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Rotation leads to polarization

Condensed matter: Barnett effect

=⇒ spins align under rotation
(due to spin-orbit coupling)

=⇒ non-vanishing magnetization

Non-central heavy-ion collisions:
strong orbital angular momentum

Barnett effect in heavy-ion collisions?

=⇒ hadrons are polarized by vorticity of matter

Z.-T. Liang, X.-N. Wang, PRL 94 (2005) 102301
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Experimental observation - Λ polarization

Λ polarization along angular-momentum direction (“global polarization”)
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L. Adamczyk et al. (STAR), Nature 548 (2017) 62

=⇒ QGP is “most vortical fluid ever observed”

ω ' (9 + 1)× 1021s−1

For comparison:

Great Red Spot of Jupiter ω ' 10−4 s−1

turbulent flow in superfluid He-II ω ∼ 150 s−1

superfluid nanodroplets ω ∼ 107 s−1
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Polarization and hydrodynamics

Assuming local equilibrium on freeze-out hypersurface Σf.o., a formula inspired by
hydrodynamics describes global polarization and local longitudinal polarization
(when neglecting temperature gradients on Σf.o.) quite well

Πµ ∼ εµνρσkν
∫

Σf.o.
dΣ · k

(
$ρσ + 2t̂ρξσλ

kλ

k0

)
f0k

where $ρσ ≡ − 1
2
∂[ρβσ] thermal vorticity a[µbν] ≡ aµbν − aνbµ

ξσλ ≡ 1
2
∂(σβλ) thermal shear tensor a(µbν) ≡ aµbν + aνbµ

βµ ≡ uµ/T thermal 4-velocity, f0k local-equilibrium distribution function
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F. Becattini, M. Buzzegoli, G. Inghirami, I. Karpenko,

A. Palermo, PRL 127 (2021) 272302

(see also S.Y.F. Liu, Y. Yin, JHEP 07 (2021) 188)
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Polarization and spin hydrodynamics

=⇒ Second-order dissipative spin hydrodynamics
N. Weickgenannt, D. Wagner, E. Speranza, DHR, PRD 106 (2022) 096014, PRD 106 (2022) L091901

D. Wagner, PRD 111 (2025) 016008

Conservation equations

∂µJ
µ = 0

∂µT
µν = 0

~ ∂µSµ,νλ = T [λν]

Relaxation equations for dissipative quantities

τΠΠ̇ + Π = −ζ θ + . . .

τn∆µν ṅν + nµ = κ∇µα + . . .

τπ∆µν
αβ π̇

αβ + πµν = 2η σµν + . . .

τt∆
µν
αβ ṫ

αβ + tµν =
d

T
σµν + . . .

Ȧ ≡ u · ∂A, ∆µν ≡ gµν − uµuν , ∆µναβ ≡
1
2 ∆(µ

α∆
ν)
β −

1
3 ∆µν∆αβ

=⇒ dynamical solution of spin hydrodynamics
Sapna, S. K. Singh, D. Wagner,

PRC 112 (2025) 5, 054902

=⇒ spin hydrodynamics can describe
local longitudinal polarization!
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Solving spin hydrodynamics

Equations of motion (EoM’s) of spin hydrodynamics are solved perturbatively in ~
=⇒ Decompose Tµν = 1

2
T (µν) + 1

2
T [µν]

where: 1
2
T (µν) = ε uµuν − (P + Π)∆µν + πµν ∼ O(1)

while: ~Sµ,νλ ∼ O(~2) , T [µν] = − ~
2

∫
dΓ Σµνks C [f ] ∼ O(~2)

Σµνks ≡ −
1
m ε
µναβkαsβ dipole moment tensor, C[f ] collision term in Boltzmann equation

EoM’s to O(~): ∂µJ
µ = 0 , ∂µT

(µν) = 0 , plus relaxation equations for Π, nµ, πµν

Note: effect of spin d.o.f.’s enters equation of state (EoS) at order O(~2)!

=⇒ To order O(~), EoM’s are identical to EoM’s of ordinary dissipative fluid dynamics,

spin dynamics does not affect bulk evolution!

Spin dynamics at order O(~2): ~ ∂µSµ,νλ = T [λν] , τt∆
µν
αβ ṫ

αβ + tµν =
d

T
σµν + . . .

=⇒ solve spin dynamics on background given by ordinary dissipative fluid dynamics!

However: EoM’s of spin hydrodynamics are not solved self-consistently to order O(~2)

=⇒ Need to account for T [µν] ∼ O(~2) in ∂µT
µν = 0

=⇒ Need to account for O(~2) corrections in EoS =⇒ this talk!
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Conservation laws and pseudo-gauge ambiguity

Conservation laws

Charge ∂µĴ
µ = 0

Energy-momentum ∂µT̂
µν = 0

Angular momentum ∂µĴ
µ,νλ = 0

with: Ĵµ,νλ = xνT̂µλ − xλT̂µν + ~ Ŝµ,νλ
=⇒ ~ Ŝµ,νλ = T̂ [λν]

Conserved charges

Q̂ =

∫
Σ

dΣµĴ
µ

P̂ν =

∫
Σ

dΣµT̂
µν

Ĵνλ =

∫
Σ

dΣµĴ
µ,νλ

with Σ Cauchy hypersurface

remain invariant under:

Pseudo-gauge transformations

Ĵ ′µ = Ĵµ + ~ ∂λB̂λµ

T̂ ′µν = T̂µν +
~
2
∂λ
(

Φ̂λ,µν − Φ̂µ,λν − Φ̂ν,λµ
)

Ŝ ′µ,νλ = Ŝµ,νλ − Φ̂µ,νλ + ~ ∂ρẐνλ,µρ

B̂λµ = −B̂µλ, Φ̂λ,µν = −Φ̂λ,νµ, Ẑνλ,µρ = −Ẑλν,µρ = −Ẑνλ,ρµ
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Grand partition function

Z = Tr exp

[
−
∫

Σ

dΣµ

(
T̂µνbν − αĴµ −

1

2
ΩνλĴ

µ,νλ

)]
F. Becattini,

PRL 108 (2012) 244502

bν , α, Ωνλ Lagrange multipliers to control mean values of energy-momentum,
charge, and angular momentum

(α reduced chemical potential, Ωνλ reduced spin potential)

=⇒ introduce thermal 4-velocity βν = bν + Ωνλx
λ

Z = Tr exp

[
−
∫

Σ

dΣµ

(
T̂µνβν − αĴµ −

~
2

ΩνλŜ
µ,νλ

)]

=⇒ Density operator ρ̂ =
1

Z exp

[
−
∫

Σ

dΣµ

(
T̂µνβν − αĴµ −

~
2

ΩνλŜ
µ,νλ

)]

=⇒ Define thermodynamic-potential 4-current φµ via lnZ =

∫
Σ

dΣµφ
µ − v.e.v.

v.e.v. = 0 for Boltzmann statistics
F. Becattini, D. Rindori, PRD 99 (2019) 125011
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Global equilibrium with rotation and acceleration

α = const. , bν = const. , Ωνλ = const.

=⇒ thermal 4-velocity is Killing vector: ξνλ = 1
2
∂(νβλ) = 0

=⇒ thermal vorticity equals reduced spin potential: $νλ = − 1
2
∂[νβλ] = Ωνλ = const.

=⇒ define fluid 4-velocity uν via βν ≡ βuν =⇒ u · u = 1

=⇒ inverse temperature: β ≡
√
β · β ≡ 1/T

=⇒ Z = Tr exp

(
−bν P̂ν + αQ̂ +

1

2
ΩνλĴνλ

)
ρ̂ =

1

Z exp

(
−bν P̂ν + αQ̂ +

1

2
ΩνλĴνλ

)

Q = Tr
(
ρ̂ Q̂
)

=
∂ lnZ
∂α

∣∣∣∣
bρ,Ωστ

=

∫
Σ

dΣµ
∂φµ

∂α

∣∣∣∣
bρ,Ωστ

Pν = Tr
(
ρ̂ P̂ν

)
= − ∂ lnZ

∂bν

∣∣∣∣
α,Ωστ

= −
∫

Σ

dΣµ
∂φµ

∂bν

∣∣∣∣
α,Ωστ

Jνλ = Tr
(
ρ̂ Ĵνλ

)
=

∂ lnZ
∂Ωνλ

∣∣∣∣
α,bρ

=

∫
Σ

dΣµ
∂φµ

∂Ωνλ

∣∣∣∣
α,bρ

Note: Z pseudo-gauge invariant!
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Conserved currents from thermodynamic-potential 4-current

=⇒ Define local quantities via

Jµ(x) ≡ dQ
dΣµ

= Tr
[
ρ̂ Ĵµ(x)

]
=

∂φµ(x)

∂α

∣∣∣∣
bρ,Ωστ

Tµν(x) ≡ dPν

dΣµ
= Tr

[
ρ̂ T̂µν(x)

]
= − ∂φµ(x)

∂bν

∣∣∣∣
α,Ωστ

Jµ,νλ(x) ≡ dJνλ

dΣµ
= Tr

[
ρ̂ Ĵµ,νλ(x)

]
=

∂φµ(x)

∂Ωνλ

∣∣∣∣
α,bρ

(?)

Using
∂

∂α

∣∣∣∣
bρ,Ωστ

=
∂

∂α

∣∣∣∣
βρ,Ωστ

,
∂

∂bν

∣∣∣∣
α,Ωστ

=
∂

∂βν

∣∣∣∣
α,Ωστ

,

∂

∂Ωνλ

∣∣∣∣
α,bρ

=
∂

∂Ωνλ

∣∣∣∣
α,βρ

− xν
∂

∂bλ

∣∣∣∣
α,Ωστ

+ xλ
∂

∂bν

∣∣∣∣
α,Ωστ

=⇒ Jµ(x) =
∂φµ(x)

∂α

∣∣∣∣
βρ,Ωστ

, Tµν(x) = − ∂φµ(x)

∂βν

∣∣∣∣
α,Ωστ

, ~Sµ,νλ(x) =
∂φµ(x)

∂Ωνλ

∣∣∣∣
α,βρ

(??)

Caveat: holds if one neglects contributions from boundary of Σ!
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Gibbs-Duhem and Euler relations, first law of thermodynamics

=⇒ Equations (?), (??) give rise to:

Gibbs-Duhem relation

dφµ = Jµdα− Tµνdbν +
1

2
Jµ,νλdΩνλ = Jµdα− Tµνdβν +

~
2
Sµ,νλdΩνλ (+)

Define entropy 4-current Sµ via: S = −Tr (ρ̂ ln ρ̂) =

∫
Σ

dΣµ S
µ

=⇒
Euler relation

φµ = Sµ + Jµα− Tµνbν +
1

2
Jµ,νλΩνλ = Sµ + Jµα− Tµνβν +

~
2
Sµ,νλΩνλ (∇)

=⇒
First law of thermodynamics

dSµ = −α dJµ + bν dTµν − 1

2
Ωνλ dJµ,νλ = −α dJµ + βν dTµν − ~

2
Ωνλ dSµ,νλ

In global equilibrium, ∂µφ
µ = 0, and conservation laws imply ∂µS

µ = 0
(∆)

=⇒ lnZ, S independent of hypersurface Σ!
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Thermodynamic-potential 4-current

As antisymmetric tensor, reduced spin potential can be decomposed as:

Ωµν = β
(
u[µκν] + εµναβuαωβ

)
κµ = −TΩµνuν acceleration-like 4-vector (“electric”), κ2 ≡ −κ · κ
ωµ = T

2
εµναβuνΩαβ rotation-like 4-vector (“magnetic”), ω2 ≡ −ω · ω

=⇒ tetrad uµ, ωµ, `µ ≡ Lµ√
−L·L , ξµ ≡ κµ + κ·ω

ω2 ωµ Lµ ≡ εµναβuνκαωβ

=⇒ φµ = φu u
µ + φξ ξ

µ + φω ω
µ + φ× `

µ

One can show Daher, Wagner, Shokri, DHR [arXiv:2609.31819[nucl-th]] that φξ = φω = 0

Denoting φu ≡ β P, φ× ≡ βP× =⇒ φµ = β P uµ + β P× `
µ

(�)

In homogeneous equilibrium, Ωνλ = `µ = 0, β = const., P(α, β) = const.

=⇒ lnZ =
∫

Σ
dΣµ φ

µ = β P
∫

Σ
dΣµ u

µ ≡ β P V

=⇒ P is thermodynamic pressure!

In accelerating and rotating equilibrium, however,
β = β(x), P = P(x), P× = P×(x), uµ = uµ(x), `µ = `µ(x)
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Longitudinal and transverse Euler relations

Projecting Euler relation (∇) onto uµ

=⇒
Longitudinal Euler relation

ε+ P = T s + µ n +
~
2
ωνλS

νλ

ε ≡ uµT
µνuν energy density

s ≡ uµS
µ entropy density

n ≡ uµJ
µ charge density

Sνλ ≡ uµS
µ,νλ spin tensor

µ = Tα chemical potential
ωνλ = TΩνλ spin potential

Projecting Euler relation (∇) onto `µ

=⇒
Transverse Euler relation

q×+P = T s×+µ n×+
~
2
ωνλS

νλ
×

q× ≡ −`µTµνuν
s× ≡ −`µSµ
n× ≡ −`µJµ
Sνλ× ≡ −`µSµ,νλ

cf. also W. Florkowski, M. Hontarenko, PRL 134 (2025) 082302
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Longitudinal and transverse Gibbs-Duhem relations

Projecting Gibbs-Duhem relation (+) onto uµ

=⇒
Longitudinal Gibbs-Duhem relation

dP = s dT + n dµ+
~
2
Sνλdωνλ +

(
P×`

µ − uνT
νλ∆ µ

λ

)
duµ

New term! cf. A.D. Gallegos, U. Gursoy, A. Yarom, [arXiv:2203.05044 [hep-th]]

=⇒ fluid 4-velocity becomes independent thermodynamic variable!

=⇒ s =
∂P

∂T

∣∣∣∣
µ,ωστ ,uρ

, n =
∂P

∂µ

∣∣∣∣
T ,ωστ ,uρ

, ~Sνλ =
∂P

∂ωνλ

∣∣∣∣
T ,µ,uρ

Note: T , uρ = const. ⇐⇒ βρ = const. ⇐⇒ $στ = const. !

Projecting Gibbs-Duhem relation (+) onto `µ

=⇒
Transverse Gibbs-Duhem relation

dP× = s× dT +n× dµ+
~
2
Sνλ× dωνλ+

(
P`µ + `νT

νλ∆ µ
λ

)
duµ

=⇒ s× =
∂P×
∂T

∣∣∣∣
µ,ωστ ,uρ

, n× =
∂P×
∂µ

∣∣∣∣
T ,ωστ ,uρ

, ~Sνλ× =
∂P×
∂ωνλ

∣∣∣∣
T ,µ,uρ
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Integral identities for the pressure

With s = ∂P
∂T

∣∣
µ,ωστ ,uρ

, s× =
∂P×
∂T

∣∣∣
µ,ωστ ,uρ

and the longitudinal/transverse Euler relations

=⇒
T 2 ∂(P/T )

∂T

∣∣∣∣
µ,ωστ ,uρ

= −P + s = ε− µn −
~
2
ωνλS

νλ

T 2 ∂(P×/T )

∂T

∣∣∣∣
µ,ωστ ,uρ

= −P× + s× = q× − µn× −
~
2
ωνλS

νλ
×

=⇒
P = T

∫ T

0

dT ′

T ′ 2

(
ε− µn − ~

2
ωνλS

νλ

)
µ,ωστ ,uρ

P× = T

∫ T

0

dT ′

T ′ 2

(
q× − µn× −

~
2
ωνλS

νλ
×

)
µ,ωστ ,uρ

F. Becattini, A. Daher, X.-L. Sheng,

PLB 850 (2024) 138533

(I1)

On the other hand, with Eqs. (??), (�) and longitudinal/transverse Gibbs-Duhem rel.’s

=⇒ ε = −uµuν
∂φµ

∂βν

∣∣∣∣
α,Ωστ

= −
∂(βP)

∂β

∣∣∣∣
α,Ωστ ,uρ

, q× = −`µuν
∂φµ

∂βν

∣∣∣∣
α,Ωστ

= −
∂(βP×)

∂β

∣∣∣∣
α,Ωστ ,uρ

=⇒
P =

1

β

∫ ∞
β

dβ′ ε|α,Ωστ ,uρ

P× =
1

β

∫ ∞
β

dβ′ q×|α,Ωστ ,uρ

V.E. Ambrus, A. Gecić, [arXiv:2509.17640 [hep-th]]

(I2)
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Maxwell relations

Visualizing integration in (T , µ, ωµν) space
ω

µ

T

µν

(I1) P = T
∫ T

0
dT ′
T ′ 2

(
ε− µn − ~

2 ωνλS
νλ
)
µ,ωστ ,uρ

(I2) P = 1
β

∫∞
β

dβ′ ε|α,Ωστ ,uρ

P twice cont. differentiable ⇐⇒ Maxwell relations ⇐⇒ integration path-independent

Maxwell relations

∂n

∂T

∣∣∣∣
ωστ

=
∂s

∂µ

∣∣∣∣
ωστ

,
∂s

∂ωµν

∣∣∣∣
µ

= ~ ∂Sµν

∂T

∣∣∣∣
µ

,
∂n

∂ωµν

∣∣∣∣
T

= ~ ∂Sµν

∂µ

∣∣∣∣
T

=⇒ Provided: (i) Maxwell relations hold,

(ii) P(0, µ, ωµν) = 0 (which holds, e.g., for Boltzmann statistics),

=⇒ both integral identities yield identical results!

Note: not automatically fulfilled in every pseudo-gauge!
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Wigner function for massive spin-1/2 particles

Wigner function

Wαβ(x , k) =

∫
d4y e−ik·y

〈
: ρ̂ ˆ̄ψβ

(
x +

y

2

)
ψ̂α
(
x − y

2

)
:
〉

Dyson-Schwinger equation[
kµ
(
γµ +

i~
2
∂µ

)
−m

]
W (x , k) = Icoll

In equilibrium, Icoll = 0

=⇒
Mass-shell constraint and equation of motion(

k2 −m2 − ~2

4
�

)
W (x , k) = 0 , k · ∂W (x , k) = 0 (♦)

Clifford decomposition

W =
1

4

(
F + iγ5P + γµVµ + γ5γ

µAµ +
i

4
[γµ, γν ]Sµν

)
=⇒ From Eqs. (♦): only F and components of Aµ transverse to kµ are independent!

A. Daher, D. Wagner, M. Shokri, D.H. Rischke Global equilibrium at O(~2) 17/24



Distribution function in extended phase space

Assign spin 4-vector sµ to (anti-)particles, extend phase space:

=⇒ dΓ ≡ dK dS(K) , dK ≡ d4k

(2π~)4
, dS(K) ≡

√
k2

3π2
d4s δ(k · s)δ(s · s + 3)

=⇒
∫

dS(K) = 2 ,

∫
dS(K) sµ = 0 ,

∫
dS(K) sµsν = −2

(
gµν −

kµkν

k2

)

=⇒
Distribution function

f(x , k, s) =
1

2
[F(x , k)− sµAµ(x , k)]

F(x, k) ≡
∫

dS(K) f(x, k, s)

Aµ(x, k) ≡
∫

dS(K) sµ f(x, k, s)
(♣)

For on-shell particles:

f(x , k, s) = 4π~m θ(k0) δ
(
k2 −m2 − F (k)

) [
f +(x , k, s) + f −(x , k, s)

]
Assume global equilibrium and Boltzmann statistics:

f ±eq (x , k, s) ≡ exp

(
−βµkµ ± α +

~
4

ΩµνΣµνks

)
Σµνks ≡ −

1
m ε

µναβkαsβ

dipole-moment tensor

=⇒ From mass-shell constraint (♦): Feq(k) ≡ − ~2

4
$ λ
µ $λνk

µkν

=⇒ modified mass-shell condition: m2 = kµ
(
gµν +

~2

4
$ λ
µ $λν

)
kν
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Three pseudo-gauges I

Canonical

JµC =

∫
dK

∂Vµ

∂α

TµνC =

∫
dK kν Vµ

Sλ,µνC = −
1

2
ε
λµνα

∫
dK Aα

de Groot – van Leeuwen – van Weert (GLW)

JµGLW =

∫
dK kµ

∂F
∂α

TµνGLW =

∫
dK kν

(
Vµ +

~
2m

∂λSλµ
)

Sλ,µνGLW = −
1

2

∫
dK

[
ε
λµναAα +

1

m

(
kµSνλ − kνSµλ

)]

Using mass-shell constraint and equation of motion, Eq. (♦), as well as Eq. (♣),

up to order O(~2) one obtains:

Canonical

JµC =
1

m

∫
dΓ

[
kµ
(

1−
~2

4m2
�

)
+

~
2

Σµλks ∂λ

]
∂f(x, k, s)

∂α

TµνC =
1

m

∫
dΓ kν

[
kµ
(

1−
~2

4m2
�

)
+

~
2

Σµλks ∂λ

]
f(x, k, s)

Sλ,µνC = −
1

2
ε
λµνα

∫
dΓ sαf(x, k, s)

GLW

JµGLW =
1

m

∫
dΓ kµ

∂f(x, k, s)

∂α

TµνGLW =
1

m

∫
dΓ kµkν f(x, k, s)

Sλ,µνGLW =
1

2m

∫
dΓ kλ

[
Σµνks

−
~

2m

(
kµ∂ν − kν∂µ

)]
f(x, k, s)
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Three pseudo-gauges II

Canonical

JµC =
1

m

∫
dΓ

[
kµ
(

1−
~2

4m2
�

)
+

~
2

Σµλks ∂λ

]
∂f(x, k, s)

∂α

TµνC =
1

m

∫
dΓ kν

[
kµ
(

1−
~2

4m2
�

)
+

~
2

Σµλks ∂λ

]
f(x, k, s)

Sλ,µνC = −
1

2
ε
λµνα

∫
dK sαf(x, k, s)

GLW

JµGLW =
1

m

∫
dΓ kµ

∂f(x, k, s)

∂α

TµνGLW =
1

m

∫
dΓ kµkν f(x, k, s)

Sλ,µνGLW =
1

2m

∫
dΓ kλ

[
Σµνks

−
~

2m

(
kµ∂ν − kν∂µ

)]
f(x, k, s)

=⇒ Blue term in GLW pseudo-gauge can be eliminated by a further pseudo-gauge

transformation! D. Wagner, PRD 111 (2025) 016008

=⇒

kinetic theory

Jµ =
1

m

∫
dΓ kµ

∂f(x, k, s)

∂α

Tµν =
1

m

∫
dΓ kµkν f(x, k, s)

Sλ,µν =
1

2m

∫
dΓ kλ Σµνks f(x, k, s)

cf. W. Israel, Lett. Nuovo Cim. 7 (1973) 860
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Conserved currents in kinetic-theory pseudo-gauge

Note: although in global equilibrium Ωµν ≡ $µν , keep them distinct at first

Reason: partial derivatives of pressure performed at $µν = const.

=⇒ also T ′, β′ integrations performed at $µν = const.

=⇒ Decompose $µν = β
(
u[µaν] + εµναβuαbβ

)
, a2 ≡ −a · a, b2 ≡ −b · b

=⇒ General structure of conserved currents in kinetic-theory pseudogauge:

Jµ = n uµ + ~2nµ×

Tµν = ε uµuν − P ∆µν + ~2q
(µ
× uν) + ~2ΠΩ

[
κµκν + ωµων + ∆µν

(
κ2 + ω2

)]
+ ~2Π$

[
aµaν + bµbν + ∆µν

(
a2 + b2

)]
~Sλ,µν = ~2

[
uλ
(
Au[µκν] + B εµναβuαωβ

)
+ C ∆λ[µκν] + D u[µεν]λαβuαωβ

]
n = n0 + ~2

[
n2κ κ2 + n2ω ω

2 + n2a a
2 + n2b b

2
]

ε = ε0 + ~2
[
ε2κ κ2 + ε2ω ω

2 + ε2a a
2 + ε2b b

2
]

nµ× = n×L L
µ + n×K Kµ, qµ× = q×L L

µ + q×K Kµ, Kµ ≡ εµναβuνaαbβ
where n0, n2κ , n2ω, n2a, n2b, ε0, ε2κ , ε2ω, ε2a, ε2b,

n×L, n×K , q×L, q×K , ΠΩ, Π$, A, B, C , D are functions of α, β
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Thermodynamic consistency of kinetic-theory pseudo-gauge

Consequences:

(i) Tµνuν = εuµ + ~2qµ×

=⇒ ε is not time-like eigenvalue of Tµν , uµ is not corresponding eigenvector

=⇒ uµ is not fluid 4-velocity in Landau frame

(ii) with ε, n, Sµν ≡ uλS
λ,µν , compute thermodynamic pressure P from Eqs. (I1), (I2)

=⇒ agreement!

(iii) n = βP tanhα =⇒ ideal gas equation of state!

(iv) check validity of n =
∂P

∂µ

∣∣∣∣
T ,ωστ ,uρ

, ~Sµν =
∂P

∂ωµν

∣∣∣∣
T ,µ,uρ

=⇒ fulfilled!

(v) check consistency: s =
∂P

∂T

∣∣∣∣
µ,ωστ ,$στ

≡ β
(
ε+ P − µn − ~

2
ωνλS

νλ

)
=⇒ fulfilled!

(vi) check validity of Maxwell relations

=⇒ fulfilled!

=⇒ kinetic-theory pseudo-gauge is thermodynamically consistent!
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GLW and canonical pseudo-gauge

GLW pseudo-gauge:

(i) Since nGLW = n, but SνλGLW 6= Sνλ, third Maxwell relation not fulfilled!

(ii) Since Tµν
GLW = Tµν =⇒ εGLW = ε =⇒ PGLW = P if computed from Eq. (I2),

but because SνλGLW 6= Sνλ, PGLW 6=P if computed from Eq. (I1)

=⇒ GLW pseudo-gauge is thermodynamically inconsistent!

Canonical pseudo-gauge:

(i) If Ωµν and $µν are strictly kept distinct, canonical pseudo-gauge is
thermodynamically inconsistent!

(ii) However: by an educated application of Ωµν = $µν in some selected terms,
it can be made thermodynamically consistent!
(for details, see Daher, Wagner, Shokri, DHR [arXiv:2609.31819[nucl-th]])
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Conclusions and Outlook

Derived thermodynamic relations for system in global equilibrium with acceleration
and rotation

=⇒ thermodynamic-potential 4-current φµ = β P uµ + β P× `
µ

=⇒ longitudinal and transverse Euler and Gibbs-Duhem relations

=⇒ fluid 4-velocity becomes thermodynamic variable

Thermodynamic consistency requires validity of Maxwell relations

=⇒ integral identities for thermodynamic pressure yield identical results

Explicitly computed conserved currents, thermodynamical quantities for massive

spin-1/2 Boltzmann particles in kinetic-theory, GLW, canonical pseudo-gauge

Mass-shell modification at order O(~2): m2 = kµ
(
gµν +

~2

4
$ λ
µ $λν

)
kν

In global equilibrium, Z pseudo-gauge invariant,

while local thermodynamic quantities (n, ε, P, s, Sµν) depend on pseudo-gauge

Thermodynamic consistency:
kinetic-theory pseudo-gauge X

GLW pseudo-gauge −
canonical pseudo-gauge (X)

Outlook: Investigate role of boundary terms for thermodynamic consistency
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Back-up
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Longitudinal & transverse first law of thermodynamics

Projecting first law of thermodynamics (∆) onto uµ

=⇒
Longitudinal first law

dε = T ds + µ dn +
~
2
ωνλdSνλ −

(
P×`

µ − uνT
νλ∆ µ

λ

)
duµ

=⇒ T =
∂ε

∂s

∣∣∣∣
n,Sστ ,uρ

, µ =
∂ε

∂n

∣∣∣∣
s,Sστ ,uρ

, ~ωνλ =
∂ε

∂Sνλ

∣∣∣∣
s,n,uρ

Projecting first law of thermodynamics (∆) onto `µ

=⇒
Transverse first law

dq× = T ds×+µ dn×+
~
2
ωνλdSνλ× −

(
P`µ + `νT

νλ∆ µ
λ

)
duµ

=⇒ T =
∂q×
∂s×

∣∣∣∣
n×,Sστ× ,uρ

, µ =
∂q×
∂n×

∣∣∣∣
s×,Sστ× ,uρ

, ~ωνλ =
∂q×
∂Sνλ×

∣∣∣∣
s×,n×,uρ
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