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• Lattice QCD (small 𝜇𝐵 finite 𝑇):
• Crossover (2nd order phase transition)

• Effective models (large 𝜇𝐵 )
• 1st order phase transition

→ Critical End Point

→ Heavy-ion collisions :

• tuning 𝑠𝑁𝑁 ,mapping QCD phase diagram:   

RHIC(BES),NICA,FAIR,J_PARC,HIAF….

QCD phase diagram

W.J.Fu et al., PRD 77, 014006
S.X.Qin et al., PRL. 106, 172301
K. Fukushima et al, PPNP. 72, 99

Y. Aoki et al, Nature 443, 675 (2006).
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Net-proton fluctuations with Beam Energy Scan

• Characteristic feature of critical point: 
• long range correlation 
• large fluctuations

• Non-monotonicity net-proton fluctuations

M.Stephanov, 2410.02861

STAR, Phys.Rev.Lett. 135, 142301

Wei-jie Fu, et al., PRD 111, L031502 (2025)

𝒔𝑵𝑵

𝝌𝟒/𝝌𝟐
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Net-proton fluctuations with Beam Energy Scan

• Characteristic feature of critical point: 
• long range correlation 
• large fluctuations

• Non-monotonicity net-proton fluctuations

M.Stephanov, 2410.02861

STAR, Phys.Rev.Lett. 135, 142301

Wei-jie Fu, et al., PRD 111, L031502 (2025)

Ideal！

𝒔𝑵𝑵

𝝌𝟒/𝝌𝟐
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HIC is a hybrid process

Observables
Hadronic
Afterburner

EoS

Relativistic Viscous 
Hydrodynamics + 

Criticality

Transport coefficients

Initial State Freeze-out
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Critical fluctuations at Freezeout

Observables
Hadronic
Afterburner

EoS

Relativistic Viscous 
Hydrodynamics + 

Criticality

Transport coefficients

Initial State Freeze-out
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• Freeze-out: fluid to particles

𝑒 𝑥, 𝑡 , 𝑛 𝑥, 𝑡 , 𝑢𝜇 𝑥, 𝑡 →
𝑑3𝑁

𝑑𝑦 𝑑2𝑝⊥

Freeze-out the critical fluctuations

• Freeze-out with fluctuations: Maximum Entropy

𝑒 𝑥, 𝑡 + 𝛿𝑒, 𝑛 𝑥, 𝑡 + 𝛿𝑛, 𝑢𝜇 𝑥, 𝑡 + 𝛿𝑢𝜇 →
𝑑3𝑁

𝑑𝑦 𝑑2𝑝⊥
+

𝑑3𝛿𝑁

𝑑𝑦 𝑑2𝑝⊥
M.S.Pradeep, M.Stephanov, Phys.Rev.Lett.130.16
J.M.Karthein, K.Rajagopal, M.S.Pradeep et al., Phys.Rev.D. 113.074010
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CEPFreezeout profile

• Equilibrium fluctuations: fRG(Wei-jie Fu, 

et al., PRD 111, L031502 )
• Freeze-out: fluid to particles

𝑒 𝑥, 𝑡 , 𝑛 𝑥, 𝑡 , 𝑢𝜇 𝑥, 𝑡 →
𝑑3𝑁

𝑑𝑦 𝑑2𝑝⊥

Particlization from hydro

• BES hydro(Du, Gao, Jeon, Gale, PRC 109 

(2024) 014907)
• Inhomogeneous QGP fireball: 

Fluid cells occupy a large area of 
phase diagram

R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912
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𝒑

Δ𝑌𝑎𝑐𝑐𝑒𝑝𝑡

Δ𝑌𝑡𝑜𝑡𝑎𝑙

𝒏

• Freeze-out: fluid to particles

𝑒 𝑥, 𝑡 , 𝑛 𝑥, 𝑡 , 𝑢𝜇 𝑥, 𝑡 →
𝑑3𝑁

𝑑𝑦 𝑑2𝑝⊥

Modeling the Particlization
R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912

• Finite acceptance cut: Δ𝑌𝑎𝑐𝑐𝑒𝑝𝑡 < Δ𝑌𝑡𝑜𝑡𝑎𝑙
𝑃 ΔYaccept = 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 ∗ 𝑃(ΔYtotal)

• Proton-baryon cut:proton detected, Isospin 
symmetry(M. Kitazawa and M. Asakawa, PRC 85, 021901)

𝑃 𝑝 = 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 ∗ 𝑃(𝑝 + 𝑛)

• Global conservation: subensemble acceptance method (Vovchenko, Koch, 

Shen, PRC 105, 014904)
𝑃𝑖𝑛
𝑐𝑒 = ∑𝑃𝑖𝑛

𝑔𝑐𝑒
𝑃𝑜𝑢𝑡
𝑔𝑐𝑒

𝛿𝑖𝑛+𝑜𝑢𝑡, 𝑏𝑎𝑟𝑦𝑜𝑛
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Net-proton fluctuations after Particlization
R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912

• Particlizations process do impacts on the 
cumulants

• Better agreement with measurements
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Net-proton fluctuations after Particlization
R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912

• More pronounced non-monotonic 
fluctuations with increasing acceptance

Rapidity

Transverse 
momentum
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Dynamics of critical fluctuations

Observables
Hadronic
Afterburner

EoS

Relativistic Viscous 
Hydrodynamics + 

Criticality

Transport coefficients

Initial State Freeze-out
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Theory far away from QCD critical point

Hydrodynamics:
• d.o.f:  fluid cell with 

𝑒 𝑥, 𝑡 , 𝑛 𝑥, 𝑡 , 𝑢𝜇 (𝑥, 𝑡)

• Energy-momentum conservation
𝜕𝜇𝑇

𝜇𝜈 = 0

• Charges conservation 
𝜕𝜇𝑁

𝜇 = 0

H.Song et al, Phys.Rev.Lett. 106, 192301

Great success in heavy-ion collisions

Pure hydro is Macroscopic 𝝁𝑩

𝑻
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Hydrodynamics + fluctuations:
• d.o.f:  fluid cell with 
𝑒 𝑥, 𝑡 + 𝛿𝑒, 𝑛 𝑥, 𝑡 + 𝛿𝑛, 𝑢𝜇 𝑥, 𝑡 + 𝛿𝑢𝜇

• Energy-momentum conservation
𝜕𝜇(𝑇

𝜇𝜈 + 𝛿𝑇𝜇𝜈) = 0

• Charges conservation 
𝜕𝜇(𝑁

𝜇 + 𝛿𝑁𝜇) = 0

Theory CLOSE to QCD critical point

Correlation length comparable, 
requires Critical Fluctuations d.o.f

𝝁𝑩

𝑻
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Example: Charge conservation (𝝏𝝁𝑵
𝝁 = 𝟎)

• Charge current:
𝑁𝜇 = 𝑛𝑢𝜇 + 𝐷Δ𝜇𝑛

⇒ 𝜕𝑡𝑛 = 𝐷∇2𝑛
diffusion

• Charge current near critical point
𝑁𝜇 = 𝑛𝑢𝜇 + 𝐷Δ𝜇𝑛 + 𝛿𝑁𝜇

⇒ 𝜕𝑡𝑛 = 𝐷∇2𝑛 + 𝑛𝑜𝑖𝑠𝑒
Stochastic diffusion (hydro fluctuations)

Stochastic differential equations for simulation

Sakaida et al, PRC.95.064905(2017)
G.Pihan et al., PRC.107.014908(2022)
SW PRC 111,014915(2025)

15/24



Deterministic hydro fluctuations

• Example: stochastic diffusion
𝜕𝑡𝑛 = 𝐷∇2𝑛 + 𝑛𝑜𝑖𝑠𝑒

• Correlator equations:

𝜕𝑡𝑊2 𝒒 = −2𝐷𝑞2[𝑊2 𝒒 −𝑊2
𝑒𝑞
]

➢ Λ = qmax: renormalization is easier to implement

➢ statistics economical

Deterministic hydro fluctuations are amenable to simulation

𝚫𝐱
X.An et al, Phys.Rev.Lett.127,072301

Y.Akamatsu et al, Phys.Rev.C.95,014909
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Fick to Maxwell-Cattaneo diffusion

• 𝑁𝜇 = 𝑛, 𝑱 : Fick current  → Maxwell-Cattaneo current:
𝑁𝜇 = 𝑛𝑢𝜇 + 𝐷Δ𝜇𝑛 + 𝛿𝑁𝜇 → 𝜏𝜕𝜇𝑁

𝜇 + 𝑁𝜇 = 𝑛𝑢𝜇 + 𝐷Δ𝜇𝑛 + 𝛿𝑁𝜇

• Maxwell-Cattaneo diffusion (2pt.):
➢ 𝜕𝑡𝑊𝑛𝑛 = 2𝑊𝑔𝑛;

➢ 𝜕𝑡𝑊𝑔𝑛 = −𝜏−1𝑊𝑔𝑛 −
𝛾

𝜏
𝒒1
2𝑊𝑛𝑛 +𝑊𝑔𝑔;

➢ 𝜕𝑡𝑊𝑔𝑔 = −2[𝜏−1𝑊𝑔𝑔 +
𝛾

𝜏
𝑊𝑛𝑔 +

𝜆

𝜏2
𝒒1 ⋅ 𝒒2]

• Maxwell-Cattaneo diffusion (3pt.):
➢ 𝜕𝑡𝑊𝑛𝑛𝑛 = 3𝑊𝑔𝑛𝑛;

➢ 𝜕𝑡𝑊𝑔𝑛𝑛 = −𝜏−1𝑊𝑔𝑛𝑛 −
𝛾

𝜏
𝒒1
2𝑊𝑛𝑛𝑛 + 2𝑊𝑔𝑔𝑛 − 2

𝛾

𝜏

′
𝑊𝑛𝑛𝑊𝑛𝑛;

➢ 𝜕𝑡𝑊𝑔𝑔𝑛 = −2 𝜏−1𝑊𝑔𝑔𝑛 +
𝛾

𝜏
𝒒2
2𝑊𝑔𝑛𝑛 +𝑊𝑔𝑔𝑔 − 2

𝛾

𝜏

′
𝒒1
2𝑊𝑛𝑔𝑊𝑛𝑛

➢ 𝜕𝑡𝑊𝑔𝑔𝑔 = −3[𝜏−1𝑊𝑔𝑔𝑔 +
𝛾

𝜏
𝒒3
2𝑊𝑔𝑔𝑛 +

𝛾

𝜏

′
𝒒1
2𝑊𝑛𝑔𝑊𝑛𝑔]

N.Abbasi, X.An, SW, Phys.Rev.D 114.054033

Fick diffusion:

𝜕𝜏𝑊𝑛𝑛 𝒒 = −2𝐷𝑞2[𝑊𝑛𝑛 𝒒 −𝑊𝑛𝑛
𝑒𝑞
]

Similar for 4pt.

17/24

W𝑛𝑛 = ⟨𝛿𝑛𝛿𝑛⟩,𝑊𝑔𝑛 = ⟨𝛿 ሶ𝑛𝛿𝑛⟩



Maxwell-Cattaneo diffusion near critical point

• Transport coefficients: from Ising mapping N.Abbasi, X.An, SW, Phys.Rev.D 114.054033

𝝁𝑩

𝑻
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Maxwell-Cattaneo diffusion Wn(q)

𝝁𝑩

𝑻

N.Abbasi, X.An, SW, Phys.Rev.D 114.054033

More pronounced and 
Oscillating behavior near CEP

19/24

Black:equil.
MC: solid
Fick: dashed

𝝁𝒇𝒂𝒓
𝝁𝒏𝒆𝒂𝒓

t evolution



Maxwell-Cattaneo diffusion Wn(q)

N.Abbasi, X.An, SW, Phys.Rev.D 114.054033
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Black:equil.
MC: solid
Fick: dashed

𝝁𝒇𝒂𝒓
𝝁𝒏𝒆𝒂𝒓

t evolution

q space at 𝒕𝒇



Maxwell-Cattaneo diffusion on observable

N.Abbasi, X.An, SW, Phys.Rev.D 114.054033

21/24
See also Koichi Thus 22: A.Sakai, K.Murase, H.Fujii, T.Hirano. Phys.Rev.C 112.024907(2025)



• QGP fireball system in heavy-ion experiments is not an ideal system:

Summary and Outlook

See e.g. Review, 
M.Asakawa M. Kitazawa, PPNP, arXiv: 1512.05038
X.Luo, N.Xu, NST, arXiv: 1701.02105
S.Wu, C.Shen, H.Song, CPL, arXiv: 2104.13250

Observables
Hadronic
Afterburner

EoS

Relativistic Viscous 
Hydrodynamics + 

Criticality

Transport coefficients

Initial State Freeze-out

EoS: W.j.Fu, X.Luo, J.M.Pawlowski, F.Rennecke, S.Yin, PRD 111, L031502…
Dynamics: N.Abbasi, X.An, SW, Phys.Rev.D 114.054033; 
Freeze-out: R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912
……………

Outlook: hybrid model incorporating critical fluctuations
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Thank You!
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Bkup
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Particlization: inhomogeneous QGP
R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912

Blue => Magenta: increase Δ𝑌

Homoge. Profile with fRG

Inhomoge. hydro

Wei-jie Fu, et al., PRD 111, L031502 (2025)
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Particlization at freezeout
R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912

Inhomoge. hydro

Blue => Magenta: increase Δ𝑌

Homoge. Profile with fRG

𝒑
Δ𝑌𝑎𝑐𝑐𝑒𝑝𝑡

Δ𝑌𝑡𝑜𝑡𝑎𝑙

𝒏

+Acceptance cut

+proton cut +Conservation

Wei-jie Fu, et al., PRD 111, L031502 (2025)
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Particlization at freeze-out
R-z.Zhao, S.Yin, SW, L.Du, X.Luo,W.-j. Fu, 2607.26912

• More pronounced non-monotonic fluctuations with increasing 
acceptance

Rapidity

Transverse 
momentum
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Example: Charge conservation(𝝏𝝁𝑵
𝝁 = 𝟎)

• Charge current:
𝑁𝜇 = 𝑛𝑢𝜇 + 𝐷Δ𝜇𝑛

⇒ 𝜕𝜏𝑛 = 𝐷∇2𝑛
diffusion

• Charge current near critical point
𝑁𝜇 = 𝑛𝑢𝜇 + 𝐷Δ𝜇𝑛 + 𝐼𝜇

⇒ 𝜕𝜏𝑛 = 𝐷∇2𝑛 + 𝑛𝑜𝑖𝑠𝑒
Stochastic diffusion (hydro fluctuations)

Stochastic differential equations for simulation

Sakaida et al, PRC.95.064905(2017)
G.Pihan et al., PRC.107.014908(2022)
SW PRC 111,014915
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Simulation of hydro fluctuations

• Example: stochastic diffusion
𝜕𝜏𝑛 = 𝐷∇2𝑛 + 𝑛𝑜𝑖𝑠𝑒

• Noise term in simulations:

𝑛𝑜𝑖𝑠𝑒 ∼
𝛿𝑖𝑗

Δ𝑥
➢

1

Δ𝑥
∼ Λ: lattice spacing dependence, 

renormalization is non-trivial
➢ 𝜉 → ∞: diverge fluctuations, high 

statistics requires

Simulation of stochastic hydro is a non-trivial task

𝚫𝐱
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Acceptance cut
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Proton cut
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Conservation law

𝑃𝑔𝑐𝑒 𝐵𝑖𝑛, 𝐵𝑜𝑢𝑡 = 𝑃𝑖𝑛
𝑔𝑐𝑒

𝐵𝑖𝑛 𝑃𝑜𝑢𝑡
𝑔𝑐𝑒

(𝑜𝑢𝑡)
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