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• Electromagnetic, weak, gravitational form factors (GFFs) 


Probes of nucleon structure

-term: “Last unknown global property” DPolyakov & Schweitzer, IJMPA (2018) 1830025

normal forces tangential forces

Burkert, et al., Reviews of Modern Physics



• A weak classical background gravitational field  


• Symmetric Belinfante-improved total QCD EMT:

‣ Total EMT = Quark + Gluon


‣ The total EMT is conserved: 


‣ Dilation current   (conserved in massless limit)


‣ Quantum correction due to trace anomaly in non-Abelian gauge theory

gμν(x)
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• Threshold  photo-production @ JLabJ/ψ

The J/ψ-007 experiment in Hall C  @ JLab

Duran, et al.,  Nature 615 (2023) 7954

Gluonic GFFs from Experiment



• Extracted mass radius  fm∼ 0.5

⟨N(p′￼)N̄(p) ̂Tμν(0) 0⟩ =
1

4mN
ū(p′￼)[A(t)ΔμΔν+J(t)(iΔ{μσν}ρPρ)+D(t)(PμPν − tgμν)] u(p)

Gluonic GFFs from Experiment



•  photo-production @ GlueX


‣ Gluon exchange mechanism


‣ Coupled channel mechanism


J/ψ

M.-L. Du et al., EPJC 80(2023)1053

Cusps at open-charm thresholds 

Gluonic GFFs from Experiment



• Deeply virtual Compton scattering (DVCS) :  (GPD)


• The -th order Mellin moments: 


‣ The first Mellin moments  Pauli and Dirac FFs


‣ The second Mellin moments  GFFs

eN → e′￼N′￼γ Ha, Ea
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• Systematical treatment in chiral perturbation theory (ChPT) 

GFFs in ChPT

‣ At low energies: chiral correction is important

‣ Hadron exchanges take over gluon and quark exchanges 

Alharazin, et al., PRD (2020) 

Exchange of  two ’s of  and π 0++ 2++



• Nucleon GFFs up to  in BChPT (blue curves)𝒪(p3)

ChPT results
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• Pion GFFs up to  in mesonic ChPT𝒪(p4)

ChPT results
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δab
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Donoghue & Leutwyler, Z. Phys. C (1991) 



• Towards faithful scattering amplitudes 

Extension of valid region

Faithful AmplitudePerturbative Amplitude

Unitarization

Higher-order Calculation

Matc
hing

Kernel

Various EFTs S-Matrix Theory

‣ Unitarity

‣ Analyticity

‣ Crossing symmetry

‣ Pert. Unitarity

‣ All possible symmetry

Our real world: 
experimental data

Dispersion relation

[DLY, L.-Y. Dai, H.-Q Zheng, and Z.-Y. Zhou, Rept.Prog.Phys. 84 (2021)]
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•  partial-wave amplitudes  from Roy-Steiner analyses
ππ /KK̄ → NN̄ f 0,2
± , h0

+

Inputs from Roy-Steiner quations
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Inputs of Pion and Kaon GFFs
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• Sum rules for the nucleon GFFs

‣ Normalisation


‣ Introduce S-wave ( ) and D-wave ( ) poles to the spectral functions:  to satisfy the 
sum rules

✓ :  GeV to cover  and 


✓ :  GeV to cover ,  and 

0++ 2++ πcS,Dm2
S,Dδ(t − m2

S,D)

0++ mS ∈ (1.5,1.8) f0(1500) f0(1710)
2++ mD ∈ (1.5,2.2) f2(1500) f2(1950) f2(2010)

Nucleon GFFs

M.A. Belushkin et al., PRC 75 (2007) 035202; M. Hoferichter et al., EPJA 52 (2016) 331
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Nucleon GFFs
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Predictions：



Nucleon GFFs: D-term & radii

• D-term: 


• Various radii in the Breit frame 

‣ From the trace FF:





‣ Radius of energy density:





‣ Mechanical radius





‣ Radius of the density 


D ≡ D(0)

⟨r2
Θ⟩ = 6A′￼(0) −

9D
2m2

N

⟨r2
Ener⟩ = 6A′￼(0) −

3D
2m2

N

⟨r2
Mech⟩ =

6D

∫ 0
−∞

dt D(t)

J (t) +
2
3

t
d
dt

J (t)

⟨r2
J ⟩ = 20J′￼(0)

Quantity Result Error budget

D-term
+(0.18)ChPT(0.12)PWA(0.26)ef

-(0.16)ChPT(0.12)PWA(0.29)ef

+(0.01)ChPT(0.01)PWA(0.03)ef

-(0.02)ChPT(0.01)PWA(0.26)ef

+(0.02)ChPT(0.01)PWA(0.02)ef

+(0.02)ChPT(0.01)PWA(0.03)ef

+(0.02)ChPT(0.00)PWA(0.09)ef

-(0.03)ChPT(0.01)PWA(0.07)ef

+(0.01)ChPT(0.01)PWA(0.01)ef

-(0.01)ChPT(0.00)PWA(0.02)ef

0.97+0.03
−0.03

0.70+0.03
−0.04

−3.38+0.34
−0.35

0.72+0.09
−0.08

0.70+0.02
−0.02

 [fm]⟨r2
Θ⟩

 [fm]⟨r2
Ener⟩

 [fm]⟨r2
Mech⟩

 [fm]⟨r2
J ⟩

‣ ChPT: NLO ChPT inputs


‣ paw: 


‣ eff:  effective poles 
ππ /KK̄ → NN̄

mS, mD



• A modern structural view 

Nucleon GFFs: D-term & radii

Courtesy of Meziani

⟨r2
Θ⟩ = 0.97+0.03

−0.03 fm ⟨r2
Ener⟩ = 0.70+0.03

−0.04 fm> ⟨r2
E,p⟩ ≃ 0.84 fm >

proton electric charge



• The nucleon GFFs are precisely determined using dispersive method with inputs:


‣ Coupled-channel - ,  amplitudes


‣ Low energy: NLO ChPT with LECs estimated using resonance saturation, improvable with lattice calculations


‣ High energy: highly excited meson resonances


• Nucleon static properties:


‣ Precise determination of   term: 


‣ Suggesting a modern structural view of the nucleon:


• Outlook:


‣ Pion mass dependence


‣ Extension to hyperon GFFs

ππ KK̄ ππ /KK̄ → NN̄

D DN = − 3.38+0.34
−0.35

Summary and Outlook

Thank you very much!
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−0.04 fm> ⟨r2
E,p⟩ ≃ 0.84 fm >

proton electric charge
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• Discontinuity of  and : associated only with  partial waves.


• Partial-wave unitarity 


• Decomposition into ,  matrix elements (conserved separately): 

Aπ Dπ t0
0 , t0

2

JPC = 0++ 2++

Unitarity relation for the pion GFFs

Disc ⟨πa(p′￼)πb (p) ̂Tμν(0) 0⟩ =
δab

2 [Disc Aπ(t)ΔμΔν + Disc Dπ(t)(PμPν − tgμν)]
= 2i

2pπ

t

δab

2 [(Aπ(t))*( 4
3t

p2
π(t0

0(t) − t0
2(t))(PμPν − tgμν) + t0

2(t)ΔμΔν) + (Dπ(t))* t0
0(t)(PμPν − tgμν)]

⟨πa(p′￼)πb (p) ̂Tμν(0) 0⟩ = δab{ 1
3 (gμν −

PμPν

P2 )Θπ(t) + [ΔμΔν +
Δ2

3t (PμPν − tgμν)]Aπ(t)}

Im Aπ(t) =
2pπ

t
(t0

2(t))* Aπ(t)

Im Θπ(t) =
2pπ

t
(t0

0(t))* Θπ(t)Im Dπ(t) =
2pπ

t [ 4
3

p2
π

t (t0
0(t) − t0

2(t))* Aπ(t) + (t0
0(t))* Dπ(t)]

⟨πa(p′￼)πb (p) ̂Tμ
μ(0) 0⟩ = δabΘπ(t), Θπ(t) = −

1
2 (4p2

π Aπ(t) + 3tDπ(t))Trace part:



•  phase shifts known precisely from Roy(-like) equation analyses


• Generalisation to coupled channels: isoscalar, scalar - ; ,  mesons

‣ Unitarity relation for Matrix relation for coupled channels (both pion and kaon trace GFFs):

ππ
ππ KK̄ f0(500) f0(980)

Θπ(t) ⇒

-  coupled channelsππ KK̄

Im Θπ(t) =
2pπ

t
(t0

0(t))* Θπ(t) ImΘ(t) = [T0
0(t)]* Σ0

0(t) Θ(t) Θ(t) =
Θπ(t)

2

3
ΘK(t)

Σ0
0(t) ≡ diag(σπθ(t − tπ), σKθ(t − tK))

With  σi(t) = 1 − 4m2
i /t (i = π, K )

T0
0(t) =

η0
0(t)e2iδ0

0(t) − 1
2iσπ

|g0
0(t) |eiΨ0

0(t)

|g0
0(t) |eiΨ0

0(t) η0
0(t)e2i(Ψ0

0(t)−δ0
0(t)) − 1

2iσK

.

η0
0(t) = 1 − 4σπσK |g0

0(t) |2 θ (t − tK)

-  T-matrixππ KK̄

Phase-space factor

Bern group; Madrid-Krakow group

J. Donoghue, J. Gasser, H. Leutwyler, NPB 343 (1991) 341 

Omnes solution

Muskhelishvili-Omnes problem



• Single-channel: Watson’s theorem  phase of FF = scattering phase shift


❖  Omnes solution


‣  up to  GeV from latest dispersive analysis


‣ Beyond matching point ,


‣ Polynomial:  matched to NLO ChPT

⇒

δ0
2 , η0

2 E0 ≃ 2

E0

Pπ
2 (t) = 1+αt

Omnes representation

Aπ(t) = Pπ
2 (t)Ω0

2(t) ,

0.5 1.0 1.5 2.0

-2

0

2

4

6

disc Aπ(t) = 2iAπ(t)θ(t − tπ)sin δ0
2(t)e−iδ0

2(t)

Ω0
2(t) ≡ exp{ t

π ∫
∞

tπ

dt′￼
t′￼

ϕ0
2(t′￼)

t′￼− t }

δ0
2(t) = π + (δ0

2(E2
2 ) − π) 2

1 + ( t /E0)3
, (also for η0

2 )

Aπ(t) = 1 −
2Lr

12

F2
π

t

Tensor-meson dominance estimate: Lr
12 = −

F2
π

2m2
f2

Pπ
2 (t) = 1 + [ 1

m2
f2

− ·Ω0
2(0)]t ≃ 1 − (0.01 GeV−2)t

K.M. Watson (1952)

| t0
2 |eiϕ0

2 =
η0

2e2iδ0
2 − 1

2iσπ

 replaced by the phase of  partial wave 

 to account for inelasticity


M. Hoferichter et al., Phys. Rept. 625 (2016) 1

δ0
2 ππ

ϕ0
2

P. Bydžovský et al., PRD 94 (2016) 116013 

B. Moussallam, EPJC 14 (2000) 111 

PDG average:  MeV

We take  MeV for a conservative 

error estimate.

mf2 = (1275.4 ± 0.8)
mf2 = (1275.4 ± 20)



• Coupled-channel: solution known as the Muskhelishvili-Omnes (MO) representation

‣ The above can be generalised to -  coupled channels (matching point:  GeV)


‣ Take isoscalar scalar -  for example
ππ KK̄ ∼ 1.3

ππ KK̄

Muskhelishvili-Omnes representation
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Ω0
0(t) =

1
π ∫

∞

tπ

dt′￼
t′￼− t

[T0
0(t)]* Σ0

0(t) Ω0
0(t′￼)

 phase shifts: Roy equation

I. Caprini et al. (2012); 


: Roy-Steiner equation

P. Büttiker et al. (2004); 


ππ

ππ → KK̄

M. Hoferichter et al., JHEP 06 (2012) 063



• Pion and Kaon trace GFFs


• Matching to NLO ChPT


• Similar coupled-channel analysis for D-wave - 
ππ KK̄

Muskhelishvili-Omnes representation

[Θ(t)]T = [P0(t)]TΩ0
0(t) , P0(t) =

2m2
π+βπt

2

3
(2m2

K+βKt)
βπ = ·Θπ(0) − 2m2

π ( ·Ω0
0)11

(0) −
4m2

K

3 ( ·Ω0
0)12

(0) ,

βK = ·ΘK(0) − 3m2
π ( ·Ω0

0)21
(0) − 2m2

K ( ·Ω0
0)22

(0) ,

·Θπ(0) = 1 − 4Lr
12

m2
π

F2
π

− 24(Lr
11 − Lr

13)
m2

π

F2
π

−
3
2

m2
π

F2
π

Iπ +
m2

π

2F2
π

Iη = 0.98(2) ,

·ΘK(0) = 1 − 4Lr
12

m2
K

F2
π

− 24(Lr
11 − Lr

13)
m2

K

F2
π

−
m2

K

F2
π

Iη = 0.94(14) .

 coupled channel results for  and ⇒ Aπ, AK Dπ, DK

 chiral logs: ⇒ Ii =
1

48π2 [ln
μ2

m2
i

− 1]



• Using the  scattering phase shifts at unphysical pion masses (239 MeV, 283 MeV, 391 MeV) obtained 
from Roy equation analyses

ππ

Pion GFFs: pion mass dependence
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R.A. Briceno et al. [HadSpec], PRL 118 (2017) 022002 

Fast change before  MeV:

  meson becomes a  bound state!

mπ = 391
σ ππ

26



• Discontinuity


• In the region , only  intermediate statet ∈ (tπ, 16tπ) ππ

Unitarity relation for nucleon GFFs

N

N̄P
p

p→

N

N̄

ωa

ωb
P

p

p→

P → l

l

Im =FN F ω f 0,2
±

Disc⟨N(p′￼)N̄(p) | ̂Tμν(0) |0⟩ ∝ ∑
n

⟨N(p′￼)N̄(p) |n⟩⟨n | ̂Tμν(0) |0⟩*δ4(p + p′￼− pn)

/  scatteringππ KK̄ → NN̄

2

ωa

ωb
P

p

p→

ωa

ωb

ωc

ωd
P

p

p→

P → l

l

Im =F ω F ω t00,2

FIG. 1. Elastic unitarity relation for the pion GFFs Fω =
{Aω, Dω

}. The blue dashed lines denote pions, the double
wiggly lines represent the external QCD EMT current, and
the red vertical dashed line indicates that the intermediate
pion pair are to be taken on-shell.

ωω and KK̄ intermediate states and deriving the rele-
vant unitarity relations. These are then combined with
ChPT predictions on the normalizations and slopes of
meson GFFs. By integrating constraints from analytic-
ity, unitarity, and sum rules, we provide a comprehensive
description of the nucleon GFFs below |t| → 2 GeV. In-
sights into the internal static spatial distribution of nu-
cleons follow.

MESON FORM FACTORS

Pion has two GFFs which are defined as [18, 20, 56–58]
〈
ωa(p→)

∣∣∣T̂µω
∣∣∣ωb(p)

〉

=
εab

2

[
Aε(t)PµP ω +Dε(t)

(
!µ!ω

↑ gµω!2
)]

, (2)

where a, b = 1, 2, 3 are isospin labels. We work in the
isospin limit. Elastic unitarity gives the imaginary part
from ωω intermediate states via the Cutkosky cutting
rule [59] (see Fig. 1),

ImAε(t) = ϑε(t)
(
t02(t)

)↑
Aε(t) , (3)

ImDε(t) = ϑε(t)

[
1

3
ϑ2ε(t)

(
t00(t)↑ t02(t)

)↑
Aε(t)

+
(
t00(t)

)↑
Dε(t)

]
, (4)

where ϑi(t) ↓
√
1↑ 4m2

i /t (i = ω,K and N) and
t00(t) (t02(t)) are the S-(D-)wave ωω partial-wave am-
plitudes related to the phase shifts ε0ϑ (t) according to

t0ϑ(t) = eiϖ
0
ω (t) sin ε0ϑ (t)/ϑε(t). In practice, the phase of

the ωω D-wave scattering amplitude ϖ0
2(t) instead of ε02(t)

is used in order to include inelastic e”ects.1

1 The D-wave data are taken from latest crossing-symmetric dis-
persive analysis [60] instead of Ref. [61] used in [62]. The main
di!erence lies in the fact that the phase shift and inelasticity
from Ref. [60] are consistent with the commonly used results [61]
below 1.4 GeV and cover a larger energy range up to around
2 GeV. The di!erence turns out to be moderate.

One gets the Omnès representation [63, 64] for Aε(t),

Aε(t) = (1 + ϱt)#0
2(t) , (5)

#0
2(t) ↓ exp

{
t

ω

∫ ↓

4m2
ε

dt→

t→
ϖ0
2(t

→)

t→ ↑ t

}
. (6)

Notice that the coe$cient ϱ cannot be zero [65], and its
value can be estimated using the ChPT O(p4) result and
the tensor meson dominance model [56], ϱ = 1/m2

f2
↑

d
dt#

0
2(t)

∣∣
t=0

and mf2 = (1275± 20) MeV [66] is the mass
of the f2(1270) resonance.
However, Eq. (4) is notably more complicated because

the GFF Dε mixes the JPC = 0++ and 2++ quan-
tum numbers, where J is angular momentum (AM) and
P,C are parity and charge conjugation, respectively. We
can define the pion trace GFF, namely [67, 68] %ε(t) =
↑
(
4p2εA

ε(t) + 3tDε(t)
)
/2, where pi =

↔
tϑi(t)/2. Then

Eq. (4) leads to a standard single-channel Muskhelishvili-
Omnès (MO) problem Im%ε(t) = ϑε(t)

(
t00(t)

)↑
%ε(t), in

analogy to Eq. (3).
To account for the strong ωω-KK̄ interactions in the

0++ channel due to the f0(980) resonance, we consider
the coupled-channel unitarity relation [65]

Im!S(t) = T ↑(t)&(t)!S(t) , (7)

where !S(t) =
(
%ε(t), 2%K(t)/

↔
3
)T

, and the defini-
tions of T -matrix T (t) and phase-space factor &(t) can
be found in Refs. [65, 69]. Using Eq. (7), the trace FFs
can be written as [65]

(
%ε(t)
2↔
3
%K(t)

)
=

(
2m2

ε + ςεt

2m2
K + ςKt

)
”0

0(t) (8)

by virtue of the S-wave Omnès matrix ”0
0 [69]. The pa-

rameters ςε and ςK are related to the slopes of GFFs at
t = 0, i.e., %̇ε(0) = 0.98(2), %̇K(0) = 0.94(14), matching
to the prediction of ChPT [56].
The predictions for the pion GFFs are shown in Fig. 2,

where the uncertainties are obtained from the variations
inmf2 and the slopes %̇ε(0) and %̇K(0) mentioned above.
We have checked that errors caused by those of the D-
wave phase and the S-wave Omnès matrix are negligi-
ble. Our results not only agree with ChPT predictions
at small |t| but also comply with analyticity and unitarity
constraints at moderate |t|. Furthermore, they remark-
ably agree with LQCD calculations at an unphysical pion
mass of 170 MeV, and have considerably smaller uncer-
tainties.

NUCLEON FORM FACTORS

The above dispersive treatment can be generalized to
the nucleon case, for which the unitarity relation is de-
picted in Fig. 3. Following the notation of Refs. [71, 72],
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Spatial density profiles 
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• Discontinuity of  and : associated only with  partial waves.


• Partial-wave unitarity 


• Decomposition into ,  matrix elements (conserved separately): 

Aπ Dπ t0
0 , t0

2

JPC = 0++ 2++

Unitarity relation for the pion GFFs

Disc ⟨πa(p′￼)πb (p) ̂Tμν(0) 0⟩ =
δab

2 [Disc Aπ(t)ΔμΔν + Disc Dπ(t)(PμPν − tgμν)]
= 2i

2pπ

t

δab

2 [(Aπ(t))*( 4
3t

p2
π(t0

0(t) − t0
2(t))(PμPν − tgμν) + t0

2(t)ΔμΔν) + (Dπ(t))* t0
0(t)(PμPν − tgμν)]

⟨πa(p′￼)πb (p) ̂Tμν(0) 0⟩ = δab{ 1
3 (gμν −

PμPν

P2 )Θπ(t) + [ΔμΔν +
Δ2

3t (PμPν − tgμν)]Aπ(t)}

Im Aπ(t) =
2pπ

t
(t0

2(t))* Aπ(t)

Im Dπ(t) =
2pπ

t [ 4
3

p2
π

t (t0
0(t) − t0

2(t))* Aπ(t) + (t0
0(t))* Dπ(t)]

⟨πa(p′￼)πb (p) ̂Tμ
μ(0) 0⟩ = δabΘπ(t), Θπ(t) = −

1
2 (4p2

π Aπ(t) + 3tDπ(t))Trace part:



• The BF, for elastic electron scattering, coincides with electron-nucleon center-of-mass frame (CMF)


• BF matrix elements  Three-dimensional Fourier transformation  Charge distribution & Magnetic 
Density

→ →

Breit frame (BF)

33

⃗pe = + ⃗q/2 ⃗p′￼e = − ⃗q/2

⃗P = − ⃗q/2 ⃗P ′￼= ⃗q/2

q = (0, ⃗q)

BF CMF

P P′￼

q = (0, ⃗q)

⟨Ns′￼( ⃗q/2) |J0
EM(0) |Ns(− ⃗q/2)⟩ = 2mN GE( ⃗q2) δs′￼,s,

⟨Ns′￼( ⃗q/2) | ⃗JEM(0) |Ns(− ⃗q/2)⟩ = GM( ⃗q2) χ†
s′￼(i ⃗σ × ⃗q) χs .



Spatial density profiles 

• Consider various densities


Zero-average-momentum frame (ZAMF)


ρEner(r) = mN ∫
d3Δ
(2π)3

e−ir⋅Δ[A (t) −
t

4m2
N

[A (t) − 2J (t) + D (t)]] = ∫
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(2π)3
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t

2mN
D(t)] ,

ρΘ(r) = mN ∫
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e−ir⋅Δ[A (t) −
t

4m2
N

[A (t) − 2J (t) + 3D (t)]] = ∫
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(2π)3

e−ir⋅ΔΘ (t) ,

ρJ(r) = ∫
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(2π)3

e−ir⋅Δ[J (t) +
2
3

t
d
dt

J (t)] ,

pr(r) = mN ∫
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(2π)3

e−ir⋅Δ[ −
1
r2

1

tm2
N

d
dt

t
3
2 D(t)] ≡ p(r) +

2
3

s(r) ,

p(r) =
1

6mN

1
r2

d
dr

r2 d
dr

D̃(r) , s(r) = −
1

4mN
r

d
dr

1
r

d
dr

D̃(r)
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