Theorem. If p for a quantum entangled state is local and
satisfy the Bell inequality, p ® p can be non-local and violate
the Bell inequality 4.

» Conjecture: The quantum entanglement and Bell non-locality
might be equivalent.

» Gisin theorem: They are equivalent for the pure states.

» The quantum entanglement is the fundamental property of
the quantum mechanics.

4C. Palazuelos, Phys. Rev. Lett. 109, no.19, 190401 (2012), and referencesthereiri
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Quantum Entanglement Theory

The Quantum Entanglement Criteria

» We will study the quantum entanglement criteria for pure
states.

» Any separable state can be written as a convex combination
of finite pure separable states

n
p= Z PmPm -
m=1

> With the quantum entanglement criteria for pure states, we
can obtain the quantum entanglement criteria for mixed
states, which can be given as a set of algebraic equations.

» Application in high energy physics: the quantum entanglement
criteria at the lepton colliders can be super simple.

Quantum entanglement criteria for pure states.
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Quantum Entanglement Theory

Complex Projective Space

» The complex projective space CP" is the (n + 1)-dimensional
complex space C"1\ {0} modulo the following equivalent
classes

z~w iff IAe C\{0}, w= Az,

(20, 21,22, ...y 2n) ~ (20, Az1, A2, ..., Az,) for all A € C\{0} .

» In physics, we assume |z| = 1, and then have |\| = 1.

» The complex dimension of CP” is n, or say the real dimension
of CPP" is 2n.

» We have CP" ~ S2"+1/S1 where S" is n-dimensional sphere.
» In particular, we can prove that CP! is diffeomorphic to S2.
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Quantum Entanglement Theory

Spin Polarization Space

» For a particle P with spin s, the polarization state for its spin
(or helicity) space is

|P) = ZZ:| Z|Z:|2

i=—s i=—s

> Two polarization states are equivalent if their coefficients z;
and z/ satisfy the following equivalent relation

(s, Zos41y oy Zs) ~ (N2, A2 g,y A2E)
for all )\G(C and |\ =1.

Therefore, we prove that the spin polarization space for a
particle P with spin s is CP?!
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Quantum Entanglement Theory

Spin Polarization Space

» For a general quantum system with N particles with spin s,
2, ..., and s,, we obtain that the quantum space (the total
spin polarization parameter space) is complex projective space
CP’/~1 with J = (251 +1) x (255 + 1) x ... x (25, + 1).

» The classical space (the spin polarization parameter space for
classical theory) is the cartesian product of the complex
projective spaces CP?** x CP?% x ... x CP?.

» In mathematics, the classical space is the (generalized) Segre
variety in the quantum space.

» The quantum entanglement space is the difference of these
two spaces: quantum space minus classical space.
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Quantum Entanglement Theory

Spin Polarization Space

» With the property of Cartesian product, we propose the
discriminants A;, which are degree 2 homogeneous and
holomorphic functions. Thus, the Number of Independent
Discriminants (NID) is

NID=J-1-> 25=T;(2s5+1)-1-> 25 .
i i

> We define the corresponding classical spaces as the
discriminant locus A = 0 for ff system, and the intersections
of the discriminant loci A; = 0 for all the other systems in the
quantum space.

» We define the quantum entanglement spaces as the quantum
space with A £ 0 for ff system, and the quantum spaces
without the intersections of the discriminant loci A; = 0 for
all the other systems.
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Quantum Entanglement Theory

High Energy Physics

» For high energy physics experiments, we can reconstruct the
discriminants from various measurements, and probe the
quantum entanglement spaces at exact level.

> We can perform such kind of studies in some two-fermion
systems, but in general it might be very difficult.

» For classification, this kind of quantum entanglement search
can be defined as the fundamental approach, or say kinematic
approach.

» To probe the quantum no-locality, we just consider the
space-like separated measurements.
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Quantum Entanglement Theory

High Energy Physics

» We shall study the discriminants in the ff, AA, Af, fff, and
ffA systems.

> To be general, we will not distinguish the fermion (f) and
anti-fermion (f).

» We only consider the massive gauge bosons since they need to
decay.

Tianjun Li Henan Normal University



Quantum Entanglement Theory

The Two-Fermion f;f, System

» The most general polarization state of a two-fermion system
fif>» can be written as

|hf) = Z akjlk)n @ 1i)e Z P =1

kj=+3 kj=+1

> In the two-fermion system fif, the quantum space is CP3
with complex dimension 3, and the classical space is
CP! ® CP! with complex dimension 2. Thus, there is one
discriminant with complex dimension 1

A=o1100 1 1 —a1 1011
272 272 272 272
> We can prove that the range of the discriminant A is
1 1
—Z<A< D
2 2
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» We define
ar1 =la1 1|t a1 1 = a1 _1|e
272 272 2 2 2 2
a_11=la_11]eF a1 1 =|a_1 _1]e-
272 272 27 2 27 2

Ap=nyqp +0— =04 =1y .

» The classical space is the discriminant locus A = 0 in
quantum space, or say the quantum space with both Ay, =0

and Ap = 0.
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» The quantum entanglement space is the quantum space with
A #£0,or Ay #£0, or Ap # 0. In particular, even if Ay =0,
we might still probe the quantum entanglement space with
Ap #0.

» We can reconstruct A from the collider experiments, for
example, the A pair productions at the BES experiment.
Thus, we can probe the quantum entanglement space via the
fundamental approach.

» |f the measurements are space-like separated, we can probe
the quantum non-locality as well.
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» We study the relation between our discriminant criterion and

the Peres-Horodecki criterion .

» In the basis

(126@126: 1206 ®1 =36 | =206 @ 13)6: | = 206 @1 = 3)5),
we obtain the spin density matrix.

» Taking partial transpose of p, i.e., the transposes of the four
2 x 2 sub-matrices of p, we obtain p'2.

5A. Peres, Phys. Rev. Lett. 77, 1413-1415 (1996) [arXiv:quant-ph/9604005 [quant-ph]]; P. Horodecki, Phys.
Lett. A 232, 333 (1997) [arXiv:quant-ph/9703004 [quant-ph]].
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» The original Peres-Horodecki criterion provides a sufficient
and necessary condition for classical space: p12 is positive
semi-definite.

» The four eigenvalues of pT2 are

1 1
— “(1-./1— 2 - /1 _ 2
A, 4], > <1 1—4|A| ) - <1—|— 1—4|A] )

» The original Peres-Horodecki criterion for classical space is
A =0.

We prove that our criterion for classical space is equivalent
to the original Peres-Horodecki criterion.

Tianjun Li Henan Normal University



Quantum Entanglement Theory

The Two-Fermion f;, System for Real Case

» We have

Coo = p23 + p32 — p1a — pa1

=1 10" fa_ 1107 1 —airiad’y o —a 1 _1ad .
272 —23 22 273 22 ~37 2 272 23
» If i1, a1 1, 11,and a_1 1 are all real for real case,
272 ) 27 2 272 27 2
we obtain
1
AN=—-Crp.
2

» The Bell inequalities and Bell non-localities have been studied
in the literatures, and one can easily check that some of their
results are somewhat similar to A = —%ng = 0 by defining

the Bell variable as B =2v/1+4A2 or B=2,/1+ C3,, no

big difference.



Quantum Entanglement Theory

The Two-Fermion f;f, System

» Bell inequality is an equation which distinguishes the Bell
local quantum states (or general speaking Bell local states)
and the Bell non-local quantum states.

» For a bipartite qubit system, it is the
Clauser-Horne-Shimony-Holt (CHSH) inequality °.

» Thus, we study the relation between our discriminant criterion
and the CHSH inequality.

» For simplicity, we consider the equivalent definition of the
CHSH inequality 7.

6J. F. Clauser, M. A. Horne, A. Shimony and R. A. Holt, Phys. Rev. Lett. 23, 880-884 (1969)

7R. Horodecki, P. Horodecki and M. Horodecki, Phys. Lett. A 200, no.5, 340-344 (1995).
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» If o ; are all real for real case, we obtain
Co=C1=0C3=0C2=0.

» Defining the matrix C as the matrix with elements Cj;, we
obtain the eigenvalues of CTC

AM=1, M=X=4|AF.
» Note that 0 < |A| < % the ranges of X2 3 are given by
0< A3<1.

» Thus, we obtain the Bell variable for the CHSH inequality

B=2\/1+4|A]?.

Tianjun Li Henan Normal University



Quantum Entanglement Theory

The Two-Fermion f;f, System

» Because 0 < |A| < % we prove

2<B<2V2.

» The CHSH inequality is B < 2, and thus for the Bell local
parameter space the CHSH inequality becomes the CHSH
criterion B =2, i.e., A = 0. The CHSH inequality is violated
if and only if B> 2, j.e.,, A #0.

» Thus, our discriminant criterion for classical space is the same
as the CHSH criterion for the Bell local parameter space, and
our discriminant criterion for quantum entanglement space is
the same as the CHSH criterion for the Bell non-local
parameter space.
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» Therefore, we prove that our classical space is the same as the
Bell local parameter space, and our quantum entanglement
space is the same as the Bell non-local parameter space.

» In particular, our quantum entanglement space is Bell
non-local in high energy physics.

P To distinguish the classical space and Bell local parameter
space, or distinguish the quantum entanglement space and
Bell non-local parameter space, we consider the Werner
states.

» Because our discriminant criterion is the same as the CHSH
criterion, we need to prove that the Werner state, which
satisfies the Peres-Horodecki criterion for quantum
entanglement space and the CHSH criterion for Bell local
parameter space, does not exist in our quantum entanglement
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Quantum Entanglement Theory

The Two-Fermion f;f, System

The Werner states with a free parameter w for the spin density
matrix are

7 0 0 0
14w w 1
W = 0 4W 1—|—%v 0 , WE |:_7 1:|
0o 0 o0 L~
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» Using the Peres-Horodecki criterion, we can prove that the
Werner states are classical or separable for w < 1 and
quantum entangled for w > %

» The Bell variable for the CHSH inequality for a Werner state
is 2¢/2|w/|, i.e., B=2v2|w|. And thus we can realize Bell

i 1
non-locality for w > 75
» For the Werner states, the quantum entanglement range is

w € (3, 1], and the Bell non-locality range is w € (%, 1]
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Quantum Entanglement Theory

The Two-Fermion f;f, System

» Comparing with our spin density matrix, we can easily show

that the Werner states with w € (% i} cannot be realized.

V2
> We can only achieve the Werner state with w = 1.

» \We prove that the Werner state, which satisfies the
Peres-Horodecki criterion for quantum entanglement space
and the CHSH criterion for Bell local parameter space, does
not exist in our quantum entanglement space.

» By the way, if oy j are all real for real case, we obtain
B=24/1+ C222 .
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Quantum Entanglement Theory

The Two-Gauge Boson AA System

» The most general polarization state of a physical system with
two gauge bosons Aj A, can be written as

AA) = D il @1Ka, . Y laulP=1.

jak:]-vov_l j7k:1707_1

» In the two-gauge boson system AjA;, the quantum space is
CP® with complex dimension 8, and the classical space is
CP? ® CP? with complex dimension 4. Thus, there are four
independent discriminants with complex dimension 1.

Tianjun Li Henan Normal University



Quantum Entanglement Theory

The Two-Gauge Boson AA System

We define the general discriminants as

A1 = ay100,0 — 10001

Ar = ay100,-1 — 01,1001
Az =110 10— Q1000171 ,
Ap=aipa-1-1—01-10-11,
As=a_ 110000 — a_1000,-1 ,
Ag=a_1 10001 — Q11001 ,
A7 =oa_1_ 10010 — a_1001,-1 ,
Ag = o011 — g 1010 ,
Ag = apoa_1,1 — 0010010 -
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Quantum Entanglement Theory

The Two-Gauge Boson AA System

» We can prove that the ranges of the discriminants A; are

<A; <

N~
N~

» We can prove that the four independent discriminants can be
chosen as {A1, Ay, Az, Ay}

» The classical space is the intersection of the discriminant loci
A; =0 in quantum space, and the quantum entanglement
space is the quantum space by removing the intersection of
the discriminant loci A; =0, i.e., the quantum space minus
the classical space.
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Quantum Entanglement Theory

The Gauge Boson-Fermion Af System

» The most general polarization state of a physics system with
one gauge boson A and one fermion f can be written as

Afy= D" > aiuda® ke, Do D laju

J=1,0-1 k=+1 J=1,0,—1 k=241

> In the Af system, the quantum space is CP°> with complex
dimension 5, and the classical space is CP? ® CP! with
complex dimension 3. Thus, there are two independent
discriminants with complex dimension 1.

» We define the general discriminants

Alzallao 1—0[1 1040
A2:a11a_17_

Az =apia_; 1 —Qp_ 10071

b) b b) b)
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Quantum Entanglement Theory

The Gauge Boson-Fermion Af System

> we can prove that the ranges of the discriminants A; are

<A; <

N~
N~

» The two independent discriminants can be chosen as
{A1, As}.

» The classical space is the intersection of the discriminant loci
A; =0 in quantum space, and the quantum entanglement
space is the quantum space without the intersection of the
discriminant loci A; = 0, i.e., the quantum space minus the
classical space.

Tianjun Li Henan Normal University



Quantum Entanglement Theory

The Three Fermion fff System

» The most general polarization state of a physics system with
three fermions f;f>f3 can be written as

Ahf) = > aula®lka® s, Y. lojrl®=1.
Jok,l=+1 JokiI=£3

» In the physics system with three fermions fif>f3, the quantum
space is CP’ with complex dimension 7, and the classical
space is CP! ® CP! ® CP! with complex dimension 3. Thus,
there are four independent discriminants with complex
dimension 1.

» The strategy to construct the discriminants of N + 1 particles
is that we fix the spin (helicity) of one particle and construct
the corresponding discriminants of N particles, thus, we have
N + 1 kinds. Next, we consider the new discriminants where
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Quantum Entanglement Theory

e Three Fermion fff System

We define the general discriminants

Ail=o11101 1 _1—@11 101 _11,
27272 2 20 2 272 2 27 272
!
Al=o 11101 1 1 —0 11 1001 11,
27272 2 27 2 2227 2 27 272
Ap=0o11100 11 1 —@011 _100_ 111,
27272 227 2 2027 2 2722
/
Ab=0o1 11001 1 1—Q1 1 101 11,
27 272 20 27 2 27 27 2 27 272
Az3=ao11100 1 11 —01 1100 111,
27272 2 22 27 272 2022
!
Ay=a11 1001 1 1—Q1 1 1011 1,
2727 2 2 20 2 2 20 2 2727 2
Ag=0o111001 1 1 —Q11 1001 11,
27272 27 27 2 227 2 27 272
!
A4=01110_1 1 _1—01 _1100_ 11 _1,
27272 2 2 2 2 272 227 2
1
4=Q1110_1 1 1 —Q 11100 1 _1
27272 2 27 2 27272 2020 2
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Quantum Entanglement Theory

The Three Fermion fff System

» We can prove that the ranges of the discriminants A; are

<A; <

N~
N~

» The four independent discriminants can be chosen as
{A1, Ao, Az, Ay}

» The classical space is the intersection of the discriminant loci
A; =0 in quantum space, and the quantum entanglement
space is the quantum space by removing the intersection of
the discriminant loci A; =0, i.e., the quantum space minus
the classical space.
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Quantum Entanglement Theory

The System with Two Fermions and One Gauge Boson ffA

» The most general polarization state of a physics system with
two fermions and one gauge boson fif>A can be written as

ARA) = > D alila®@lke®|Na,

1
Jk==£3 /=1,0,—1

ST el =1

sy 11 ]=1.0.—
J,k—i§/ 1,0,—1

» In the physics system with two fermions and one gauge boson
fif2A, the quantum space is CP'! with complex dimension 11,
and the classical space is CP! @ CP! @ CP? with complex
dimension 4. Thus, there are seven independent discriminants
with complex dimension 1.

P> The strategy to construct the discriminants is similar to the
three fermion system.
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Quantum Entanglement Theory

The System with Two Fermions and One Gauge Boson ffA

We define the general discriminants

AL=04 1104 40~ 4 10% 41

A1 =0 410 b0 T g h0% g
aa E R L S
R e | e ST
A3=05 1004 4179419 Lo

A3 =0t 10043173110 F o
i e R e

R i o LI S LS SRR
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Quantum Entanglement Theory

The System with Two Fermions and One Gauge Boson ffA

Bs =04 410 g 117 ¥ 1% 410
R = e e
Bo =03 1004417 9410 L0
B6 =04 300 d b1~ 0410 to

[ —
7 — 04%7%7006 1 1 0 (e

"
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Quantum Entanglement Theory

The System with Two Fermions and One Gauge Boson ffA

Ag=a1 1,01 15— Q11,0 1
8 2217 =330 220 3317
/
=110 1 1 — 1 14 11
8 22l 730 Tl 3,500
"
=114 1 1 — 0 11,001 1
8 32l =320 T35l 373,00
NAg=a11,00 1 1 ;—Q11 0 1 1
9 PR D Tt Tt PR T T T
/
=110 1 1 — 1 a 11
9 32l =351 32l =55l
"
Ag=a1170_1 1 ;—Q_ 11701 1 _4.
2227 2 20 2227 27 27
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Quantum Entanglement Theory

» We can prove that the ranges of the discriminants A; are

1
—ESA,'S

N

P> The seven independent discriminants can be chosen as
{A1, Ao, Ay, As, A7, Ag, Ag}.

» The classical space is the intersection of the discriminant loci
A; =0 in quantum space, and the quantum entanglement
space is the quantum space without the intersection of the
discriminant loci A; = 0, i.e., the quantum space minus the
classical space.
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Quantum Entanglement Theory

Quantum Entanglement Theory (QET)

» The criterion on the sufficient and necessary condition for
classical space might be only found for the simplest two
fermion system in 1996 or 1997, i.e., the original
Peres-Horodecki criterion 8, 32 or 33 years after Bell's original
paper. Thus, it might be a highly non-trivial problem.

» We propose the Quantum Entanglement Theory (QET), and

can achieve the criteria on the sufficient and necessary
conditions for any generic physics systems.

8A. Peres, Phys. Rev. Lett. 77, 1413-1415 (1996) [arXiv:quant-ph/9604005 [quant-ph]]; P. Horodecki, Phys.
Lett. A 232, 333 (1997) [arXiv:quant-ph/9703004 [quant-ph]].
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The Specific Approach or Decay Approach

Outline

The Specific Approach or Decay Approach
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The Specific Approach or Decay Approach

Theoretical framework: two-particle systems

Two-particle systems:

IAB) = o jlk)alide -
k.

» The existence of quantum entanglement (QE) is independent of the
choice of reference frame. So we adopt the center-of-mass (c.m.) frame
of the AB system for our analysis without loss of generality.

» The spin projection quantum numbers k for particle A and j for particle
B are defined along their respective momentum directions é4 and ég.
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The Specific Approach or Decay Approach

Theoretical framework: two-particle systems

In the decay processes A — A1 +Ax+...and B— B1 + By + ...,
the angular distributions of the decay products A; and B; are
characterized in their respective parent rest frames using spherical
coordinates: (64, ¢a,) for A; in the A-rest frame, and (0p,, ¢g,) for
B; in the B-rest frame.

> &, and ég are used as the polar axes for 64, and 0p;, respectively.

» Azimuthal angle reference protocol:
-Construct orthogonal bases: Choose auxiliary axes &, and ég
orthogonal to é4 and ég, respectively
-Define zero azimuth: Align ¢4, = 0 with &, and ¢, = 0 with ég
-Angular measurement: ¢, /g € [0, 27] increases following the
right-handed coordinate system about é4/5
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The Specific Approach or Decay Approach

Theoretical framework: two-particle s

Decay amplitudes:

M = (fafs|AB) = > auj(falk)a(fali)e ,
¥

1254+ 1 jk—5 s
(falk)a = Te (k=Agy)PA dk,AifA (0a)Ha(Agy)
. 25+ 1 ;s s
{fali)e =\ —,——e v AfBWBldj,‘;fB (08:)He(As5) -

> SA/B denote the spin quantum numbers of particles A/B. k/j represent the spin projection quantum
numbers along A/B’s momentum direction in the AB c.m. frame.

P We collectively denote the final-state particles as f4 = (A1, Az, ...) and fg = (B1, Bz, .. .). >\fA/B
encode polarization configurations: Af, = (Aag> Aags -+ Afg = (XBy> ABys -+ -) . where Ap; and
Ap; are spin projections defined relative to directions of (0ay, Pay) and (0p, , #p, ), respectively. The
helicity summation rules are defined as :\,»A =>; Ap; and :\,»B => Ag;-

> HA()\{A)/HB(AfB) remains independent of both the angular variables ((JA1 s oAl)/(OBI" c“)Bl) and the
parent particle spin projections k/j. The Wigner d-functions satisfy the normalization conditions:

1 Sa 2 2 1 Sg 2 2
dcos 0 d A 0 :7,/ dcos 6 d g 0 = — .
/_1 A k>)‘fA( ) 254 +1 /1 b1 J,A,B( o) 25 +1
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The Specific Approach or Decay Approach

Theoretical framework: two-particle systems

r ://dwadrrfB |M? :/dn;A|HA(AfA)|2/d7r;B |He(A\s))?

d7TfA = dﬂ',’rAa’()ZﬁAldCOS&A1 )
d’]TfB = dﬂ';B d¢31dCOS 931 .

» dms, and dmg, correspond to the phase space volume elements for the
decay products of particles A and B, respectively.

» [’ remains independent not only of the polarization coefficients ax,j, but
also of the invariant mass squared s characterizing the AB system.
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The Specific Approach or Decay Approach

Theoretical framework: two-particle s

Given that 04,, 0g,, ¢4,, and ¢p, represent measurable quantities, they
naturally serve as building blocks for constructing composite observables
O(9A1 ) 051 s QAL OBy )

(O(0ar,08,, bar, $61)) = D Okjim.njmn -

kyj,m,n

(254 +1)(2Sg + 1) 27 1 27 1
Ok jim,n e 3 War, Mg /O doa, /71 dcos 6, /0 dop, /71 dcos 0,
Afq A fg

i(k—m)qSA i(j—n)d)B Sa Sa SB S,
004,08, o, » b8, )e Le LA, A, O (06)d% (06) )

2 2
Jdnp, [HaOp)|” J drr [He(hg))|
2 2
/ ’ !’ !
Sy x4, [HaO\p)|* f dmt | He (M)
2 XA T

A fg
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The Specific Approach or Decay Approach

Theoretical framework: two-particle s

Some specific results:

(f(0a, 08, )cos(dada; + dedp,))

(254 +1)(2Sg + 1) . .
= s > (O‘k,jo‘MdA.j»dB + ak+dA,j+dBO‘k,j) > WAy g
k.j Afq Mg

1 1 5 5 S s
d cos 6, / dcosOp, f(0a.,0p )d A (64, )dA . (64)d B (65)d B . (8 ,
(L [ deos Oy O 00K Oa), 5 Oa)DE (0847, 5 (05)

(f(0ay, 0, )sin(dada, + dsdap,))
(254 +1)(255 + 1)

Z(akja;+d jrdg — Chidg,it+dg Ok ) Do waga
8i - K A+ anitdg Yk, a0 Mg

K Ay g
/1 dcos O, /1 deosOp F(0a 08 )dA (04)d°A - (04 )d°E (05 )d°E. - (0p)
. 1), 1 12T R, A ke R, AT X P g Xy B
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The Specific Approach or Decay Approach

Theoretical framework: multi-particle systems

Multi-particle systems:

|PiPa...Py) = Z Qky ko, k| K1) P K2) Py o LK) Py

ki,k2s-- o ky

S okl =1

ki,ka,.. o ky
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The Specific Approach or Decay Approach

Theoretical framework: multi-particle systems

Multi-particle systems:

> ki (i=1,2,...,N) denote spin projection quantum numbers for
respective particles P;, with quantization axes & aligned to each particle’s
momentum direction in the system's c.m. frame.

» For each parent particle P;, we identify a corresponding daughter particle
D; within its decay final-state products. Within the rest frame of P;, the
momentum orientation of daughter particle D; is parameterized by polar
angle 0; and azimuthal angle ¢;.

» The polar angle 0; is defined with respect to the quantization axis . The
azimuthal angle ¢; is established through the following coordinate
convention:

- Select an arbitrary fixed auxiliary axis & orthogonal to &

- Define the reference direction ¢; = 0 via &/

- The angular parameter ¢; € [0, 27] increases following the right-hand
rule about é;
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The Specific Approach or Decay Approach

Theoretical framework: multi-particle systems

Any physical observable O(01,0a,...,0n, 01, 02,...,0N)
constructed from angular parameters:

(O(01,02,...,0n, b1, P2, .-, PN))

= > Okt ko

x
an 1O ke ky g i) 7
., R SL-TR kN,kl,kz ..... k/\l 1,k2 SKN kl,kz,...,kN ’
Ky kg oo skpg Kk khy
o T, (256, +1)
- 7 X
kikoseoo Kpgikq kG s ky (4m)N Ap, A fp v Ap
PP P v 1 N
(N (2
27 "1 27 1 27 1
/ dqbl/ dcos@l/ dqbz/ dcostA.A/ d(bN/ dcosfy
0 -1 0 -1 0 -1
i(ky—k ) pq i(kp—Kb) i(ky—ki ) o
0(91,927-~-79N,¢1,¢2,-~-,¢>N)e(1 1) 16(2 2)2--»6('\’ N) N x
Sp. Sp. Sp, Sp. Sp Sp
d. %, (00d,  (01)d % (02)d, % (62)...d N (on)d, N (On) |
1A p, 1M p, 2:Mp, 2+ Mp, N-Afpy, N Mpy,
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The Specific Approach or Decay Approach

Theoretical framework: multi-particle systems

2
N ’
Hi:1fd"rfp_ HP,-(AfPI_)
!
w =
A;PIAFPZ‘...A,PN \ } NG
ZA;P ,A’fP ,...,/\;P H/':1fd'”fp. HP;(AfP.) ’
1 2 N ! !
[ P P W
(SR Py
Mo S Afy e
P17 Py Pn
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The Specific Approach or Decay Approach

Theoretical framework: multi-particle systems

Some epecific results:

N A (25 +1)
. i=1 Pi
<f(61, 02, ...,0p)cos (g ) d,-c?;) > T E—
=

* *
Z (‘Ykl,kQ ..... Ky Qky+dy kp+dy,s .., ky+dy T Qhtdy kotdy,. ., kN‘dN”kl-kQ,u-,kN) X

Ky sk yeee sk
1 1 1
WAL D Af seeoAf / dcosGl/ dcost.../ dcosOyf(01,02,...,0N)
N N N Py Py Py -1 -1 -1
fpy Mpy o A py
Sp. Sp. Sp, Sp, Sp Sp
) 15\ (61)d, id 5. (01)d, 25\ (62)d, id 5, (62)...d, NX (On)d, ﬁd . On) ]
1A p, 190 27 p, 22 A fp, N Afpy, NN A
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The Specific Approach or Decay Approach

Theoretical framework: multi-particle systems

Some epecific results:

N Ny (28p, +1
; =1 P;
<f(01,<92,...,0,v)sm <§ di¢i>> _ %x
i=1

* *
Z (ak1=k2 ----- Ky Cky+dy kotdy . kytdy T akﬁ-dl,k2+d2,---,kN+dN0¢k1,k2,...,kN) X

ki,kos- s ky

1 1 1
WAL Af seeAf / dcosGl/ dcost.../ dcosOyf(01,02,...,0N)

N N N Py Py Py -1 -1 -1

fpy Mpy o A py

Sp. Sp. Sp, Sp, Sp Sp

) 15\ (61)d, id 5. (01)d, 25\ (62)d, id 5, (02)...d, NX (On)d, ﬁd 5. (On)

1A p, 190 2 7Mp, 22 A fp, N Afpy, NN A
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The Specific Approach or Decay Approach

The polarization state of tt:

[t]) = Y awslk)eli)e -

kj=%1

> For a given production channel, described as initial states — tt, we define
the amplitude of producing the tt pair in the state |k)¢|j)z as My ;.

» The coefficients ., ; can be calculated using the expression

=M/ [ D Ml
kij=%1

» The Sufficient and Necessary Condition for indicating QE in the tt
system:
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The Specific Approach or Decay Approach

tt: observable |

The decay processes of t — et + v+ band t — e~ + 7.+ b
after the production of on-shell t and ¢:

e+ : (‘9e+,¢e+) , e (06_7¢e_) .
» Observable I: D = —3 - (cos g+ )

cos 9e+e, = — cos 06+ cos 067 + sin 98+ sin Ge, cos (¢e+ + ¢e7) s

1
(cos 0 4 ,—) :5 (

Observables Quantum Range Classical Range criteria for entanglement
D (-1,1/3] [-1/3,1/3] [-1,-1/3)
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The Specific Approach or Decay Approach

tt: observable |

The LO results at the e"e™ collider satisfy the relation

2 2 1
O‘ll:*a,l,lv’all :'a,l,l <z
2’2 272 272 27 2 4
. o +o"tiTat/ =360 Gev
o' +e otiTat 52360 Gev
001
S 000
E o
cosé; cosé;
Flgure: The LO predictions of [or; 1 1 1 —a1 1a_1 1]andD=—3-(cos_y ) for tf pairs
2’2 272 272 2°2

produced at an e* e collider operating at a c.m. energy of /s = 360 GeV. Here, 0; denotes the polar angle of

the top quark t in the laboratory frame. The symbols )‘ei represent the helicities of the e™ and e~ beams,

defined along their respective momentum directions in the laboratory frame.
Tianjun Li Henan Normal University



The Specific Approach or Decay Approach

tt: observable Il

(cos (0o = 0, )y = T (o

[N
[N

) 0 = Zteos (6,0 — 9, ))

e

o

Observables  Quantum Range Classical Range  criteria for entanglement
D’ [-1,1]

[-1/2,1/2] [-1-5)U(1

o'+ ot at V52360 GeV

e'+e st at Vs =2m,

e'+e st at Vs =3m,

— A= =-1
Aor=p A=
—— Ar=-loAest

»»»»» Unpolarized

cos6,

cos6;

cos8,
Figure: The LO predictions of D’ =

= 32 (cos (¢e+ - d)e, )) for tf pairs produced at eTe ™ collider with
ﬂ—
/s = 2my, 360 GeV, and 3my, respectively. The angle 6; represents the polar angle of the top quark t in the

laboratory frame. The symbols )\ei indicate the helicities of the e* and e~ beams, defined along their respective

Tianjun Li
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The Specific Approach or Decay Approach

tt: observable Il

0" = 2(sin6_ sino @ =
—E(sm ot Sin0,— cos( o+ +¢e,))—a

1
2

Observables  Quantum Range Classical Range criteria for entanglement

D// [_171] [_1/27 1/2] [_17_%)U(%71]
» Within the SM at e"e™ colliders, we obtain
2 2 1
opp= =gy fagf =leg [ <g=0"cb0.

» Considering beyond-Standard-Model scenarios with a Higgs-like particle
exhibiting Yukawa coupling:

o« h'tt .
Direct calculation reveals that tt pairs from h’ — t + t decays satisfy
2 2 1

« = —«

5

’a;; :‘Oz
2'2

11 1 _1, ~1_1
2°2 2:72 2°7 2

For such h’-mediated tt production, we obtain D" = —1.
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The Specific Approach or Decay Approach

7t77: observable |

The decay processes of 77 — e™ + v + 7, and
77 — e + e + v, after the production of on-shell 7+ and 7~

et : (96+,¢e+) .e (96—,¢e—) .

» Observable I:

€SOt~ =—cos O+ cosB,— + sinb+ sin .- cos (pe+ + P ) ,
_ 2 2 2
(cos O+ ) =0.01254 |(Y%%| +|O¢7% 7%‘ ‘(Y% 7%‘ |O¢7%$%|
201 10”1 14201 101 ;)
272 20 2 20 2 272

=0.01254 x (—1) .
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The Specific Approach or Decay Approach

+

7777 observable Il

: (s (601 -

1
cos —¢__)) =0.03426 | o =
( (d)” ¢ )> ( - T 0.03426

Observables  Quantum Range Classical Range  criteria for entanglement
D, [-L1] (1212 [L-DU(1

e'+e T +T atVs=2m, e'+e T +T atVs=2.1m, e'+e T +1 atvs=3m,

—_— A=t A=

2 2
1

2

A=t
s

L\ e D=t
IS 2

cos6, cos6, L e
Flgu €. The LO predictions of D;—‘H—— = (cos (¢e+ — b - ))/0.03426 for 7+ 7~ pairs produced at eTe™
collider with /s = 2m., 2.1m, and 3m,, respectively. The angle 97_, represents the polar angle of 7 in the
laboratory frame. The symbols )\ei indicate the helicities of the e* and e~ beams, defined along their respective

momentum directions in the laboratory frame.
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The Specific Approach or Decay Approach

W~WT: observable |

The decay processes of W~ — e~ + 7. and W' — et + v, after the
production of on-shell W~ and W*:

e : (ge_7¢e_) ) e+ : (ee+7¢e+) .

» Observable I:

cos 9€+e, =— cos 96+ cos 967 =+ sin 95+ sin Be, cos (¢e+ + ¢e*) s

1
2 2 2 2
(cos 0, +) =% (\(171,71\ +laral® = le1al” = a1 —ao1, 1009 — @00l g

* * * * * *
TO1,1%,0 T €0,01,1 T ¥—1,0%0,1 T X0,1%¥_1,0 — €0,—1%1,0 — ¥1,0%, -1

Observables  Quantum Range Classical Range criteria for entanglement

{cos,_ ) [-1/4,1/2] [~1/4,1/4] (1/4,1/2]
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The Specific Approach or Decay Approach

W~WT: observable |

e'+e" W +W* at4/ s =360 GeV

hsw +w*

<c080, 40>

cosBu-

200 250 300 350 400
mplGeV

Figure: Left: The LO predictions of {cos0,-.+) for the W~ W™ pair

produced at ete™ collider with /s = 360 GeV. The angle 0,

represents the polar angle of W™ in the laboratory frame. The symbols

Aot indicate the helicities of the e™ and e~ beams, defined along their

respective momentum directions in the laboratory frame. Right: The LO

predictions of (cosf.-.+) for the W~ W™ pair produced from h’ decay
+
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The Specific Approach or Decay Approach

W~WT: observable Il

1 * *
(cos (2ppet — 2¢—)) = 3 (a-1109 1+ o1, 10714)
Dy w+ = 8(cos 20+ — 2¢.-)) .

Observables  Quantum Range Classical Range criteria for entanglement

(/V*W‘F [_171] [_1/27 1/2] [_17_%)U(%71]
i O\ g

FIgU €. The LO predictions of D/W* wt = 8(cos (2¢:e+ - 2¢e, )) for W W™ pairs produced at ete™
collider with /s = 2myy, 2.1myy GeV, and 3my, respectively. The angle GW, represents the polar angle of the

top quark W™ in the laboratory frame. The symbols )\ei indicate the helicities of the e™ and e~ beams, defined
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The Specific Approach or Decay Approach

The decay processes of W~ — e~ + 7. and t — W™ + b after the production
of on-shell W™ and t:

e (ee_7¢e_) ) W+ : (0W+7¢W+) .

» Observable:

cosGei wt == COSGW. cosﬁs, + sin 9W+ sin 09, cos (¢W+ +<f>e,) s
2 2 2 2
(cos6,_ 4 ) =0.0658 x (‘“71,71‘ Flog 11" =l 11" = o) 1l
2 2 2 2
+ﬁ(o¢71 7104; 1+ la*l 1 +O<0,la; 1+ la; 1)) s
»=3 0,5 3 —Li—3 =3 L 03 0,—3

Dy, —, ={cosO,_ 1 )/0.0658 .

Observables  Quantum Range Classical Range criteria for entanglement
D(/V*t [_152] [_171] (132]
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The Specific Approach or Decay Approach

Supposing a BSM bottom-like quark, denoted as b’, the interaction of b’ with
the W boson and the top quark t is analogous to that of the SM bottom quark
b: o« WS t4"b[ + h.c.

Di-(for b W-stwith Ay=t Diy-for bW stwith Ay=-1

bW+t

cosOu-

oSOy~

300 400 500 600 700

o o % 0 00 00 &0 700
my/GeV my/GeV mylGeV

FIgU F€. Left and middle: The LO predictions of DII/V* .= (cos 0, )+ )/0.0658 for the W™t pair produced
by b’ decay. Here, OW, represents the angle between the momentum direction of the W™ in the b’ rest frame
and the direction of b’ motion in the laboratory frame. The symbols Ay denote the helicities of b’, defined along
the momentum direction of b’ in the laboratory frame. Right: The LO predictions of

Dl’/\/— .= (cos 99_ wH )/0.0658 for the W ™ t produced by b’ decay, averaged over cos HW_ .
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The Specific Approach or Decay Approach

For the decay process t; — W," + b; for each top quark (i = 1,2,3), we define

the spherical coordinates (0;, ¢;) for the W,* momentum direction in respective
ti rest frames. The momentum unit vectors are expressed as

&+ = (sin; cos ¢;, sin 0; sin ¢;, cos 0;) .
;
The triple product correlation observable:
&+ X é ) &
( Wit T wg ) T w

— sin 07 sin O3 cos 03 sin(¢1 — o) — sin Oy sin O3 cos 01 sin(Ppp — ¢3) — sin O3 sin 61 cos O sin(p3 — ¢1)
=0.004557 i x (

111 11 1ptely 11 11 1te 1 11o1 11— 1 1141 1 1
2022 2°2°7 2 2°7 22 2°2° 2 222 207272 2> 202 20 2 2
* * * *
—o_11 161 11t 11 11 1 1+to_ 11101 11 —® 1111 11
2’2 2 2272 2°2° 2 2" 2 2 2°2°2 222 2°2°2 2’ 2°2
* « * «
—o_ 111211 1ta’g g 1e1 1 1 ter 11e1 1 1 —ap 11411 1),
2°2'2 2°2 2 2°2°2 2°2' 2 20 2'2 2°2°'°2 2> 2'2 22" 2
’ a~ a a
D3t:<(ewl+ X W;)<ew+>/0 004557
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The Specific Approach or Decay Approach

Observables Quantum Range Classical Range criteria for entanglement

D3, -3, V3] [-1/2,1/2] [—v5i-1)u (3. V3]
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Approach or Decay Approach

Considering the decay channels t — Wth f— W™b and W™ — e e, we analyze the angular correlations
of final-state particles (W’ , W™, and e ) in their respective parent particle rest frames.

&+ = (sin 01 cos ¢1,sin 01 sin g1, cos61) , &, = (sin 02 cos ¢y, sin O3 sin ¢, cos 02) ,
é,_ = (sin 03 cos ¢3, sin O3 sin ¢3, cos 03) .

The triple product correlation observable:

(éw+ x éw,) &,
= — sin 61 sin 63 cos O3 sin(¢p1 — ¢2) — sin O sin O3 cos O sin(po — P3) — sin O3 sin O1 cos O sin(Pp3 — 1)
0.0122433 i x (

—a_1 142 11 +ta’1 1,2 11 —a_1 14,9 11,ta 1 1,2 11
—2720 om0 Tt Tt T Tl a0
* * * *
ta_ 1 1401 1, -a’y1 e 1 —V2a_ 11 el 1 +V2aTi 1 ar 1
20 2 2 2’ 2’ 27 20 2 22 2 27 2°2° 2 27
* * * *
ta_ 1 1,0l 1 -a@’1 11 1 +V2a_ 11,0l 1, —-V2aTg e 1
20 2 20 2 20 2 27 2 2727 2’ 2 2°2° 20 2
- * * *
—o_ 1140411 ;ta 1111 tar g1 @1 1 g1 1
2020 202 220 202 22720 202 22720 202
a_1 1,07 +a* ay 1, tar 1 o) af @1 1 )
- 11 11 11 - 1 1
-3,31%3,307 -1, 30%3 207 %L, -F31%L 10 1.-311%3.30
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The Specific Approach or Decay Approach

Observables Quantum Range Classical Range criteria for entanglement
2 2
D3, [-2,2] [-var2,v2/e]  [-2,-)u (4.2
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The Specific Approach or Decay Approach

AN

arXiv:2505.09931

» The weak decay processes:
Aosp+n, Aop+nat.
» The relevant couplings:
Wi B (gvy" + garvs) A+ Wi A (g + gar'ys) p
o W, otn" +H.C. .
The independent coupling parameters gy, ga and g/, g4 allow for
potential CP-violating effects.
» In the rest frames of A and A, the polar angle distributions of final-state p
and p satisfy
1 dr/\—)p+7r_
MAsspin— dcost

= %(1+a/\cos0,,) ,

1 dl—/_\~>ﬁ+7\'+

1
=-(1 i cosbp) .
Mipint dcosOp 2( +ancosfs)
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The Specific Approach or Decay Approach

AA: decay processes

We parameterize the momentum directions of p in the A rest frame and p in
the A rest frame using spherical coordinates:

p: (61, ¢1) — &, = (sin 61 cos @1, sin b1 sin ¢, cos 1) ,

P (02, ¢2) — & = (sin 02 cos ¢z, sin B2 sin ¢, cos 62) .

» The polar angles ¢; and 0, are defined with respect to the A momentum
direction &y in the AA center-of-mass (c.m.) frame.

» The azimuthal angles ¢1 and ¢» are measured from an arbitrary reference
axis orthogonal to &, increasing in the right-handed screw direction
about é with ¢ € [0, 27].

» We define the opening angle 6,5 between the proton momenta as:

~

cosBp5 = &, - & = cos 01 cos O, + sin 01 sin B, cos(d1 — ¢2) .
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The Specific Approach or Decay Approach

AA: decay processes

Helicity amplitudes:
(p, 7~ |k)a = Eei(k—)\p)¢ldi{fp(al)HA()\p) )
1 (425
e~ iUi+Xp)¢2 d;’/fj(ﬂ' — 62)Hi(Np) -

(7 i)a = Vo

> k/j represent the spin projection quantum numbers along the momentum
direction of A/A in the AA c.m. frame.

> X, and A5 (A\p, A5 = £3) are spin projections of p and p defined relative
to directions of &, and &z, respectively.

» Hx(Ap)/Hx(A5) remain independent of both the angular variables
(61, ¢1)/(02, ¢2) and the parent particle spin projections k/j.

» The Wigner d-functions are

a3 0)=d2 (0)=coss . d2,(0)=—di? () =sin s
272 27

1 11 1
20 2 272 2
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The Specific Approach or Decay Approach

AA: observables

For any physical observable O(61, 02, ¢1, ¢») constructed from angular
variables, its statistical average can be expressed as:

<O(91702>¢17¢2)> = Z Okwj§m1”ak,ja:(n,n . (2)

kyj,m;n

1 27 1 27 1
O =— w. . / d / d cos 6 / d / d cos 6
kojimon = 3 Z 2o X5 b1 . 1 A b2 - 2

A5

061,02, 61, 02)e “ M LNRGL (01)0))3 (02)a)/2) o — 02)a)/2,(x — 02))

[HA () [HR ()]
Z)\' >\/ HI\ >‘/ ‘ |H/\ )

Wxp, A5 =

3
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The Specific Approach or Decay Approach

AA: observables

»  The hyperon decay parameters:

‘HA//’\(*%)F - |H/\/7\(%))2

a0+ [0

An/A =

»  The weight factors:

1
wup uy = 1(1 —uop)(l — wag), u,up==+1.
373
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The Specific Approach or Decay Approach

AA: observables

2
™
O = (cos(in + én))/ (- Tyanan ) =y 30y oy yaly,
2
7T
O, (COS(¢1 — ¢2)>/ ﬁa/\a,-\) = aiéyf%a;% +a%7%ai%’7% s

/‘\/\/—\/—\

2
. ™ 1 « *
= (sin(ds + 62))/ 33““%) =7 (eoped g —apgelyy)
. w? ) 1 . ,
= (sin(dr = )/ (~gz0nen ) = 7 (o-ppai g~y 0ty )
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The Specific Approach or Decay Approach

AA: observables

Observables Quantum Ranges Classical Ranges criteria for entanglement

[ —1,3 —1,1] @3]

0, 1,1 —1/2,1/2) [=1,-1/2) U (1/2,1]
O, 1,1 —1/2,1/2] [=1,-1/2) U (1/2,1]
O3 —1,1 —1/2,1/2] [-1,-1/2) U (1/2,1]
o) —1,1 —1/2,1/2] [-1,-1/2) U (1/2,1]
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The Specific Approach or Decay Approach

AA: production

o

s

Figure: The processes of
et +e = J/Yp—>N—=p+7 )+ N—p+7t).
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The Specific Approach or Decay Approach

AA: production

» The J/1¢» — AN interaction is conventionally parameterized as:

2m
72\“"/2\ (Gm — Ge) (py — PK)) A

wl—bl_\ (GM’YH + m2
Ge/Gu = Re™? .
» In the J/v rest frame, the A polar angle distribution follows:

1 dlyash _ 1
Fyonsn dcosOn 2+ 2ay

(1 + ay cos® 9/\) .
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The Specific Approach or Decay Approach

production

> For the J/1) — A+ A process, we derive:

P(As® < 0) =,/1— 4m3/mi, .

This result implies that 69.3% of the decay events involving A — p + 7~
and A — p+ 7" are spacelike-separated.

» For AA pairs produced through et + e~ — J/y—= N+ A, theoretical
calculations under decoherence-free conditions yield:

1oy 1 — cos? O 1+Oéw_ez,'A¢
337 4 14 apcos?On \1— ay '
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The Specific Approach or Decay Approach

AN: measurements

The complete angular distribution for the cascade decay of
et te 2 J o> N=ptr )+ A= p+7T):
W =To+ ayTs

+ anag (7'1 +4/1—a? cos(Ag)Tz + aw%)
+4/1 = a2, sin(A) (anTs + a;Ta)

where
To=1,
T1 = sin 9/2\ sin 01 sin 6, cos ¢1 cos P + cos? O cos 0; cos 0, ,
T2 = sin O cos O (sin 01 cos 6 cos ¢1 + cos b1 sin 6, cos ¢2)
T3 = sin 6 cos 6 sin 61 sin ¢1
Ta = sin Op cos O sin B2 sin @2
Ts = cos Op |

.2 . . . .
T6 = cos 01 cos b — sin” O sin 61 sin 02 sin ¢1 sin o .
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The Specific Approach or Decay Approach

AN: measurements

(O(01, 02, g1, ¢2)) /0 01,02, ¢1,¢2) W dQ, dQp

= /W de dQﬁ N dQP/ﬁ = dCOS@1/2d¢1/2 .

» This leads to the observables:

Op=-1,
cos? Op
O1 = 2(l+a¢)1+a¢ cos2 6, ’
1 1 — cos? 0,
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The Specific Approach or Decay Approach

AN: measuremen

6"+ >IN+ )+ A(>P+TT)

Observables

uﬁb““’e" =0.4748 +0.0022 +0.0031

1.0

-1.0 -05 00 05

cosfy

H 2 2 -
Flgure: The O1 = (cos(¢p1 + ¢2))/ 77;—204/\04/-\) and Oy = (cos(¢p1 — ¢2))/ (72—204/\(17\) for AA
pairs produced at e"e™ collider by using a%bse"’ed = 0.4748 4 0.0022 + 0.0031 from the BESIII experiment.

The solid lines are given by the central value of a%bsewe“, while the shaded bands correspond to the 50 confidence
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The Consistent Searches for Quantum Entanglement at the Collic

Outline

The Consistent Searches for Quantum Entanglement at the
Colliders
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The Consistent Searches for Quantum Entanglement at the Collic

Munchhausen Trilemma in Philosophy

» A circular argument.
» An infinite regression.

» Dogmatism
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The Consistent Searches for Quantum Entanglement at the Collic

No-Go Theorem for Collider Physics

» No-Go Theorem: we cannot probe the quantum entanglement
and Bell non-localtiy at the colliders °.

» Rule out the Local Hidden Variable Theories (LHVTs).
» Do not use quantum mechanics (QM) and QFT since we test
QM against the LHVTs.

» Two approaches: Fundamental Approach, and Decay
Approach.

It is very difficult in decay approach since we have done the calculations in the QFT.

954 A. Abel, M. Dittmar and H. K. Dreiner, Phys. Lett. B 280, 304-312 (1992); H. K. Dreiner,
[arXiv:hep-ph/9211203 [hep-ph]]; S. Li, W. Shen and J. M. Yang, Eur. Phys. J. C 84, no.11, 1195 (2024);
M. Fabbrichesi, R. Floreanini and L. Marzola, [arXiv:2503.18535 [quant-ph]]; P. Bechtle, C. Breuning,
H. K. Dreiner and C. Duhr, [arXiv:2507.15947 [hep-ph]]; S. A. Abel, H. K. Dreiner, R. Sengupta and L. Ubaldi,
[arXiv:2507.15949 [hep-ph]]; M. Low, [arXiv:2508.10979 [hep-ph]].
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The Consistent Searches for Quantum Entanglement at the Collic

No-Go Theorem for Collider Physics

» In the current collider experiments, we cannot conduct the
direct spin measurements, and thus the spin correlations
cannot be directly measured.

» The main idea for the collider studies is that the spin
correlations can be measured indirectly from the appropriate
angular correlations between the final states from the
intermediate particle decays.

» The bridges between the spin correlations and angular
correlations are the spin-analyzing powers of the intermediate
particles.

P> The great challenge is that we must measure the

spin-analyzing powers without the assumptions of the QM and
QFT.
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The Consistent Searches for Quantum Entanglement at the Collic

New Physics Searches and SM Precision Measurements

» Quantum entanglement and Bell non-locality have been
studied traditionally in the Quantum Information Theory
(QIT).

» We can employ the QIT concepts, and propose the new
physics observables to probe the new physics beyond the SM
and study the SM precision measurements.

» The important question is what kind of new physics
observables can we propose?
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The Consistent Searches for Quantum Entanglement at the Collic

The General Framework

» At the ete™ collider, we consider the production of a pair of
fermions F,Fp, i.e., et e — F,Fp, which subsequently decay

Fajb = fap1 + fap2 + oo+ b -

> We choose the helicity rest frames for F, and Fp, respectively,
and define the same coordinate system for them

ﬁe* X ﬁFa

‘ﬁe* X ﬁFa’7

y= Z=pr, X=yx2.
» This coordinate system is convenient because the difference
between the rest frames of F, and Fj, is a pure boost along

their momentum directions.
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The Consistent Searches for Quantum Entanglement at the Collic

Coordinate System

Fy

A A

Figure: The coordinate system (X, 7, 2) for the production process
ete™ — F,Fp.
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The Consistent Searches for Quantum Entanglement at the Collic

The General Framework

» Selecting two fermions f,1 and fy, 1 respectively from the
decay products of F; and Fp, we assume that the unit
momentum directions for f,1 and fj, 1 in the rest frames of F,
and Fp, are ¢,1 and g1, respectively.

» We consider the angular correlations between ¢,1 and gy,
i.e., the expectation values (g;q},), which can be measured
in the collider experiments.

> We study the relations between such angular correlations and
the spin correlations for F, and Fp.
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The Consistent Searches for Quantum Entanglement at the Collic

Spin Density Matrix

» The spin polarization state for the composite quantum F;Fp
system is described by a spin density matrix

b+ (Bfo'®@h+B hod)+y,; Co' o
p= :

» Choosing the basis (‘%>F3 ® 15, 3R @ — 3)A,
=Y ®13)R. | — 5)F ® | — 3)F,), we can write the spin

density matrix as follows

p= PV (Wi, Y pi=1.
i=1 i=1
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The Consistent Searches for Quantum Entanglement at the Collic

Spin Density Matrix

> |V;)(V;| is a pure state, and its quantum state (polarization
state) |V;) is defined as

‘\Ul> = Z aLJ’k>Fa ® |.j>Fb ) Z ‘a;(,_j‘z =1.

kj=+1 kj=+1
» We obtain
Tr[C] = 2(p11 + p23 + p32 + pas) — 1.
n
Tr[C] =1~ QZPi’ai/z,—l/z - O‘i—1/2,1/2|2 .

i=1
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The Consistent Searches for Quantum Entanglement at the Collic

The Correlation Relations in the QFT

» The relations between the spin correlations Cj; and angular
correlations (g, qj,) in the QFT are 10

9 .
C=——(qiadly) -

QF,QF,

» «af, and af, are spin-analyzing powers for F; and Fp,
respectively. In particular, we have —1 < aF,, < 1.

10T. Han, M. Low and Y. Su, JHEP 10, 217 (2025) [arXiv:2501.04801 [hep-ph]]; P. Bechtle, C. Breuning,

H. K. Dreiner and C. Duhr, [arXiv:2507.15947 [hep-ph]].
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The Consistent Searches for Quantum Entanglement at the Collic

The Correlation Relations in the LHVTs

In the LHVTs, to derive the relations between the spin correlations
and angular correlations, we make the following assumptions !

1. A LHVT with a set of local hidden variables.

2. Special relativity and Poincaré-invariance hold.

3. The decays of F, and F;, are independent of each other.
4

. The spin for each particle is an element of reality in the EPR
sense, i.e., a vector with a definite orientation. And thus the
spins play the role of hidden variables.

5. If the particles F, and Fj have spins 5, and $§p, the probability
distributions (in their rest frames) of the momenta of the
daughter particles f; 1 and f, 1 are always the same and
depend only on s, and 3, respectively.

11P. Bechtle, C. Breuning, H. K. Dreiner and C. Duhr, [arXiv:2507.15947 [hep-ph]]; J. A. Aguilar-Saavedra,
J. A. Casas and J. M. Moreno, [arXiv:2603.19389 [hep-ph]].
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The Consistent Searches for Quantum Entanglement at the Collic

The Correlation Relations in the LHVTs

» With these assumptions, we can obtain the same relations in
the LHVTs as these in QFT.

» The key difference is that we now have —3 < aF, ), <3.

» With such ranges for the spin-analyzing powers, we can show
that we can not probe the Bell non-locality at the collider.

» Therefore, the great challenge is how to measure the product
of the spin-analyzing powers ar,aF, without the QM and
QFT assumptions.
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The Consistent Searches for Quantum Entanglement at the Collic

Three Proposals to Evade the No-Go Theorem

» The absolute values of the spin-analyzing powers for F,F}, are
equal to 1, i.e., the maximal value for fermion in QFT, for
example, tt.

» Invariants of the spin correlation matrices.

» Invariants of the spin density matrices.
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The Consistent Searches for Quantum Entanglement at the Collic

Invariants of the Spin Correlation Matrices

With the assumption that the spin is defined via the Lorentz
symmetry or considering the implicit symmetry in the spin density
matrix, we can show that we can determine the product of the
spin-analyzing powers ar,aF, by the invariants of the spin
correlation matrices, and probe the Bell non-locality at the lepton
collider.
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The Consistent Searches for Quantum Entanglement at the Collic

Definition of Spin via the Lorentz Symmetry

» Poincaré symmetry is the basic symmetry for the special
relativity, and contains the Lorentz symmetry and translation
symmetry.

» There are two Casmir operators for Poincaré algebra: P*P,
and WH*W,,, where P, and W, are the four-momentum and
Pauli-Lubanski pseudo-vector, respectively. These two Casmir
operators define the rest mass and spin of a particle,
respectively.

» We consider the proper orthochronous group SO(3,1) for
Lorentz symmetry. The complexified Lorentz algebra for
S0O(3,1) is locally isomorphic to the direct sum of two SU(2)

algebra, and thus we can formally write it as
S50(3,1) ~ SU(2); x SU(2).
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The Consistent Searches for Quantum Entanglement at the Collic

Definition of Spin via the Lorentz Symmetry

» Every finite-dimensional representation of the Lorentz group
can be written as two spins (j1,/2), where j; is an integer or
half-integer.

» \We obtain the representations for the scalar, left-handed Weyl
fermion, right-handed Weyl fermion, gauge boson as (0, 0),
(1/2,0), (0,1/2), (1/2,1/2), respectively.

» The spin SU(2)s group can be considered as the diagonal
subgroup of SU(2); x SU(2)>.
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The Consistent Searches for Quantum Entanglement at the Collic

Assumptions: Strong to Weak

» The definition assumption is the solid and fundamental
assumption to probe quantum entanglement and Bell
non-locality at the colliders. However, it can be relaxed.

» The key point is the following. The Lorentz symmetry is not
violated, and the spin density matrix describes this composite
quantum system. And thus, Lorentz symmetry is an implicit
symmetry in the spin density matrix.

» In fact, there exists a SU(2), x SU(2)p symmetry in the spin
density matrix. The generators for SU(2), and SU(2);, are
o' ® h/4 and I, ® o' /4, respectively.
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The Consistent Searches for Quantum Entanglement at the Collic

Assumptions: Strong to Weak

» (|3)F,| — 2)F,)7 forms the fundamental representation of
SU(2),, and (|3)F,.| — 3)F,) " forms the fundamental
representation of SU(2)p.

» The spin SU(2)s group can be considered as the diagonal
subgroup of SU(2), x SU(2)p.
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The Consistent Searches for Quantum Entanglement at the Collic

Invariants of the Spin Correlation Matrices

> Because both (|3)r,.| — 3)£)" and (13)F,,| — 3)F,) " belong
to the fundamental representation of SU(2)s, we can
decompose the product of these two fundamental
representations into the irreducible representations of SU(2)s,
i.e., decompose the basis of spin density matrix into the
irreducible representations of SU(2)s. Such decomposition is

22=143.

» The singlet 1 and triplet 3 belong to the anti-symmetric and
symmetric representations of SU(2)s. In the collider
experiments, 1 and 3 correspond to the CP-odd scalar and
gauge boson, respectively, which can couple to both eTe™
and F;Fp.
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The Consistent Searches for Quantum Entanglement at the Collic

Quantum States

By definition, the quantum state for the singlet in the
anti-symmetric representation is

1 1 1 1 1
Ug)=— (|2 N = .
vs) == (Igim @1 - a1 - e o D)n)
And the quantum states for the triplet in the symmetric
representation are

1,1), 1 1
VF ) =15k @15)R

wo, _ 1 (1 1 Lok

V30 = (1m0 1- Pa+1- e o3k ) |
1,-1 1 1

WE Y == 2eel- ) -
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The Consistent Searches for Quantum Entanglement at the Collic

Quantum States

For the spin density matrix, we can obtain the non-zero
components for the singlet and triplet

Ws): Cip=Cop=Cyz=—-1Tr[C]=-3,
Wiy B =1, Gs=1T[C] =1,
‘\U(TLO)) D G =Cn=-G3=1Tr[C]=1,
W&y B =1, Ga=1Tr[C] =1,

Tianjun Li Henan Normal University



The Consistent Searches for Quantum Entanglement at the Collic

Invariants of the Spin Correlation Matrices

» The quantum state for the CP-odd scalar exchange is |Ws),
and then we have Tr[C] = —3.

» The quantum states for the gauge boson exchanges are the
linear combinations of \\U(;.l’l)), ]\U(;-l’o)), and ]\Usil’_l)>, whose
coefficients are functions of 6¢,. And thus we have Tr[C] = 1.

» The quantum state for the CP-even scalar exchange is
\\U(—,}’O)>, so we have Tr[C] = 1.
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The Consistent Searches for Quantum Entanglement at the Collic

Prove Tr[C] = 1 for Gauge Boson Exchanges

» Because |V;) and |Ws) are orthogonal to each other, we
obtain

i i
Qpyo—1/2 = %_1/21/2 -

» And thus, we prove that

n
Tr[C]=1- 2Z:Pi|0"1/2,—1/2 - 0/—1/2,1/2’2 =1.
i=1
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The Consistent Searches for Quantum Entanglement at the Collic

Invariants under Basis Rotations

» Tr[C] is invariant under the basis rotation of quantization
axes.

> Assuming that & and & with i = 1,2, 3 are two different
quantization axis choices, which relate to each other via a
SO(3) rotation Ry, i.e., € = &R;;, we obtain 12

Ch = RE CuRy = (RTCR)

)

» Thus, we prove that

Tr[C'] = Tx[RT CR] = Tx[C] .

12K. Cheng, T. Han and M. Low, Phys. Rev. D 109, no.11, 11 (2024) [arXiv:2311.09166 [hep-ph]]; K. Cheng,
T. Han and M. Low, Phys. Rev. D 111, no.3, 033004 (2025) [arXiv:2407.01672 [hep-ph}].
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The Consistent Searches for Quantum Entanglement at the Collic

Summary

» For the two-fermion F;F; productions and decays via one
mediator exchange at the eTe™ collider, we show that the
trace Tr[C] of the spin correlation matrix is an invariant
quantity, which is independent on the scattering angle.

» Tr[C] is equal to 1, 1, and —3 for the exchanges of gauge
boson, CP-even scalar, and CP-odd scalar, respectively.

» Thus, for one mediator exchange, for example, photon, we can
determine the product of the spin-analyzing powers for F,Fj
via Tr[C], and reconstruct the spin correlation matrix.
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The Consistent Searches for Quantum Entanglement at the Collic

Summary

» With the CHSH-Horodecki criterion 13, we can probe the Bell
non-locality, and evade the no-go theorem.

» In particular, the invariant Tr[C] is a new physics observable
to probe the new physics beyond the SM and study the SM
precision measurements.

» For the CP-even scalar and CP-odd scalar changes, Ci1, Coo,
and Cs3 are all invariants as well, which are independent on
the scattering angle. In particular, C33 = —1 for both
CP-even and CP-odd scalars, and then we do not need to
know the CP property of the scalar.

13J. F. Clauser, M. A. Horne, A. Shimony and R. A. Holt, Phys. Rev. Lett. 23, 880-884 (1969); R. Horodecki,

P. Horodecki and M. Horodecki, Phys. Lett. A 200, no.5, 340-344 (1995).
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The Consistent Searches for Quantum Entanglement at the Collic

Summary

» We can employ the observables Cj; and Tr[C] to determine
the product of the spin-analyzing powers and study the Bell
non-locality, and to probe the new physics beyond the SM and
study the SM precision measurements.

» Similarly, we can study the Bell non-locality for the Higgs to
77~ at the LHC.

» We can perform the calculations in the traditional helicity
formalism 4. And then the decomposition is 2®2 =1& 3,
where the singlet 1 and triplet 3 belong to the trivial and
adjoint representations of SU(2)s. Although the expressions
for the quantum states are different, the physics results are
the same.

14H. Murayama, |. Watanabe and K. Hagiwara, KEK-91-11.
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Bell Non-Locality at the BESIII Experiment

» We study the Bell non-locality for the AA pair production via
the ete™ — J/1) — AA process at the BESIII experiment.

» The subsequent decays are: A — p+7—,and A = p+ 7.

» So we have F, = A and F, = A, and choose f1=p and
fb,l = [3
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Bell Non-Locality at the BESIII Experiment

» With Tr[C] = 1, we obtain
1
(9595) = 5nR -

» And thus we have the spin correlation matrix with

1 o
= Tqi gy (%)

» Thus, the spin correlation matrix can be determined by the
angular correlation measurements.
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Bell Non-Locality at the BESIII Experiment

> We denote the eigenvalues of CTC as My, My, M5, which
satisfy My > My > M;.

» The Bell variable is defined as 15
B=2\/M + M, .

> If 2 < B < 2v/2, we realize the Bell non-locality via the
CHSH-Horodecki criterion.

15J. F. Clauser, M. A. Horne, A. Shimony and R. A. Holt, Phys. Rev. Lett. 23, 880-884 (1969); R. Horodecki,
P. Horodecki and M. Horodecki, Phys. Lett. A 200, no.5, 340-344 (1995).
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Bell Non-Locality at the BESIII Experiment

» Because we do not have the BESIII experimental data, we
consider the spin correlation matrix from the QFT

calculations 1.

> With ap = 0.7519 + 0.0036 + 0.0024,
az = —0.7559 £ 0.0036 + 0.0030,
oy, = 0.4748 £ 0.0022 £ 0.0031, and
A® = 0.7521 + 0.0042 + 0.0066 17, we present the numerical
results in the following figure with solid line.

» Within 50 uncertainty in (o, A®) parameter space, the Bell
non-locality is realized in range |cos )| < 0.44150

16E. Perotti, G. Faldt, A. Kupsc, S. Leupold and J. J. Song, Phys. Rev. D 99, no.5, 056008 (2019)
[arXiv:1809.04038 [hep-ph]]; V. Batozskaya, A. Kupsc, N. Salone and J. Wiechnik, Phys. Rev. D 108, no.1,
016011 (2023) [arXiv:2302.07665 [hep-ph]]; S. Wu, C. Qian, Q. Wang and X. R. Zhou, Phys. Rev. D 110, no.5,
054012 (2024) [arXiv:2406.16298 [hep-ph]].

M. Ablikim et al. [BESIII], Phys. Rev. Lett. 129, no.13, 131801 (2022) [arXiv:2204.11058 [hep-ex]].
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Spin Correlation Matrix from the QFT

1 sin® 6, 0 Yy SIn B cos By
Cij = —————— X 0 —evy sin? By 0
cos? * ‘
1 + vy cos® Oa Yo SID Oy cos Op 0 vy + cos? By

Figure: Here, ay, € [—1,+1] is the decay parameter of the vector

charmonium ¢, and vy = /1 — o cos(A®) with A® € (7, +7] the
relative form factor phase.
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Bell Non-Locality at the BESIII Experiment

-1 —0.5 0 0.5 1

cos O

Figure: Bell variable vs cos@x. The shaded region represents the 5o
uncertainty in (ay, AP) parameter space.
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Summary

» We propose a new formalism for quantum entanglement, and
study its generic searches at the colliders.

P> We show that the quantum space is complex projective space,
and the classical space is the cartesian product of the complex
projective spaces, which can be defined in the quantum spacce
via the discriminant loci. Thus, the quantum entanglement
space is the difference of these two spaces and can be define
exactly.

» We can reconstruct the discriminants from various
measurements at high energy physics experiments, and probe
the quantum entanglement spaces via a fundamental
approach at exact level.
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Summary

» For the specific approach, we propose a generic method to
calculate the quantum range and classical range for the
expectation value of any physics observable, and can probe
the quantum entanglement ranges which the previous ways
cannot.

» We study the invariants of the spin correlation matrices. For
one mediator exchanges such as scalar and gauge boson, we
can determine the product of the spin-analyzing powers, and
reconstruct the spin correlation matrix. With the
CHSH-Horodecki criterion, we can probe the Bell non-locality,
and evade the no-go theorem.

» These invariants provide new physics observables to probe the
new physics beyond the SM and study the SM precision
measurements.
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Thank You Very Much
for Your Attention!
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