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Introduction 
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Hydro-method for heavy ion collisions

Initial state 
Description of early time-

dynamics and thermalization

Hydrodynamic expansion of 
quark-gluon-plasma (QGP)

Description of QGP as a 
relativistic dissipative fluid

Transport description 
of hadron gas

Description of hadronic 
rescattering and decays

hydrodynamization freeze-out 
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Hydro-method for heavy ion collisions

ØHydrodynamic equations come from the conservation laws:

Initial 
conditions  

Solving 
hydrodynamic 

equations  

Freeze-out 
procedure  

Experimental 
data

Energy-momentum conservation Particle number conservation
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Fluctuations exist in dissipative systems

ØAccording to the fluctuation-dissipation theorem, every system 
that dissipates must also fluctuate:

Ø Introduce stochastic noises in hydrodynamic equations:

Deterministic

Stochastic

Callen and Welton (1951); Kubo (1966)
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Average over stochastic noises

ØUsing the Martin-Siggia-Rose-De Dominicis-Jansses (sometimes 
called MSR) approach, the average of an observable can be 
expressed as: Martin, Siggia and Rose (1973); De Dominicis (1976); Janssen (1976)

Gaussian noise:

Solution of stochastic equation:

Auxiliary field: 
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Effective field theory for hydrodynamics 

Ø The classical MSR approach can be viewed as a special case of 
the modern Schwinger-Keldysh approach.

Classical fields

Noise fields

ØGenerally, the effective Lagrangian has the form:

Haehl, Loganayagam and  Rangamani, JHEP (2017);  Crossley, Glorioso and Liu, JHEP (2017);
Jensen, Pinzani-Fokeeva and Yarom, JHEP (2018).
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Interaction effects
ØTwo-point correlation functions satisfy the Dyson equation:

Exact propagator Free propagator Self-energy

ØThe free propagator ���
(�)(�, �) decays exponentially for � > �:

advanced

retarded

symmetric
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Interaction effects
ØTwo-point correlation functions satisfy the Dyson equation:

Exact propagator Free propagator Self-energy

ØThe corrections from interactions are given by 

ØHow do these corrections evolve?
   Answering this requires analyzing the analytic structure of �.

advanced

retarded

symmetric
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Perturbative expansion of 
self-energy
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Perturbative expansion of self-energy

ØSelf-energy is the sum of 1PI diagrams: 
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ØThree types of free propagators and a lot of interaction vertices:

ØThe number of Feynman diagrams is large.



Example: Nonlinear Brownian motion

ØEffective Lagrangian for nonlinear Brownian motion:

ØThe corresponding equation of motion is:

Damping coefficient: � Nonlinear coupling: � Background temperature: �� 

Glorioso and Liu, PoS TASI2017 (2018)
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Example: Nonlinear Brownian motion

ØEffective Lagrangian for nonlinear Brownian motion:
Glorioso and Liu, PoS TASI2017 (2018)

DLW and Pu, in preparation

Number of 
loops two three four five six seven eight

Phi4-theory 1 2 6 19 75 317 1622

Brownian 
motion (���) 1 5 31 283 3201 43611 692260

Phi4tools

Sberveglieri and Spada, JHEP (2024)
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ØThe number of 1PI Feynman diagrams:



Complicated loop integrals

ØThe loop integral for a 1PI diagram contributing to �, with � loops 
and � internal edges (propagators), has the form 

• �� denotes the �-th internal momentum.
• ��(��) denotes the �-th propagator carrying momentum ��.
• � and �′ are functions of coupling constants and momenta.

denominator
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ØEach diagram involves a complicated loop integral.



Determine singularities 
without integration
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Singularities of a function

�

�

��(��) = ��(��)

ØConsider a function defined by 

ØSuppose that the integrand has 
two poles at  ��(�) and ��(�).

ØWhen � → ��, the poles ��(�) and 
��(�) approach each other from 
opposite sides of integration path. 

�� is a singularity of �(�)

Eden et al. The Analytic S-Matrix (1966)
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A simple example
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ØConsider the integral:

ØContinuously change � from Im � < � to 
Im � > � and deform the integration path 
(blue) to avoid the poles (red).

ØAs � → i�, the integration path becomes pinched 
between two poles. � = i� is a singularity.



Landau equations

ØSingularities of ���
� (�) are solutions of the Landau equations:

ØTo determine the locations of singularities, it suffices to consider 
only solutions with �� ∈ (�, �) for all �.

Landau (1959); Eden et al. The Analytic S-Matrix (1966).
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Landau equations

ØSingularities of ���
� (�) are solutions of the Landau equations:

ØThis method was originally developed in quantum field theory. It 
has recently also been applied to hydrodynamics.

Landau (1959); Eden et al. The Analytic S-Matrix (1966).
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Abbasi, Davody, and Tahery, PRD (2024); Abbasi and Rischke, JHEP (2024); 
Abbasi, Kaminski, and Rischke, JHEP (2025)



Solving Landau equations: gapped mode

ØSolving the Landau equations for Banana 
diagrams, we obtain the singularities: 
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ØApply this method to nonlinear Brownian motion, whose 
propagators are 

Number of loops

ØThe linear mode is 



Solving Landau equations: gapped mode

ØSolving the Landau equations for Banana 
diagrams, we obtain the singularities: 
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ØApply this method to nonlinear Brownian motion, whose free 
propagators are 

−��

−���

−���

�-plane

Increase 
loops

Number of loops

ØThe linear mode is 



Solving Landau equations: diffusion mode

ØSolving the Landau equations for Banana 
diagrams, we obtain the singularities: 
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ØIn the diffusion theory with one 
diffusive charge, the linear mode is 

diffusive constant

−���2

�-plane

−���2/�
−���2/�

Increase 
loops

−���2/�

See also:
Delacrétaz, SciPost Phys (2020); 
Grozdanov, Lemut, Pelaič, and Soloviev, PRD (2024)



Solving Landau equations: general mode

ØThe singularities corresponding to Banana diagrams are
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ØGenerally, the linear mode has the following form, where the 
index � labels different lines in a diagram



Beyond Banana diagrams
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ØSuppose that �� and �� vanish. Singularities 
corresponding to general 1PI diagrams are: 

diagrams with 2 vertices

diagrams with more vertices  



Late-time relaxation
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Results for (1+0)D systems
ØIn (1+0)-dimensional systems, all poles of the self-energy ��� 

should be integer multiples of the basic pole: 

ØIn (1+0)-dimensional systems, interactions induce new decaying 
modes with rates that are integer multiples of the basic decay rate:

: integer
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Singular behavior in (1+�)D 
ØThe singular part of the loop integral �(�) arises from the 

integration region around the solution of Landau equations. 
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ØThe dominant singular part takes the form:

Polkinghorne and Screaton, Nuovo Cim. (1960)

�: number of loops, �: number of vertices,  �: number of vanishing ��

ØIn most cases, the singularities are branch points.



Late-time relaxation in (1+�)D
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ØPerforming the inverse Fourier transform from � to � and 
deforming the contour, we obtain the late-time behavior

ØFor gapless singularities, as � → �, the dominant 
contribution of each singularity is 

�: number of loops, �: number of vertices,  �: number of vanishing ��



Late-time relaxation in (1+�)D
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ØAs � → �, the contribution from the banana diagram (� = �) with 
the minimum number of loops (� = �min) and the leading Landau 
singularity (� = �) is: 

ØThe number, �min, is also related to the lowest-order nonlinearity 
in the equation of motion:



Late-time relaxation in (1+�)D

Late-Time Relaxation from Landau Singularities     Dong-Lin Wang2026-10-21 31

ØThe number, �min, is also related to the lowest-order nonlinearity in 
the equation of motion:

ØA nonlinear term in the equation of motion corresponds to an 
interaction term in the Lagrangian:

One a-field
  � + �min r-fields



Summary
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Summary
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ØInteractions generate nonzero self-energy, whose singularities 
correspond to nonlinear relaxation modes.

ØLandau singularity analysis identifies the singularities by solving 
algebraic equations, without explicit loop integration. 

ØNonlinear nonhydro modes decay faster than their linear 
counterparts, whereas nonlinear hydro modes decay more slowly.

ØThe power-law decay exponent is determined by spatial dimension 
and lowest nonlinearity in equations of motion.



Backup
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Regularization

ØRegularization in loop diagrams:
Gao, Glorioso and Liu, JHEP (2020)

�: a positive integer �: frequency cutoff

ØLoop diagrams with only 1 vertex are regularized to zero:

∝

∝

Jain and Kovtun, PRL (2022)
advanced

retarded

symmetric
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Simplify Landau equations 

ØThe original Landau equations are 
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ØIf ��(��) is a polynomial of ��, we can write it as 

ØSimple zeros:



Simplify Landau equations 

ØFor leading Landau singularities (�� ≠ �), the Landau equations 
become
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Vanishing diagrams
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ØIf a diagram contains a subloop which is made of only advanced 
propagators, then the corresponding loop integral is zero.

advanced 
property


