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Rotation leads to polarization

Condensed matter: Barnett effect

—> spins align under rotation
(due to spin-orbit coupling)

= non-vanishing magnetization

Non-central heavy-ion collisions:
strong orbital angular momentum

Barnett effect in heavy-ion collisions?

= hadrons are polarized by vorticity of matter
Z.-T. Liang, X.-N. Wang, PRL 94 (2005) 102301

. CVIEW LETTE week ending
PRL 94, 102301 (2005) PHYSICAL REVIEW LETTERS 15 MARCH 2005

Globally Polarized Quark-Gluon Plasma in Noncentral A + A Collisions

Zuo-Tang Liang' and Xin-Nian Wang™'
"Department of Physics, Shandong University, Jinan, Shandong 250100, China
“Nuclear Science Division, MS 70R0319, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
(Received 25 October 2004; published 14 March 2005)

her, D. Wagner, M. Shokri, D.H. Rischke

CRC-TR2n



Experimental observation - A polarization FHF CRC-TR21

A polarization along angular-momentum direction (“global polarization™)

< | A 2050 ] L. Adamczyk et al. (STAR), Nature 548 (2017) 62
gk S A this study 4
|e=f t ® Aithis study 1 —> QGP is “most vortical fluid ever observed”
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For comparison:
o Great Red Spot of Jupiter w ~ 10™*s

-1

o turbulent flow in superfluid He-Il w ~ 15057*

o superfluid nanodroplets w ~ 107 s™!
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Polarization and hydrodynamics CRC-TR2nt
Assuming local equilibrium on freeze-out hypersurface ¥¢,., a formula inspired by

hydrodynamics describes global polarization and local longitudinal polarization
(when neglecting temperature gradients on X¢,.) quite well

A
M- ~ et?Pok, f):f dY - k <wpg + 21?,).5(,)\%) fok J
0. 0

where @,, = —10|,8,] thermal vorticity aluby) = aub, — a,b,
or = %8(6,8” thermal shear tensor a(uby) = auby + avby
B* = u"/T thermal 4-velocity, fox local-equilibrium distribution function
N x10-%
T T T T =
» -50% — A, model =
T é:eAdl—tgvgnsgo/;tcrgT{iaoLs incl. | --- A, model || 2T -
s ¥ ¥ ASTAR []
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F. Becattini, M. Buzzegoli, G. Inghirami, |. Karpenko,
A. Palermo, PRL 127 (2021) 272302
(see also S.Y.F. Liu, Y. Yin, JHEP 07 (2021) 188)

I. Karpenko, F. Becattini, NPA 967 (2017) 764
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Polaization and spinhycrodynamics | HFHF acm

= Second-order dissipative spin hydrodynamics
N. Weickgenannt, D. Wagner, E. Speranza, DHR, PRD 106 (2022) 096014, PRD 106 (2022) L091901

D. Wagner, PRD 111 (2025) 016008

Relaxation equations for dissipative quantities

Conservation equations mil+MN=—C+...
A", + 0t =2 Vi¢a+ ...

8" =0
8, T" =0 AR £t = 2met
ha,LS“’"A _ T[)\u] TtAZEiaB 4 = %UV/V + ..

A=u 0A, AW =g —utu”, AR = 1AW AV~ LAFY AL,

b AGTAR)

s Isp

—> dynamical solution of spin hydrodynamics ]
Sapna, S. K. Singh, D. Wagner, g ]
PRC 112 (2025) 5, 054902 g:

0.0

= spin hydrodynamics can describe —-0.5

local longitudinal polarization! I P S
0 1 2 3
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Solving spin hydrodynamics C(RC-TRn

Equations of motion (EoM'’s) of spin hydrodynamics are solved perturbatively in &
— Decompose TH = %T(W) + %T[HV]

where: 3 T0) = e utu” — (P 4 M)A™ + 7 ~ O(1)

while: hS*" ~ O(R?) , T = —L LT EEef] ~ O(12)

= 7#5’“’“5/(045,; dipole moment tensor, €[f] collision term in Boltzmann equation

EoM'sto O(h):  8,J" =0, 8, T¥) =0, plus relaxation equations for I, n", 7" J

Note: effect of spin d.o.f.'s enters equation of state (EoS) at order O(h?)!
= To order O(h), EoM’s are identical to EoM'’s of ordinary dissipative fluid dynamics,

spin dynamics does not affect bulk evolution!

v v | Z8rKe v a v
Spin dynamics at order O(%#?): E8,5"" = T VAN By = ?UH —|—J

—> solve spin dynamics on background given by ordinary dissipative fluid dynamics!
However: EoM's of spin hydrodynamics are not solved self-consistently to order (’)(h2)
— Need to account for T ~ O(#?) in 8, T =0

= Need to account for O(h?) corrections in EoS == this talk!
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Consenvation aws and peeudo-gouge ambiguiy HF Hf acm

Conservation laws Conserved charges

Charge 9,J" =0 Q= [ dz, J*
Energy-momentum 9, 7" =0 >
fuw B = [ dx, T
Angular momentum 8, J*** =0 /z &
with: J4 = T8 ey g G 2 = [az, g
— RS = TV *

with ¥ Cauchy hypersurface
remain invariant under:

Pseudo-gauge transformations

J* = J* + horBM
a a h A A A

v _ pv W ARV JHAV BV
e = 2 4 20 (¢ & é )

B2 S,V YTRDN SUN,
Gk — GuA _ Ay g, 2uNme

B — _§u>\7 Prmnv — _@A,vu, JVNkp — _gAViup — _ ZVA.pp
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Grand partition function CRC-TR2nt

Z = Trexp |:_ / dzu (-f-;wby _ oz.]\“ _ l Qukjp‘,l/)\)] J F. Becattini,
x 2 PRL 108 (2012) 244502

b,, a, Q,, Lagrange multipliers to control mean values of energy-momentum,
charge, and angular momentum

(c reduced chemical potential, Q,,, reduced spin potential)

— introduce thermal 4-velocity (. = b, + Qx> }

2 = Trexp [_/dzﬂ <7’"ll«l’5u _ aju _ ng\gu’M)} J
X

— Density operator p = %exp [—/d):“ ('IA"“’BU S ZQM@L’MHJ
b

—> Define thermodynamic-potential 4-current ¢* via InZ = / d¥,¢" — v.e.v.J
b

F. Becattini, D. Rindori, PRD 99 (2019) 125011

v.e.v. = 0 for Boltzmann statistics

A. Daher, D. Wagner, M. Shokri, D.H. Rischke Global equilibrium at O (h



Global equilibrium with rotation and acceleration CRC-TR21

«a = const., b, =const., ,, = const. J

= thermal 4-velocity is Killing vector: &\ = %8(,,@) =0
= thermal vorticity equals reduced spin potential: @, = —%B[WBM = (2,, = const.
= define fluid 4-velocity u, via 8, = fu, =— uv-u=1
== inverse temperature: 3 =/3-5=1/T
— Y A 1 TUA ~ 1 Y A 1 TUA
Z=Trexp | —b,P +aQ—|—§QMJ p:E exp | —0,P —|—a@—|—§QMJ
A olnZ ol
Q:Tr(ﬁ@): :/d): o
Jda b S2r s " O b S2r
” AL dlnZ oot
P =Tr(pP") = — =— [ dX
(o#) b, |, q /Z "0, | g,
A dInZ "
vA A TUA
! ' (pJ ) O |0, /Z “ 00 |,

Note: Z pseudo-gauge invariant!
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Conserved currents from thermodynamic-potential 4-current CRC-TR 211

== Define local quantities via

dQ A 9¢H(x)
H = — =T R =
S0 = g5 r[p 2] = =5 o
dP” o 99" (x) (*)
Wy | ———— (e = — *
O d¥, i [pT (X)] o aq,.,
. dJu)\ s O (x
I = G = Tr [0 ()] = gT(A)
2 v a,bp
Using aly, 0, aly o 00 laa,. 00 laa,.
0 0 v 0 A0
00 lan,  Oxlag, 90 la 0, 80 la 0o
w L 7
= =W ey o WX gy o 9X)
o g, 0, 0Bv lag,, 0x Lo,

(%)

Caveat: holds if one neglects contributions from boundary of X!
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G Do an i s, st o wemomoncs [ H iy

= Equations (%), (x*) give rise to:

Gibbs-Duhem relation

d¢" = J*da — T*db, + %J*"”*dﬂm = J*da — T*dB, + g S 4Q,, | ()

Define entropy 4-current 5" via: S=-Tr(pInp) = / s, SMJ
b

Euler relation

¢ =S* + JFa— T*b, + %J“””\QM =St 4 JFa— T8, + g 51, | (V)

First law of thermodynamics

h

w Qu TRON
5 Slua ds

(A)

dS* = —adJ* + b, dT* — % QurdI™" = —adJ* + B, dTH —

In global equilibrium, 9,¢* = 0, and conservation laws imply 9, 5" = 0

= InZ, S independent of hypersurface X!
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Thermodynamic-potential 4-current C(RC-TRn

I

!

I

As antisymmetric tensor, reduced spin potential can be decomposed as:

Q,uu = B (U[#%V] + euuaﬁuawﬁ> J

s = —TQ"u, acceleration-like 4-vector (“electric”), »* = —s -

wh = TPy, Q.5 rotation-like 4-vector (“magnetic”), w’ = —w - w
b {L¥ . “w

tetrad u¥, WM, MM = Vel e e J [F = PPy, pwp

' = Py ut + P & + do W+ D
One can show Daher, Wagner, Shokri, DHR [arXiv:2609.31819[nucl-th]] that ¢¢ = ¢, =0

Denoting ¢y = 8P, ¢ = BP. — ¢H =BPu+B8P. 1" JE®)

In homogeneous equilibrium, Q,\ = ¢ =0, 8 = const., P(a, ) = const.
InZ= [ d5,¢"=BP [ dT, u* =3PV
P is thermodynamic pressure!

In accelerating and rotating equilibrium, however,
B = B(x), P=P(x), P. = P.(x), u* = u*(x), (" =1"(x)
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ongtuival and rnsse Bt rotons | HFHF ey

= g i
Projecting Euler relation (V) onto u* e=uu,T™u,  energy density

s=u,S" entropy density
Longitudinal Euler relation n=u,J" charge density
5 \ S = 4, 5" spin tensor
e+P=Ts+pun+ 5 wyaS” p=Ta chemical potential
wx = T spin potential
Projecting Euler relation (V) onto ¢/
= _ 1224
Transverse Euler relation 9= 6“7; ty
b sy =—0,5
Gx+P =T sx+unt+z wya S ny = —£,J*
S = —p, 50

cf. also W. Florkowski, M. Hontarenko, PRL 134 (2025) 082302
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Longiudinal and ranvere Gios Duten retations [ [+

Projecting Gibbs-Duhem relation (+) onto u*

Longitudinal Gibbs-Duhem relation
dP = sdT + ndu + ’22 § 2w + (Pot = u, TAAL) du,

New term! cf. A.D. Gallegos, U. Gursoy, A. Yarom, [arXiv:2203.05044 [hep-th]]
—> fluid 4-velocity becomes independent thermodynamic variable!

oP 9P oP
T,u,u J

—— = —— , = —
oT ou Owyx
Note: T, u, = const. <= [, = const. <= w,, = const. !

; hsuA

HyWoT,Up Ty“"aﬂ'y”p

Projecting Gibbs-Duhem relation (+) onto ¢/

Transverse Gibbs-Duhem relation

dPyx = sx dT +ny du+ }22 S dw, + (Pﬁ” + 4, TMA,\”) duy,

, RS =

T,p,up J

vaa-ryup
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Integral identities for the pressure FHF CRC-TR2n

. _ 9P _ P . . .
With s = 5% PR Sx = 57 and the longitudinal/transverse Euler relations

HyWor,Up
aP/T h
T2 (P/T) = —P+s=c—pn— =w,S"
oT HsWoT,Up 2
T2 o(P./T) =P, 45, = — un —Ew s
7@7’ e ) X X qx 22 5 A
WoTstp
T dT’ h A F. Becattini, A. Daher, X.-L. Sheng,
P=T | 5 |e—nn—35wnS PLB 850 (2024) 138533
— 0 oo, tp

(1)

T !
dT h N
P, = T/ <q — pny — = wuaSy )
: o T2\ T2 : Boor tip

On the other hand, with Egs. (%*), () and longitudinal /transverse Gibbs-Duhem rel.’s

— e=—uuu o¢" Gl g« =—Cl,u o¢” __9(BPx)
= - v == —F s G = by == —F
0By laa,. 98 la0,r,up 0By laa,. LG P S
1 > , V.E. Ambrus, A. Geci¢, [arXiv:2509.17640 [hep-th]]
P=- dﬁ 6|a,§2[,.r,up
—— /8 B

(12)
—_— 1 < /
Px = B/ﬂ dg qx|a,nw,up
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Maxwell relations CRC-TR2n1

Visualizing integration in (T, i, w,. ) space

(l)uv

(1) P=T ] 455 (= = un— % winS™)

HoWoT s Up

_ 1 [oo ’
(12) P= 3% [5°dB" elpan,.

P twice cont. differentiable <— Maxwell relations <= integration path-independent

Maxwell relations

osH”
oT

on

Owpw

_ s
=&

Js
Owpy

on

osH
3T i

m

I

Wor Wor I3 T T

= Provided: (i) Maxwell relations hold,
(ii) P(0, pt,wu) = 0 (which holds, e.g., for Boltzmann statistics),
—> both integral identities yield identical results!

Note: not automatically fulfilled in every pseudo-gauge!
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Wigner funcion for masshespn-1/2 parices [ HfF

ngner functlon

Waslx,k) = [[d'y e (s p s (x+ 3) b (x= 5) 5)

Dyson-Schwinger equation

|:ku (w a %‘au) _ m:| W (x, k) = leo

In equilibrium, Iy = 0

Mass-shell constraint and equation of motion

- 2
(kz—m2—h—D)W(x,k):0, k-oW(x,k)=0 |(0)

Clifford decomposition

1 ) i v
== <f+ 5P + vV + 57" Au + ﬁ [, ]S;w>

= From Egs. (0): only F and components of A,, transverse to k are independent!
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Distribution function in extended phase space CRC-TR21

Assign spin 4-vector s* to (anti-)particles, extend phase space:

— d*k k2
= = p— 4 . .
df =dKdS(K), dK = @) dS(K) = 3.2 d s (k-s5)d(s 5+3)J
— /dS(K) =2, /dS(K)s“ =0, /dS(K)s“s” =-2 (g‘“’ - kif)

Distribution function

F(x, k) E/dS(K) §(x, k, 5)
i, K, 5) = 5 [, ) = 5 A, )

Au(x, k) = /dS(K)sN f(x, k, 5)

For on-shell particles:
f(x, k,5) = 4rhmO(ko) § (k* — m* — F(k)) [f"(x, k,s) + £~ (x, k,5)]

Assume global equilibrium and Boltzmann statistics:

fef(x, k,s) = exp <—,B“k” +a+ ; QWZZL5”> J T = - e P kass

dipole-moment tensor

= From mass-shell constraint (0): Feq(k) = —%zw#kwwk“k"
2
—> modified mass-shell condition: m? = kM (g;w + %w“hw/\y> K J
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Three pseudo-gauges | FHF CRC-TR2n

de Groot — van Leeuwen — van Weert (GLW)

oF
JE = /dK Ko

h
TAY =/de” B g — 958™*
GLw (V + 5 O

1

X, pv Apv 1 1

Sz ry _ —56 w a/dK.Aa 52[57 E/dK |:6)\p,ucx A, (kp.SV)\ kVS’L)‘)]
m

Using mass-shell constraint and equation of motion, Eq. (0), as well as Eq. (&),

up to order O(%2) one obtains:

Of(x, k, 5)
Jow = /dl’k“ —
JE == /dr [k“ <1 = 4_\]) + 2 h ):‘“‘8 :| 3f(’; k, s) GLW o
«
1 h? h Téw = /dl’ KM KY §(x, k, 5)
T =— /dr k¥ [k“ (1 = 4—2D) +3 z;‘jaA] f(x, k, 5) N
" " S = /dl’k [zt

3|~ 3|k

GLW

1
I —— M“‘1/¢1rsa ks s h

2 Se f(x, k, 5) _2—(k”8" — kY 9")] (x, k, 5)
m

A. Daher, D. Wagner, M. Shokri, D.H. Rischke Global equilibrium at O(h*



e peudogaueesit L HFHF aem

1 Af(x, k, 5)
Jew = ;/dl’k“ ~ba

1 2 h 9§(x; k, 5)
J“=_/dr ki (1- 220 + 2529 — ?
= [ ( am? > T2t R Tag 1
1 B2 R Teiw = m /dl’ Kk §(x, K, 5)
Té“’=—/drk” k1= =0 + S E20x | §0x k, 9) 1
= D) 5 S’ = 5 [ ari* [t
Gw = ke
2m

1
shwv = -5 e /szaf(x, k, s)

—%(k“a" — k”0")] §(x, k, 5)

—> Blue term in GLW pseudo-gauge can be eliminated by a further pseudo-gauge
transformation!  D. Wagner, PRD 111 (2025) 016008

kinetic theory

m=l /dr Kt —af(’; o0
_— rln « cf. W. Israel, Lett. Nuovo Cim. 7 (1973) 860
I R GO
m

1
sh = — /dl’ K TV 5(x, K, 9)
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Conserved currents in kinetic-theory pseudo-gauge CRC-TR21

Note: although in global equilibrium €, = @, keep them distinct at first
Reason: partial derivatives of pressure performed at w,, = const.

—> also T', B’ integrations performed at w,, = const.
—> Decompose w"” = (u[“a"] + e‘“’"‘ﬂuabg), a®=—-a-a b>=—-b-b
== General structure of conserved currents in kinetic-theory pseudogauge:
S =nu 4+ Kt
T =eutu” — PA“"+E2 (“uy + Mg [%“%V—Fw“w”—l—A’W (%2+w2)}
. [a“a" + BB + AP <a2 + b2)]

ASMH — B2 [UA (A ult o Be”mﬁuawﬁ) A p u[“e"]mﬁuaw,‘g]

n=no+ K2 [nz,f 22 4 Now W2+ Noa a® + nop b2]

€ = €0+ I? [e2 3 + €20 W + €2, 3" + €26 b7

e =ny L' 4 n K, gl = g L'+ gur K'Y, K= "By, a, by
where ng, na.., Naw, N2a, N2p, €0, €25, €2, €22, E2b,

Ny, Nxi, Gxi, gxk, Mo, MNe, A, B, C, D are functions of «, 8
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Thermodynamic consistency of kinetic-theory pseudo-gauge CRC-TR 211

Consequences:
(i) T u, =eu + h2q‘x‘
—> ¢ is not time-like eigenvalue of T#”, u* is not corresponding eigenvector
=—> u" is not fluid 4-velocity in Landau frame
(i) with g, n, S* = uyS™*”, compute thermodynamic pressure P from Egs. (11), (12)
—> agreement!

(iii) n= pBPtanha == ideal gas equation of state!

(iv) check validity of n= or . hSH = op
6"" T,wor,up awl“’ T, p,up
== fulfilled!
(v) check consistency: s = g—l_;,_ =B <5 + P —pun— gwMSM)

HWor ,Wor

— fulfilled!

(vi) check validity of Maxwell relations
= fulfilled!

—> kinetic-theory pseudo-gauge is thermodynamically consistent!
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GLW and canonical pseudo-gauge FHF CRC-TR2n

GLW pseudo-gauge:
(i) Since nguw = n, but Sy # S§Y*, third Maxwell relation not fulfilled!
(ii) Since T4, =T = eaw =¢ == Pgw = P if computed from Eq. (12),
but because S5\, # S”*, Paw # P if computed from Eq. (11)
—> GLW pseudo-gauge is thermodynamically inconsistent!

Canonical pseudo-gauge:

(i) If Q.. and w,, are strictly kept distinct, canonical pseudo-gauge is
thermodynamically inconsistent!

(i) However: by an educated application of Q,,, = @/, in some selected terms,
it can be made thermodynamically consistent!
(for details, see Daher, Wagner, Shokri, DHR [arXiv:2609.31819[nucl-th]])
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Conclusions and Outlook HFHF CRC-TR2n

o Derived thermodynamic relations for system in global equilibrium with acceleration
and rotation

= thermodynamic-potential 4-current g+ — gpPy* 4 B P, ¥ J

—> longitudinal and transverse Euler and Gibbs-Duhem relations

—> fluid 4-velocity becomes thermodynamic variable

o Thermodynamic consistency requires validity of Maxwell relations

= integral identities for thermodynamic pressure yield identical results
o Explicitly computed conserved currents, thermodynamical quantities for massive
spin-1/2 Boltzmann particles in kinetic-theory, GLW, canonical pseudo-gauge
h2

o Mass-shell modification at order O(h?):  m® = k* (g;w T Zw/\wm/) k" J

o In global equilibrium, Z pseudo-gauge invariant,
while local thermodynamic quantities (n, €, P, s, S"”) depend on pseudo-gauge
o kinetic-theory pseudo-gauge v/
o Thermodynamic consistency: o GLW pseudo-gauge -
o canonical pseudo-gauge (V)

Outlook: Investigate role of boundary terms for thermodynamic consistency
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Back-up
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Longiudinal & vranverse s o of hermodynanics: HF Hf ey

Projecting first law of thermodynamics (A) onto u*

Longitudinal first law

h
de = Tds + pdn + 5 w,xdS" — (Pxeﬂ —u T“A;‘) du,,
85 85 85
= T = — _ it =
05|, cor, & on|, cor, W a5 |, . J
el 5 sUp Ny Up

Projecting first law of thermodynamics (A) onto ¢/

Transverse first law

h [N " VA “w
dgx = T dsy +pdny +2 w,adSY — (Pe +0, TN ) du,,
3qx 3CI>< VA 8q><
— T = s = 9 h =
aSX ne,S°7T u u 8n>< s ,S9T u “ 352’\ J
X2 1Hp X12% slp Sx 5 sUp
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