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Kinetic Equations for Diffusive Fluctuations

WHAT EVOLVES OUT OF EQUILIBRIUM?

How do prepared density correlations evolve, and how do interac-
tions make that evolution depend on history?

1. Stochastic dynamics: conservation, dissipation and thermal noise.

2. Two-time statistical evolution: MSRJD, Keldysh parametrization and
the Dyson equation for F.

3. Physical reconstruction: from F to G* and equal-time covariance;
optional reductions and their scope.
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Kinetic Equations for Diffusive Fluctuations

STOCHASTIC HYDRODYNAMICS: PHYSICAL GOAL

A finite, expanding QCD fluid carries thermal fluctuations:

0,(Jhe + &M =0, 0,(Th. + B') = 0.
Deterministic hydrodynamics propagates and damps
existing perturbations. Kovtun, J. Phys. A 45, 473001 (2012)

Thermal noise continually regenerates fluctuations. Dissipative trans-
port (n, €, k) also sets the thermal-noise strengths.

Kapusta, Muller & Stephanov, PRC 85, 054906 (2012)
A stable diffusive mode: without noise, its initial variance decays; with
thermal noise, it approaches a nonzero equilibrium variance.

Near criticality, enhanced fluctuations relax slowly; a finite-lived fluid

may not equilibrate.
Berdnikov & Rajagopal, PRD 61, 105017 (2000)

Goal: derive how fluctuation correlations evolve from stochastic dy-
namics.

NB: one conserved diffusive scalar, rather than the full relativistic fluid.
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Kinetic Equations for Diffusive Fluctuations

WHY A STATISTICAL EVOLUTION EQUATION?

Same stochastic dynamics; different initial statistical preparations:

(V)a = (¥)B, (6Yq0¥_g)a + (6U6Y_¢)B.

¥ Preparation A b Preparation B
W same mean
(V)
r : . r
smaller fluctuation variance larger fluctuation variance

A and B are initial ensembles: same equations, transport and subsequent noise law.
A finite-lived fluid may retain this preparation information.
Same mean field, different statistical states.

Goal: evolve the two-point correlation directly.
Stephanov & Yin, PRD 98, 036006 (2018); An et al., PRC 102, 034901 (2020)
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Kinetic Equations for Diffusive Fluctuations

FROM CONSERVED DIFFUSION TO THE MSRJD ACTION

Density fluctuation ¥ = n — n; fixed uniform n, constant k > 0.

2
Fald] = [ dx |02+ T+ S — hy
Conservation gives diffusion:
ST
aﬂp + VI — O, ] = —KV <W> + ]noise-
Bh[w] = aﬂP — ’CVQ <66—ih> - 91 0= _v']noise-

Gaussian white noise: x; = (f;, r;), N = —2kTV?.
<9(I1)9(IQ)> = —QICTV%(S(H — fg) 5(3)(1”1 — I’Q).
Constraint — auxiliary field — noise average:

SMSRJID = /dl‘de A %i (Ni)] ; e oMSRID,

Martin et al., PRA 8, 423; Chao & Schafer, JHEP 06 (2023) 057; Chao & Schéfer,
JHEP 01 (2021) 071
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Kinetic Equations for Diffusive Fluctuations

GAUSSIAN BASELINE: RESPONSE AND CORRELATION

Homogeneous Gaussian reference: As = 0, g > 0, T'y > 0; Fourier kernel e*'*7-1a¥,

Ty = iw) g = Kq°hug + Oug, Ty = kq*(m* + q%).
Response to a physical source Correlations generated by noise
GRlxy, 1) = (Wlx1)dlxa)o, Zero source; stationary preparation.
664(11,12) = @(IOTP(IMO- (Gq(t)0-q(t')) = NogS(t — £,
R 1 1 Bus Gy (1, X2) = (69(x1)8%(xs))o.
G():—-' G():(GO)' t r AR / /
[y —iw = [ dt' Gyt —t',q)0,(t),
6{q) No
Ry = U _ pq2GR Gl = GFNy Gy = —,
b= Tshy 10 R I
Static- response check Noise sets the stationary variance
Ifq 1 dw x  Nog
Ry (0, —— = ¥ (G —
l0.q) = T, m’+¢’ Ka om0 T,
Conserved source vertex: ICCIQ. N N White-noise strength Noq stays symbolic.
Retarded response is causal; (¥(x1)P(xg))o = 0. For details, see backup slide B1

At thermal equilibrium, what ties Ny, to the dissipative rate?
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Kinetic Equations for Diffusive Fluctuations

TIME REVERSAL AND FLUCTUATION—DISSIPATION
Equilibrium detailed balance fixes the response-field shift. h = 0.
VIRt ) = ¥(—t, 1), require: STt =S - 4%,

~ ~ 1 6%
IRt ) = —P(—t,r) + = .
L)
Deterministic drift: |[L = —xV?|. Equilibrium TR requires drift-noise matching.

Ceq(T, q) = (SUqlt + T) SV_g(()eq; F = Fnoo, AF = F¢ — F.
Causality + equilibrium TR — FDT (details in B2); T = tresponse — fsource > 0-

Ot 2T
Bylr,q) =~ 3 Cogfr, ) = |G fw,0) = S By, ).
Gaussian FDT consistency via G, Ry, Im G!*:
2T

Gy NogGff = chQIm Gy = 2Tkq*GiGy —  |Nog = 2Tq”.

Operator form: |N = 2TL = —2xTV?|. This reproduces the thermal noise matching.
T Noq
m?+q? T,
Equilibrium TR fixes thermal noise; Gaussian FDT confirms the matching.
Janssen, Z. Phys. B 23, 377; Chao & Schafer, JHEP 01 (2021) 071

Gaussian equilibrium covariance: Cyeq(q) = Txq =

CEP-EFT 2026 | C3NT, Wuhan | 19-22 October 2026 6/24


https://doi.org/10.1007/BF01316547
https://doi.org/10.1007/JHEP01(2021)071

Kinetic Equations for Diffusive Fluctuations

THE CLASSICAL WORKING DESCRIPTION

For thermal slow modes in a matched classical regime,
co — AWenar
kT
Four distinct choices organize the description:

<1 in the target frequency band.

Classical statistics Thermal fluctuations and response
Markov approximation Replace temporal history by local terms
Spatial gradients Resolve a slowly varying background

Loop truncation Choose the interaction diagrams retained

A classical stochastic theory with nonlinear interactions, white and/or
colored noise and nonlocal self-energies.

Liu & Glorioso, PoS TASI2017, 008

Taking a classical limit does not require a short-memory approximation.
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Kinetic Equations for Diffusive Fluctuations

FROM CUBIC INTERACTIONS TO 2Pl SELF-ENERGIES

Quadratic MSRJD: bare Gaussian response and statistical propagators.
Cubic interaction: nonlinear mode coupling and self-energy corrections.

~ Gir Gy 0 G4
= J ) G = - .
Pq (¢ IM ab <621 GQQ GR GK
®[G]: interaction/skeleton part of the 2P1 effective action, built from full G lines.

el
6Gba (IQ, Ii)

Zab(xil IQ) - 2

Opening a line: two-loop 2PI1 skeleton — one-loop self-energies.

P

G =G;! + S[q] (plus-Dyson).

Cornwall et al., PRD 10, 2428; Chao & Schafer, JHEP 06 (2023) 057
Dyson corrects both response and statistical propagators.
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Kinetic Equations for Diffusive Fluctuations

FROM STATIONARY DYSON TO STATISTICAL EVOLUTION

Chao & Schafer, JHEP 06 (2023) 057, Fig. 5
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Left: 6G® = GR — Gl}; right: SC(1) = C(1) — Cpare(T) (classical GX).
Successive stationary Dyson iterations; plotted t = 1 is relative time,

not center time.
These are propagator/correlation corrections, not X plots.

These stationary solutions describe relative-time correlations, not the
center-time evolution of a prepared statistical state.
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Kinetic Equations for Diffusive Fluctuations

MSRJD AND CTP: A CLASSICAL DICTIONARY
1. CTP density-matrix trace 2. Average and difference fields

— f + P
Z[]+,]-] = Tr(Uy, poUy ). b, = b + ¥ 5 Y L b=, — D
Uy, $- . Classical matching: ¥, «— 1;
00 trace  VYa «— rotated/rescaled 1.

i r/a label fields; R/A label response functions.
, U

Adjoint branch, not a TR symmetry.
3. Action difference — classical response

S: real-time action, distinct from 9, and Susrip; Vs = ¥ £ UV /2.

0S|,
St -+ 4] = ST = hl = [ ¢ x vule) 3571 + OL)
CTP: ¥, x EOM «— MSRJD: ¥ &,[1].

The shared G**X response/statistical organization lets us adapt the familiar Keldysh
parametrization to MSRJD variables.

Dissipation and thermal noise require coarse-grained effective-action matching.
Kamenev & Levchenko, Adv. Phys. 58, 197 (2009); Liu & Glorioso,
PoS TASI2017, 008
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Kinetic Equations for Diffusive Fluctuations

THE KELDYSH ANSATZ: WHY INTRODUCE F?

1. Exact local Gaussian starting point
th > ty: Gglty, tyq) = Gilty, ty; q) Cqlta),
ty >t Gylty, tyq) = Colth) Gyt ty; q).

Response carries propagation/time ordering; C,(t) carries the statistical amplitude.
2. Embed local statistics as a two-time kernel

Fioolty, to;q) = Cylti) 6ty —ty) Gy = Gy © Fige + Fioc 0 Gy
3. Allow general relative-time statistical structure

Fioclti, t;q) — Flt, tyq) — | G =GRoF + FoGh
Kamenev & Levchenko, Adv. Phys. 58, 197 (2009)

(AO B)(I1,I2) = /dfg d3X5A(I1,I3)B(I3,I2).

GX: physical correlation; I': evolving statistical kernel, not the memory kernel.
F is generally not an equal-time covariance.
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Kinetic Equations for Diffusive Fluctuations

THE STATISTICAL BLOCK OF THE INVERSE
Dyson acts on the full two-field operator; we need its inverse statistical block.
51 <[é-1]f< <GR>-1> |
(Gh=" 0
In Go G~! = 1, the lower-left block vanishes:

GRo[G 1K + GEo (GM! = 0.
(G = (GR!0 GEo (GY L,
Insert the Keldysh ansatz; cancel only adjacent inverse pairs:
(G = —(GR) " o (GRo F+ Fo GY) o (GY) .
- —(GH 1o GljoF o (G 1= (G toF o?A o (Gh)1.

NG 7

~ ~~

1 1
G = —(GR) Lo F - Fol(GY .
[G~11X: a block of the inverse full matrix.

Kamenev & Levchenko, Adv. Phys. 58, 197 (2009)
For details, see backup slide B3
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Kinetic Equations for Diffusive Fluctuations

THE KINETIC IDENTITY FOR F

With plus-Dyson,

(GRA = (Gt + 2R, G = —Np + 2K
No: bare noise operator symbol.
Insert these into the block identity

(GY)toF + Fol(G))™

N S/
-~

bare dynamics

-  No-Xf —[ZRoF+FoX4.
N—— N - /
statistical/noise source response feedback

Kamenev & Levchenko, Adv. Phys. 58, 197 (2009)

No gradient, Markov, or on-shell approximation is introduced in this algebraic step.
For details, see backup slide B3

An identity becomes an evolution problem only after kernels and

preparation are specified.
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Kinetic Equations for Diffusive Fluctuations

WIGNER TRANSFORM: KEEPING THE EVOLUTION TIME

r = X1 — Xy.

J

f1 + 1o X1 + Xo
—] ) = —_ ) = —_—m—
Y 0 T f1 fQ X 0

Fourier transform the relative coordinates; keep the center coordinates.

F,(T, w;X,q) = /deSP ploT—iqT

T r T r
><F<€T+—,X+—;§T-—,X——>.
2 2 2 2

Kamenev & Levchenko, Adv. Phys. 58, 197 (2009)

ty
1 o T =t +1t))2, T=1 —1
center: evolving statistical state / background

9 relative coordinates: T — w, r —» q
GX(ty, ty) off diagonal

z

W\

:fi

Diagram: physical G* with covariance C on its diagonal.

A change of representation:
The center time I remains the evolution variable.
w resolves relative-time structure; q resolves spatial fluctuation scales.

14/24
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Kinetic Equations for Diffusive Fluctuations

How Two-TIME OPERATORS TRANSFORM

[AOB]W = Aw*Bw.
*x = exp{é <aw5q — Bqaw + %)@661 — %q-ex> } .

W: Wigner transform; arrows indicate which factor is differentiated.

Exact operator composition; no gradient truncation.
Kamenev & Levchenko, Adv. Phys. 58, 197 (2009)

Chain rule, followed by the relative-time Fourier transform:
611 = %aq + aT — [611F}W = (%aq — iw)Fw,

O0r, = %(%f -0, — [04,Flw = (%661 + iw)F,,.
Advancing both observation times changes the center time, not their
separation.
6f1 + 8@ = Oq.

Relative derivatives cancel before Fourier transformation; F, may still depend on w.
For details, see backup slide B3
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Kinetic Equations for Diffusive Fluctuations

GAUSSIAN BALANCE: TWO LEGS AND A NOISE SOURCE

Homogeneous Gaussian baseline: constant parameters, additive white noise, q > 0,
Y. = 0; matched preparation and boundaries.

(307 — iw + Lg)F, + (305 + iw + Ty)F, = Ny,

Two half derivatives — 0+ ; two legs — 2I'; +iw cancel. No frequency projection.
1t6 check for the physical variance C,(t) = (,(t)Y_q4(t)):

d(wqw—q) = (dwq) w—q + wq (dw—q) + dlpq dw—q-

1
= ~ = v q
two relaxing legs one noise source

Plugging Ny, = 2I';Cy 4 into the covariance balance:

5Cq = Cq— Coeq — [0:6C, = —2T'4 6C,.

Two relaxing legs give 2I';; the 1t6 term supplies one noise source.
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Kinetic Equations for Diffusive Fluctuations

AN ANALYTIC RELAXATION BENCHMARK

Homogeneous Gaussian baseline: constant parameters, q > 0, ¥ = 0.

Fw(O\T' w, Q) - CO,eq(Q) + [Fw(qol w, Q) _ CO,eq(Q)} e_qu(q_qO)‘

Cq,ini = Cq(q'()), Fini = q,ini/CO,eq(Q)-

1.8

Fini = 1.8

=== rini=1

rini =0.4

One equilibrium, different
preparations.

Excess variance decays; noise
replenishes a deficit.

The plot uses the matched local
Gaussian construction, F,, = C,.

1.0

Cq(T)/CO, eq (q)

0.4
0 1 2 3
Fq(T_ TO)
The Gaussian baseline relaxes exponentially at rate 2T',,.
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Kinetic Equations for Diffusive Fluctuations

A NONLOCAL SELF-ENERGY SAMPLES THE PAST

t
(X0 Fr)lty, th: q) = / dts Rty — t5, q)Felts, t; q).
Retarded support: u =t — 5 > 0; 1y i_sogn external spectator.
R - R u
(X" o F )T, 1,q) = / duX (u,q)FT<9T — 5 T u;q> :
0

T — w, s = u/2, combine R+ A: L4 — Kl Regular part shown: K, ree — Iy reg-

HareslTo0) = [ A AT = 5,0,0) Kool al.

0
Past statistics at fixed (w, Kernel weightin
(-9 Welgnting Integrate over lag
history A Ko, reg(s,q)
S y regular part memory
& history B> X 3 contribution
earlier now: 7« 0 Precsaenntai.:,clfzees
center time 7 lag s=u/2>0

Same present value, same kernel, different histories: slopes can differ.
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Kinetic Equations for Diffusive Fluctuations

FIXED-KERNEL EVOLUTION OF F WITH MEMORY

Closure: stationary one-loop kernels, evaluated once on Gaussian equilibrium.
RAK _ vRAKA R,AK
P = Y11 [Goeql, O X = 0.

No dynamical 2P| update or short-memory expansion.

05 F, + 2T (Fy — Coeqlq)) = —X*(w, q) + / ds K(s, q)F(T — s, w,q).
0

%(f)ull(s’q) — 9 [eQi“’SZR(Qs,q) + e_inSZA(—QS,Q)J .
Full relative-frequency dependence; contact terms s = 0 treated consistently.
Matched stationary reference of the same equation:

) Nog — 2X(w, q)
Fueqlw, q) = 0Ty + 2R(w, q) + 2w, q)

Subtract the matched stationary equation = closed evolution

6Fy = Fy — Foeq,
078E, + 2Ty 6F, = K %o 6F,.

Same kernels and history prescription: —X* cancels; noise fixes F,, ., and FDT.
xo. causal center-time convolution.
For details, see backup slide B4
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Kinetic Equations for Diffusive Fluctuations

FROM F BACK TO PHYSICAL CORRELATIONS

The two-time kernel contains more information than a single equal-time observable.

Full-frequency route: reconstruct, then take equal time
GRoF +FoGA

Ck(T,q) = GHT,0,q) = /% GNT, w,q).

Equal time is a relative-frequency integral of the physical correlator GX.

Optional reduction: the zero-relative-frequency component
Select one component of the statistical kernel.

W(T,q) = F,(T7,0,q) = /dTFT(Gf,T, q).

This selects information from F; center-time evolution and momentum remain.

Solve the full frequency family, or select a reduced sector.
For details, see backup slide B5
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Kinetic Equations for Diffusive Fluctuations

THREE PROJECTIONS, DIFFERENT PHYSICS

On-shell Equal-time Optional zero-
quasiparticles hydrokinetics frequency sector
How is a propagating How strong are the How do statistics evolve
mode occupied? fluctuations now? with memory?
Occupation near a Direct evolution of W = F,(7,0,q).

narrow real-frequency Cx(T,q): same-time Fixed stationary kernels;
peak. spatial fluctuations. one member of a closed
7q < |Eq|; separated Physical initial statistics frequency family.

modes and controlled and a hierarchy closure. Less frequency work;
gradients. Anetal,  yetain memory, center

Kamenev & Levchenko, @ PRC 102, 034901 (2020)
Adv. Phys. 58, 197 (2009)
Closure is specified first; the zero-frequency choice reduces the
calculation.

NB: for the Gaussian diffusion mode (q¢ > 0), zero real frequency is neither the
complex pole w01 = —iI'y Nor equal time.

time and momentum.
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Kinetic Equations for Diffusive Fluctuations

WHEN CAN W EQUAL AN EQUAL-TIME COVARIANCE?

Matched local Gaussian dynamics
Constant coefficients, additive white noise, compatible preparation; k > 0, q > 0.

FAT,7,q) = CxlT,q)8(1) — F, = Cx — W = Cx.

Responses carry relative-time propagation; F carries the evolving amplitude.

8 Cx = —2Tq(Cx — Coeq) W = Cx.

Same stochastic dynamics and matched initial variance.
m > 0, g <« m: local diffusion limit. An et al., PRL 127, 072301 (2021)

Approximate matching

With Gaussian response and a controlled temporal-Wigner approximation, a fre-
quency average can be represented by W if F,, is sufficiently flat.

With nonlocal memory
W alone may not determine covariance.

Full-frequency reconstruction remains available within the same closure.
For details, see backup slide B5
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Kinetic Equations for Diffusive Fluctuations

WHAT CLOSES THE EVOLUTION PROBLEM?

Present closure:
fixed kernels

Evaluate the one-loop
self-energies on Gaussian
equilibrium and keep them fixed.
Evolve F across the chosen
frequency domain; W is optional.
/Goleq — Z?LAK - .

No self-consistent update; full time-lag
dependence is retained.

Extension:
self-consistent feedback

Evolving response and statistical
propagators update the
self-energies.

The updated self-energies
change the propagators in return.

P

G = Y[G)
Joint evolution of response, statistics
and self-energies.

The earlier result solves stationary self-consistent relative-time Dyson equations;
evolving nonequilibrium feedback is a future extension.

Chao & Schafer, JHEP 06 (2023) 057;

Jingyi Chao, Jianing Yao and Thomas Schaefer, in preparation

The kernels specify the dynamics;

preparation supplies the initial state and history.
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Kinetic Equations for Diffusive Fluctuations

SUMMARY

1. Two-time statistical evolution

MSRJD and the Keldysh parametrization organize prepared
two-point statistics into center-time evolution of F,(T, w, q).

2. Causal memory

Nonlocal self-energies make evolution depend on prepared history.
Fixed kernels retain memory without dynamical self-consistent
feedback.

3. Physical reconstruction

The full relative-frequency equation supports reconstruction of G*
and covariance. Zero frequency is optional; exact covariance
matching holds in the matched local Gaussian benchmark.

Further work: full-frequency reconstruction; dynamical self-consistent feedback.
Thank You for Your Attention!
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Kinetic Equations for Diffusive Fluctuations

CONVENTIONS, NOISE AND PHYSICAL RESPONSE

For e~°, integrate 1 along the imaginary response contour. At fixed
q; space-time integrations are suppressed.

~

s=iu (g T () et =sa,

RA\ 1 R,A ~—11K
Gy )t =D, [GE = —Nag.
Noq: noise strength defined on S05, thermally matched on S06.
Define a physical source by %, = & — [ hy; for constant «,

2T
By = O g6 Gl q) = 2 m By, q)

State-dependent mobility requires a composite source vertex.
Chao & Schafer, JHEP 01 (2021) 071

The retarded/It6 response-loop prescription is distinct from B5’s continuous physical
equal-time limit. Multiplicative noise also needs a matched measure.
Back to S05: response/correlation Back to S06: FDT
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Kinetic Equations for Diffusive Fluctuations

WHY CAUSALITY + EQUILIBRIUM TR GIVES FDT

Chao & Schéafer, JHEP 01 (2021) 071, Appendix A. Project convention.
L=-kV?>0(q>0), N=2TL: constant mobility, equilibrium at h = 0.

FDT within the thermally matched theory; S06 checks Gaussian consistency.
1. Additive Gaussian noise: Onsager—Machlup action and source variation.

SF . ] »
gh—g‘r—/hlp, U—Lw, (%h—lp—l-U—Lh, SOM'h—ﬁ L8y

Normalized expectation: x; = (f;, r;), 6Som n/6h = —&,/(27T).

6;%2? _ <1P(I1)6§lo(¥2')h>c = %(1&(11)@ + Ullxg))e.

2. Apply equilibrium TR to the forbidden-order causality relation.
Reverse both times in that relation: ¥, U are TR-even; 1 is TR-odd.

Alxy, x9) = (Plag)lxg))e,  Blay, x9) = (¥lx1) Ulxy))e.
1 <th: Rp=0 = A(Ii,rg) + B(Ii,l’g) =0,

Rp(xy, x9) =

fy > fy: —A(I1,IQ)—I-B(I1,IQ)=O — A =B — R, =A/T.
Equal OM terms; T = tiesponse — fsource, POSItive Fourier phase etivT,
Ot 2T
Bylr,q) = ~ oo Coglra)| = |G lw,0) = oI Byfu ).

Matched preparation and contact prescription; zero mode excluded from L.
Back to S06: time reversal and FDT
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Kinetic Equations for Diffusive Fluctuations

BLOCK ALGEBRA AND BARE SPATIAL OPERATORS

Ordered multiplication, with time convolutions understood, gives
0 G*\ /=(GH)ToGro(GHt (GH)\ 1
GR GK (GA)—i 0 e
[@—1]1{ _ _(GR>—1 o GK o (GA)—i 7L_ (GK)—i.
The ansatz and plus-Dyson fix both response feedback signs to minus.

Local diffusion only: m > 0, ¢ <« m, constant D = km”. With matched bulk bound-
aries, the right advanced action gives

/ d3 Fi3(—0y, — DV5)65p = (84, — DV5)Fyo.
Dq” xx F = Dq°F — iDq-VyF — 2ViF,
Fxx Dq* = Dq°F +iDq-VxF — 2V%F,

Dq” xx F + F xy Dq* = 2Dq°F — 2V F.
First-order left/right gradients cancel; the second-order center gradient remains. The
homogeneous Gaussian benchmark sets VxF = 0. The full ¢* spatial operator is
outside this check.

Back to S12: inverse block Back to S13: kinetic identity
Back to S15: Wigner operators
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Kinetic Equations for Diffusive Fluctuations

CAUSAL LAGS AND PREPARED HISTORY

Stationary scalar kernels: up 4 > 0; no ordering between external times fy, t,.

ts =t —up < ty: F{T —up/2, T — up) X (ug),

fs =1t —uy < t: FT(O\T —ua/2, T+ llA) ZA(—UA).
Phases e*“": u = 2s gives the 2 in K", a Jacobian distinct from 2T, due to the
two correlation legs.
Prepared history for & < Iy; the causal center-time convolution x5 splits as

T~
(K s SE)T) = / ds K(s, q)6F,(T -5, w,q)
0
+ Jhist (T, w, q),

oo

Juist (T, w, q) = / ds K(s, q)6Fynist (T — s, 0, q).
CiT—OJ-O

Finite microscopic start t;,;: |1| < 2(9 — t;); windowed statistical source:

2(O‘T_tini) )
/ dre"xX(1, q).
—2(T ~tinj)

Microscopic start t;,; differs in role from the center-time split &o. Boundary terms
must also be matched; a remote-past split does not replace them.

Back to S18: causal time shift Back to S19: memory equation

CEP-EFT 2026 | C3NT, Wuhan | 19-22 October 2026 B4



Kinetic Equations for Diffusive Fluctuations

LOCAL RECONSTRUCTION AND INITIAL DATA

Local Gaussian scalar: C,(J) = Cx(T, q); constant I', > 0, ¢ > 0, white noise and
matched Cq,ini-

Fiy = Colt)s(ty — to),  Gfy = e " 0172IC (min(ty, ty)) .
With U(t,s) = e~Tal'=s) propagated initial covariance plus accumulated noise gives

min(tl,tQ)
GiKQ = U(tll tini)cq,iniU(tQ' tini) + / ds U(fi, S)NOQU(th S)'
tini
For ti 9 > fini, future noise is independent of matched initial data. The continuous
coincidence limit uses symmetric endpoint weights, not a new 1t6 loop prescription.

F)(T,w,q) = Cx(T,q),

W(T,q) = F.(T,0,q) = Ck(T, q),
dw
Cx(T,q) = [ 5 Cy(T . w.q)
Exact only for matched local Gaussian dynamics and compatible preparation.
Finite start t,;: physical domain |t| < 2(9 — f,,;). Full-axis transforms need an
explicit extension/window and matched boundary terms; see B4.

Back to S20: reconstruction Back to S22: local matching
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Kinetic Equations for Diffusive Fluctuations

A MOVING TARGET CAN LAG IN A LocAL EQUATION

Local illustration with positive I';(f) and instantaneous target Cg inst(f):

5Cq = Cq - Cq,inst' N(t' t/;Q) - QFq(t)Cq1nst(t)5(t - t/)

Cy = —2I4(t)(Cq — Cqinst), 010Cy = —2I';0Cy — 0¢Cy inst -
fast enough to track? lag can develop
Schematic time-scale comparison 1 Teov,q/ Thg

Schematic crossover, not a sharp boundary.

Tcov,q = QLFq’ Tbg = |at In Cq,insti_1 .
Their ratio is a schematic diagnostic of tracking the moving target.
Moving-target lag is distinct from a nonlocal self-energy.
A nonlocal kernel can change relaxation even in a stationary background.
Stephanov & Yin, PRD 98, 036006 (2018); Akamatsu et al., PRC 95, 014909
Back to S16: Gaussian balance Back to S19: nonlocal memory
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