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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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• Possible signatures in heavy-ion 
collisions: critical fluctuations
Stephanov, Rajagopal, Shuryak, PRD 60 (1999) 114028
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FIG. 3. Net-proton cumulant ratios: (a) C2/→p + p̄↑, (b) C3/C1, and (c) C4/C2 and proton factorial cumulant ratios: (d)
ω2/ω1, (e) ω3/ω1 and (f) ω4/ω1 in Au+Au collisions. Results from BES-II (

↓
sNN = 7.7 – 27 GeV with RefMult3X) and

BES-I [12, 15] (
↓
sNN = 39 – 200 GeV with RefMult3) program at RHIC are shown. (Anti-)protons are measured at mid-

rapidity (|y| < 0.5) within 0.4 < pT < 2.0 GeV/c. The bars and bands on the data points reflect statistical and systematic
uncertainties, respectively. Theoretical calculations from a hydrodynamical model [26] (Hydro, blue dashed line), thermal
model with canonical treatment for baryon charge [38] (HRG CE, black dashed line), transport model [39, 40] (UrQMD, brown
band), and lattice QCD [41, 42] (LQCD, light blue band) are also presented.

critical baselines/references is shown in Fig. 4 for net-
proton C4/C2 (a), proton ω2/ω1 (b), proton ω3/ω1 (c),
and proton ω4/ω1 (d). These deviations are obtained by
taking the di!erence between the 0-5% data and base-
lines and dividing with the total uncertainties (εtotal,
obtained adding uncertainties in data and baselines in
quadrature). Three typical calculations including the
UrQMD, the HRG CE, and the hydro EV are used in
the analysis. In addition, the 70-80% peripheral collision
data are used for comparison.

For the net-proton cumulant ratio C4/C2, maximum
deviations of 2 – 5ε are seen at

→
sNN = 19.6 GeV from

all references. A minimum at same collision energy is
also seen for data after subtracting the references (see
Fig. 5 of the supplemental material [31]). On the other
hand, in the case of collisions at 3 GeV [18] or above 27
GeV [15], the central data is consistent with all of the
references within ↑ 2ε. For the factorial cumulants ra-
tios, the amplitude of the deviation seems to decrease as
a function of the order of the correlation: the maximum
deviation is seen in ω2/ω1 while the minimum is in ω4/ω1,
shown in Fig. 4 (b) and (d), respectively. Clearly, precise
experimental data between

→
sNN = 3.0 and 7.7 GeV is

needed to extend the search for the signal of the QCD
critical point and the 1st-order phase boundary at the
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(a) net-proton cumulant ratios C4/C2; proton factorial cu-
mulant ratios (b) ω4/ω1; (c) ω3/ω1 and (d) ω2/ω1 in 0-5%
Au+Au collisions [12, 15, 18, 19]. References include the
non-critical model calculations, such as the UrQMD transport
model [39, 40] (blue square), HRG with canonical ensemble
for baryon charge [38] (HRG CE, black cross), hydrodynamic
model with excluded volume [26] (Hydro EV, black triangle),
and data from 70-80% peripheral collisions (red dots).

STAR Collaboration, arXiv:2504.00817 

Stephanov, PRL 107 (2011) 052301 
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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FIG. 3. Net-proton cumulant ratios: (a) C2/→p + p̄↑, (b) C3/C1, and (c) C4/C2 and proton factorial cumulant ratios: (d)
ω2/ω1, (e) ω3/ω1 and (f) ω4/ω1 in Au+Au collisions. Results from BES-II (

↓
sNN = 7.7 – 27 GeV with RefMult3X) and

BES-I [12, 15] (
↓
sNN = 39 – 200 GeV with RefMult3) program at RHIC are shown. (Anti-)protons are measured at mid-

rapidity (|y| < 0.5) within 0.4 < pT < 2.0 GeV/c. The bars and bands on the data points reflect statistical and systematic
uncertainties, respectively. Theoretical calculations from a hydrodynamical model [26] (Hydro, blue dashed line), thermal
model with canonical treatment for baryon charge [38] (HRG CE, black dashed line), transport model [39, 40] (UrQMD, brown
band), and lattice QCD [41, 42] (LQCD, light blue band) are also presented.

critical baselines/references is shown in Fig. 4 for net-
proton C4/C2 (a), proton ω2/ω1 (b), proton ω3/ω1 (c),
and proton ω4/ω1 (d). These deviations are obtained by
taking the di!erence between the 0-5% data and base-
lines and dividing with the total uncertainties (εtotal,
obtained adding uncertainties in data and baselines in
quadrature). Three typical calculations including the
UrQMD, the HRG CE, and the hydro EV are used in
the analysis. In addition, the 70-80% peripheral collision
data are used for comparison.

For the net-proton cumulant ratio C4/C2, maximum
deviations of 2 – 5ε are seen at
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all references. A minimum at same collision energy is
also seen for data after subtracting the references (see
Fig. 5 of the supplemental material [31]). On the other
hand, in the case of collisions at 3 GeV [18] or above 27
GeV [15], the central data is consistent with all of the
references within ↑ 2ε. For the factorial cumulants ra-
tios, the amplitude of the deviation seems to decrease as
a function of the order of the correlation: the maximum
deviation is seen in ω2/ω1 while the minimum is in ω4/ω1,
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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sNN = 2.76 TeV [26], Xe–Xe collisions at

→
sNN = 5.44 TeV [28], and Au–Au collisions at

→
sNN = 200 GeV [30],

respectively. From top to bottom, each row corresponds to particle type, and from left to right, each column showcases one
of the three collision systems under consideration. Within every panel, ratios are segmented into five (six) centrality classes
ranging from 0% to 40%. The bands represent the statistical and systematic uncertainties of the data, summed in quadrature.
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Universality near critical point
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Critical point: Correlation length  divergesξ

• Microscopic details irrelevant


• Critical properties only depend on 
symmetries, number of dimensions, … 
⤳ Universality (classes)

Order parameter:
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• Here: one-component order parameter 
⤳ universality class of  (Ising) modelZ2

non-universal mapping to Ising model:
Parotto et al., PRC 101 (2020) 3, 034901  
Pradeep, Sogabe, Stephanov, Yee, PRC 109 (2024) 6, 064905
Pradeep, Stephanov, PRD 100 (2019) 5, 056003

Universality near critical point

5

Critical point: Correlation length  divergesξ

• Microscopic details irrelevant


• Critical properties only depend on 
symmetries, number of dimensions, … 
⤳ Universality (classes)

Order parameter:
<latexit sha1_base64="aQ4c2IfU+7LFlwb8tN0YfPRrxC4=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUmIlU8Fbx4rGA/oAlls9m2SzebsLsRSij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2Ciura+sbxc3S1vbO7p69f9BScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6nfrtRyoVi8WDHifUj/BAsD4jWBupZx95yZAhT7EIeSHlGlfUuTjr2WWn6syAlombkzLkaPTsLy+MSRpRoQnHSnVdJ9F+hqVmhNNJyUsVTTAZ4QHtGipwRJWfzc6foFOjhKgfS1NCo5n6eyLDkVLjKDCdEdZDtehNxf+8bqr7137GRJJqKsh8UT/lSMdomgUKmaRE87EhmEhmbkVkiCUm2iRWMiG4iy8vk9ZF1a1Va/eX5fpNHkcRjuEEKuDCFdThDhrQBAIZPMMrvFlP1ov1bn3MWwtWPnMIf2B9/gDklpTJ</latexit>

� ⇠ �(s/n)

<latexit sha1_base64="IBZ+Jvt/GD7bblgHSYTQ0C1nznY="></latexit>

ω < 0

<latexit sha1_base64="bYuoV5mLobYaAR8fVZfqnYun+ZM="></latexit>

ω > 0



CEP-EFT 2026Wuhan, 19.10.2026Lorenz von Smekal

<latexit sha1_base64="ZGwusIhjsuv688Ug6st44Lu59so="></latexit>

T

<latexit sha1_base64="g4D3FOOVmODgwMSRv9AfEUXfI2s="></latexit>

H

• Here: one-component order parameter 
⤳ universality class of  (Ising) modelZ2

non-universal mapping to Ising model:
Parotto et al., PRC 101 (2020) 3, 034901  
Pradeep, Sogabe, Stephanov, Yee, PRC 109 (2024) 6, 064905
Pradeep, Stephanov, PRD 100 (2019) 5, 056003

Universality near critical point

5

Critical point: Correlation length  divergesξ

• Microscopic details irrelevant


• Critical properties only depend on 
symmetries, number of dimensions, … 
⤳ Universality (classes)

Order parameter:
<latexit sha1_base64="aQ4c2IfU+7LFlwb8tN0YfPRrxC4=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUmIlU8Fbx4rGA/oAlls9m2SzebsLsRSij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2Ciura+sbxc3S1vbO7p69f9BScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6nfrtRyoVi8WDHifUj/BAsD4jWBupZx95yZAhT7EIeSHlGlfUuTjr2WWn6syAlombkzLkaPTsLy+MSRpRoQnHSnVdJ9F+hqVmhNNJyUsVTTAZ4QHtGipwRJWfzc6foFOjhKgfS1NCo5n6eyLDkVLjKDCdEdZDtehNxf+8bqr7137GRJJqKsh8UT/lSMdomgUKmaRE87EhmEhmbkVkiCUm2iRWMiG4iy8vk9ZF1a1Va/eX5fpNHkcRjuEEKuDCFdThDhrQBAIZPMMrvFlP1ov1bn3MWwtWPnMIf2B9/gDklpTJ</latexit>

� ⇠ �(s/n)

<latexit sha1_base64="IBZ+Jvt/GD7bblgHSYTQ0C1nznY="></latexit>

ω < 0

<latexit sha1_base64="bYuoV5mLobYaAR8fVZfqnYun+ZM="></latexit>

ω > 0

Pelissetto, Vicari (2002)
• For example:

<latexit sha1_base64="2uTmoHSZOg+31rxPU3GH3d0vNqw="></latexit>

ω = 0.6301(4)

reduced temperature τ = (T – Tc)/Tc 

<latexit sha1_base64="RE/RpCAz0oW17TaBkZTtwsRRF5o="></latexit>

⇠ ⇠ |⌧ |�⌫



CEP-EFT 2026Wuhan, 19.10.2026Lorenz von Smekal

<latexit sha1_base64="ZGwusIhjsuv688Ug6st44Lu59so="></latexit>

T

<latexit sha1_base64="g4D3FOOVmODgwMSRv9AfEUXfI2s="></latexit>

H

• Here: one-component order parameter 
⤳ universality class of  (Ising) modelZ2

non-universal mapping to Ising model:
Parotto et al., PRC 101 (2020) 3, 034901  
Pradeep, Sogabe, Stephanov, Yee, PRC 109 (2024) 6, 064905
Pradeep, Stephanov, PRD 100 (2019) 5, 056003

Universality near critical point
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Critical point: Correlation length  divergesξ
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• study trans-critical protocol: 
Sieke, Harhoff, Schlichting, von Smekal, NPB 1011, 116808 (2025)
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Figure 2: Behavior of the correlation length for cooling through the critical
point along the h-axis of Figure 1. The equilibrium correlation length is
shown as a dashed line. The true correlation length is shown for (bottom
to top) a = 25, 50, 100. Our units, described in the text, are such that
h = →0.2,→0.1, 0, 0.1 corresponds to T = 180, 160, 140, 120 MeV, and ξ is
measured in units of ξ0 = 1.4 fm.

finite time and critical slowing down) imposes the more stringent constraint
on ξ. We have analyzed this nonequilibrium effect as if the system were
spatially homogeneous. Had we found correlation lengths growing beyond
6 fm, we would have to do a much more complicated analysis, taking both
the finite time and the inhomogeneous spatial dynamics into account. Since
we find that ξ only grows to about 3 fm, this is not necessary.

Fourth, just as critical slowing down prevents ξ from growing as fast as
ξeq does, it also prevents ξ from shrinking as fast as ξeq does after E has
been passed. Whether we estimate Tfreezeout ∼ 130 MeV (corresponding to
h = .05) or ∼ 120 MeV (h = 0.1) for trajectories passing near E, one finds
ξfreezeout ∼ 2ξ0. We can also argue that even if an a as large as 1000 were
possible, our conclusions would be little affected: If a = 1000, and ξ follows
ξeq closely enough that it increases to 4ξ0, ξ also tracks ξeq more closely as
it decreases below TE . If a = 1000, it turns out that ξ is quite close to ξeq
by the time h = .05. Thus, although increasing a to a ridiculous extent does
increase the maximum value of ξ, it has little effect on ξfreezeout. This is further
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⤳ Critical mode falls out of (local) equilibrium!
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•  determined by dynamic universality class


• group theories by equations of motion for critical modes


• critical mode arbitrarily slow ⤳ hydrodynamic theory 
(depends on: order parameter conserved or not, potential other 
conserved quantities, etc.)
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• conserved order parameter (specific entropy)

Figure from Thomas Schaefer’s talk at Quark Matter 2025

(see Phase Transition Dynamics by Onuki)
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(see Phase Transition Dynamics by Onuki)

• Clusters of linear extent        undergo  
Brownian motion due to advection by 
thermal velocity fluctuations
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• conserved order parameter (specific entropy)

Figure from Thomas Schaefer’s talk at Quark Matter 2025

(see Phase Transition Dynamics by Onuki)
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• Order parameter    , momentum density
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

• at fixed point (FP):

 heat conductivity∝

shear viscosity

Chen, Tan, Fu, PRD 111, 094025 (2025) 

• scaling relation: <latexit sha1_base64="wL7PihUjTVCPgg6Aq3hHO0dnwyk="></latexit>

kωk f = (d→ 4 + ε→ + xω + xε) f
!
= 0

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d <latexit sha1_base64="4qsyi7Na4tJCvFe55JHhIYpBNuk=">AAAB+HicbVBNS8NAEN34WetHox69LBbBiyURqYKXohePFewHNCFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu5exd4/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdDv1O48gFUvEgx6n4MdkIFjEKNFGCuzKmXftgSZB7qUg00lgV52aMwNeJm5BqqhAM7C/vH5CsxiEppwo1XOdVPs5kZpRDpOylylICR2RAfQMFSQG5eezwyf4xCh9HCXSlNB4pv6eyEms1DgOTWdM9FAtelPxP6+X6ejKz5lIMw2CzhdFGcc6wdMUcJ9JoJqPDSFUMnMrpkMiCdUmq7IJwV18eZm0z2tuvVa/v6g2boo4SugIHaNT5KJL1EB3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w+S9ZMQ</latexit>� ⌘?

<latexit sha1_base64="YvBxv0mqwyoP0Ug1Z8BhURbNZOc="></latexit>

0 < f→
H

< →

• dimensionless combinations of kinetic coefficients: Roth, Ye, Schlichting, von Smekal, 
PRD 111, L111901 (2025)
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⤳ RG flow:

<latexit sha1_base64="DmA2BUmRL+cPxC1rCBVuCxXJODI="></latexit>

f → d!d g2T

(2ω)d
kd→4

εkϑk

<latexit sha1_base64="PXtzh/VZzDmTDJUOIluZQ6DAtXY=">AAACFnicbZC7SgNBFIZn4y3G26qlzWAQLDTsBo2WARvLCOYC2bjMTs4mQ2YvzsxGwpKnsPFVbCwUsRU738ZJsoUm/jDw8Z9zOHN+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiKNRpxCPR8ogEzkKoK6Y4tGIBJPA4NL3B1aTeHIKQLApv1SiGTkB6IfMZJUpbrnn6gB24T9gQO6IfYecEO74gNHUk6wXEHeDBXXmcOqA0j7FrFq2SNRVeBDuDIspUc80vpxvRJIBQUU6kbNtWrDopEYpRDuOCk0iICR2QHrQ1hiQA2UmnZ43xkXa62I+EfqHCU/f3REoCKUeBpzsDovpyvjYx/6u1E+VfdlIWxomCkM4W+QnHKsKTjHCXCaCKjzQQKpj+K6Z9omNROsmCDsGeP3kRGuWSXSlVbs6K1fMsjjw6QIfoGNnoAlXRNaqhOqLoET2jV/RmPBkvxrvxMWvNGdnMPvoj4/MHR0uezw==</latexit>

w → ω
εkk2

ϑk
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<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

• at fixed point (FP):

 heat conductivity∝

shear viscosity

<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d
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Chen, Tan, Fu, PRD 111, 094025 (2025) 

• scaling relation: <latexit sha1_base64="wL7PihUjTVCPgg6Aq3hHO0dnwyk="></latexit>

kωk f = (d→ 4 + ε→ + xω + xε) f
!
= 0

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d <latexit sha1_base64="4qsyi7Na4tJCvFe55JHhIYpBNuk=">AAAB+HicbVBNS8NAEN34WetHox69LBbBiyURqYKXohePFewHNCFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu5exd4/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdDv1O48gFUvEgx6n4MdkIFjEKNFGCuzKmXftgSZB7qUg00lgV52aMwNeJm5BqqhAM7C/vH5CsxiEppwo1XOdVPs5kZpRDpOylylICR2RAfQMFSQG5eezwyf4xCh9HCXSlNB4pv6eyEms1DgOTWdM9FAtelPxP6+X6ejKz5lIMw2CzhdFGcc6wdMUcJ9JoJqPDSFUMnMrpkMiCdUmq7IJwV18eZm0z2tuvVa/v6g2boo4SugIHaNT5KJL1EB3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w+S9ZMQ</latexit>� ⌘?

<latexit sha1_base64="YvBxv0mqwyoP0Ug1Z8BhURbNZOc="></latexit>

0 < f→
H

< →

• dimensionless combinations of kinetic coefficients: Roth, Ye, Schlichting, von Smekal, 
PRD 111, L111901 (2025)
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⤳ RG flow:

<latexit sha1_base64="DmA2BUmRL+cPxC1rCBVuCxXJODI="></latexit>

f → d!d g2T

(2ω)d
kd→4

εkϑk

<latexit sha1_base64="PXtzh/VZzDmTDJUOIluZQ6DAtXY=">AAACFnicbZC7SgNBFIZn4y3G26qlzWAQLDTsBo2WARvLCOYC2bjMTs4mQ2YvzsxGwpKnsPFVbCwUsRU738ZJsoUm/jDw8Z9zOHN+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiKNRpxCPR8ogEzkKoK6Y4tGIBJPA4NL3B1aTeHIKQLApv1SiGTkB6IfMZJUpbrnn6gB24T9gQO6IfYecEO74gNHUk6wXEHeDBXXmcOqA0j7FrFq2SNRVeBDuDIspUc80vpxvRJIBQUU6kbNtWrDopEYpRDuOCk0iICR2QHrQ1hiQA2UmnZ43xkXa62I+EfqHCU/f3REoCKUeBpzsDovpyvjYx/6u1E+VfdlIWxomCkM4W+QnHKsKTjHCXCaCKjzQQKpj+K6Z9omNROsmCDsGeP3kRGuWSXSlVbs6K1fMsjjw6QIfoGNnoAlXRNaqhOqLoET2jV/RmPBkvxrvxMWvNGdnMPvoj4/MHR0uezw==</latexit>

w → ω
εkk2

ϑk
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<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

• at fixed point (FP):

 heat conductivity∝

shear viscosity

<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d
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Chen, Tan, Fu, PRD 111, 094025 (2025) 

• scaling relation: <latexit sha1_base64="wL7PihUjTVCPgg6Aq3hHO0dnwyk="></latexit>

kωk f = (d→ 4 + ε→ + xω + xε) f
!
= 0

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d <latexit sha1_base64="4qsyi7Na4tJCvFe55JHhIYpBNuk=">AAAB+HicbVBNS8NAEN34WetHox69LBbBiyURqYKXohePFewHNCFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu5exd4/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdDv1O48gFUvEgx6n4MdkIFjEKNFGCuzKmXftgSZB7qUg00lgV52aMwNeJm5BqqhAM7C/vH5CsxiEppwo1XOdVPs5kZpRDpOylylICR2RAfQMFSQG5eezwyf4xCh9HCXSlNB4pv6eyEms1DgOTWdM9FAtelPxP6+X6ejKz5lIMw2CzhdFGcc6wdMUcJ9JoJqPDSFUMnMrpkMiCdUmq7IJwV18eZm0z2tuvVa/v6g2boo4SugIHaNT5KJL1EB3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w+S9ZMQ</latexit>� ⌘?

<latexit sha1_base64="YvBxv0mqwyoP0Ug1Z8BhURbNZOc="></latexit>

0 < f→
H

< →

• dimensionless combinations of kinetic coefficients:

<latexit sha1_base64="RyUtRfZazaLfGt/i64XFjc/R4vY=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIUk9pFl0Y3LCvYBbSiT6bQdOkmGmYlYYxf+ihsXirj1N9z5N07aCip64MLhnHu5956AMyqVbX8YuaXlldW1/HphY3Nre8fc3WvKOBGYNHDMYtEOkCSMRqShqGKkzQVBYcBIKxifZ37rmghJ4+hKTTjxQzSM6IBipLTUMw9ue2mXj+gUdhHnIr6Bp5Zddnpm0bYqJdetVqFt2bZbcr2MOK7nlaGjlQxFsEC9Z753+zFOQhIpzJCUHcfmyk+RUBQzMi10E0k4wmM0JB1NIxQS6aez+6fwWCt9OIiFrkjBmfp9IkWhlJMw0J0hUiP528vEv7xOogaen9KIJ4pEeL5okDCoYpiFAftUEKzYRBOEBdW3QjxCAmGlIyvoEL4+hf+Tpms5FatyWSrWzhZx5MEhOAInwAFVUAMXoA4aAIM78ACewLNxbzwaL8brvDVnLGb2wQ8Yb5/5RpVx</latexit>

z� ⇡ 3.051

<latexit sha1_base64="TfmLb7bVXurVvgOsBJZd7qmWX64=">AAACAXicdZDLSsNAFIYn9VbrLepGcDNYBFclCbFNd0U3LivYCzSlTKbTduhkEmYm0hLqxldx40IRt76FO9/GSVtBRX8Y+PnOOZw5fxAzKpVlfRi5ldW19Y38ZmFre2d3z9w/aMooEZg0cMQi0Q6QJIxy0lBUMdKOBUFhwEgrGF9m9dYtEZJG/EZNY9IN0ZDTAcVIadQzjya91Jd0GKIZ9FEci2gCrVLVrfbMolUqu45TqWhgWY7reJmxHc87h7YmmYpgqXrPfPf7EU5CwhVmSMqObcWqmyKhKGZkVvATSWKEx2hIOtpyFBLZTecXzOCpJn04iIR+XME5/T6RolDKaRjozhCpkfxdy+BftU6iBl43pTxOFOF4sWiQMKgimMUB+1QQrNhUG4QF1X+FeIQEwkqHVtAhfF0K/zdNp2SXS+Vrt1i7WMaRB8fgBJwBG1RADVyBOmgADO7AA3gCz8a98Wi8GK+L1pyxnDkEP2S8fQKiDZZg</latexit>

x� ⇡ 0.949
<latexit sha1_base64="Q/ZfOSVlMbT5RoIROk0D7Y3Rurw=">AAAB/3icdZDLSsNAFIYnXmu9RQU3bgaL4CokoZcsi25cVrAXaEKYTCft0MmFmYm0xC58FTcuFHHra7jzbZy0FVT0h4Gf75zDOfMHKaNCmuaHtrK6tr6xWdoqb+/s7u3rB4cdkWQckzZOWMJ7ARKE0Zi0JZWM9FJOUBQw0g3Gl0W9e0u4oEl8I6cp8SI0jGlIMZIK+frxxM9dItEMuihNeTKBpmHWLF+vmEa9atuNRgFMu2o7hbFsx6lBS5FCFbBUy9ff3UGCs4jEEjMkRN8yU+nliEuKGZmV3UyQFOExGpK+sjGKiPDy+f0zeKbIAIYJVy+WcE6/T+QoEmIaBaozQnIkftcK+Fetn8nQ8XIap5kkMV4sCjMGZQKLMOCAcoIlmyqDMKfqVohHiCMsVWRlFcLXT+H/pmMbVt2oX1crzYtlHCVwAk7BObBAAzTBFWiBNsDgDjyAJ/Cs3WuP2ov2umhd0ZYzR+CHtLdP5m2VZQ==</latexit>

x⌘ ⇡ 0.051

<latexit sha1_base64="zRXra40Vym4mqqMO4luHO+ZUUvk=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0hCbXMsevFYwX5AG8pmu22XbjZxdyOU0D/hxYMiXv073vw3btoKKvpg4PHeDDPzwoQzpR3nwyqsrW9sbhW3Szu7e/sH5cOjtopTSWiLxDyW3RArypmgLc00p91EUhyFnHbC6VXud+6pVCwWt3qW0CDCY8FGjGBtpG6fRWYLVYNyxbFrVc+r15FjO45X9fycuJ7vXyDXKDkqsEJzUH7vD2OSRlRowrFSPddJdJBhqRnhdF7qp4ommEzxmPYMFTiiKsgW987RmVGGaBRLU0Kjhfp9IsORUrMoNJ0R1hP128vFv7xeqkd+kDGRpJoKslw0SjnSMcqfR0MmKdF8ZggmkplbEZlgiYk2EZVMCF+fov9J27Pdml27qVYal6s4inACp3AOLtShAdfQhBYQ4PAAT/Bs3VmP1ov1umwtWKuZY/gB6+0TqBKQaA==</latexit>

=)

<latexit sha1_base64="zUcvWkB9T2DrUtD/5W3hIuJaHOQ=">AAACA3icdVDLSgMxFM3UV62vqjvdBFvBVZkZa1sEoejGZQX7gLaUTCZtQzMPkjtiGQpu/BU3LhRx60+482/MtBVU9EDI4Zx7ufceJxRcgWl+GKmFxaXllfRqZm19Y3Mru73TUEEkKavTQASy5RDFBPdZHTgI1golI54jWNMZXSR+84ZJxQP/GsYh63pk4PM+pwS01MvudYDdQpzvOIFw1djTX+yeHU/yp5NeNmcWSkXbLpexWTBNu2hXEmLZlcoJtrSSIIfmqPWy7x03oJHHfKCCKNW2zBC6MZHAqWCTTCdSLCR0RAasralPPKa68fSGCT7Uiov7gdTPBzxVv3fExFPJfrrSIzBUv71E/MtrR9CvdGPuhxEwn84G9SOBIcBJINjlklEQY00IlVzviumQSEJBx5bRIXxdiv8nDbtglQqlq2Kuej6PI4320QE6QhYqoyq6RDVURxTdoQf0hJ6Ne+PReDFeZ6UpY96zi37AePsETbOX+A==</latexit>

d = 3:

Roth, Ye, Schlichting, von Smekal, 
PRD 111, L111901 (2025)
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⤳ RG flow:

<latexit sha1_base64="DmA2BUmRL+cPxC1rCBVuCxXJODI="></latexit>

f → d!d g2T

(2ω)d
kd→4

εkϑk

<latexit sha1_base64="PXtzh/VZzDmTDJUOIluZQ6DAtXY=">AAACFnicbZC7SgNBFIZn4y3G26qlzWAQLDTsBo2WARvLCOYC2bjMTs4mQ2YvzsxGwpKnsPFVbCwUsRU738ZJsoUm/jDw8Z9zOHN+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiKNRpxCPR8ogEzkKoK6Y4tGIBJPA4NL3B1aTeHIKQLApv1SiGTkB6IfMZJUpbrnn6gB24T9gQO6IfYecEO74gNHUk6wXEHeDBXXmcOqA0j7FrFq2SNRVeBDuDIspUc80vpxvRJIBQUU6kbNtWrDopEYpRDuOCk0iICR2QHrQ1hiQA2UmnZ43xkXa62I+EfqHCU/f3REoCKUeBpzsDovpyvjYx/6u1E+VfdlIWxomCkM4W+QnHKsKTjHCXCaCKjzQQKpj+K6Z9omNROsmCDsGeP3kRGuWSXSlVbs6K1fMsjjw6QIfoGNnoAlXRNaqhOqLoET2jV/RmPBkvxrvxMWvNGdnMPvoj4/MHR0uezw==</latexit>

w → ω
εkk2

ϑk
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<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

• at fixed point (FP):

 heat conductivity∝

shear viscosity

<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d
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Chen, Tan, Fu, PRD 111, 094025 (2025) 

• scaling relation: <latexit sha1_base64="wL7PihUjTVCPgg6Aq3hHO0dnwyk="></latexit>

kωk f = (d→ 4 + ε→ + xω + xε) f
!
= 0

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d <latexit sha1_base64="4qsyi7Na4tJCvFe55JHhIYpBNuk=">AAAB+HicbVBNS8NAEN34WetHox69LBbBiyURqYKXohePFewHNCFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu5exd4/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdDv1O48gFUvEgx6n4MdkIFjEKNFGCuzKmXftgSZB7qUg00lgV52aMwNeJm5BqqhAM7C/vH5CsxiEppwo1XOdVPs5kZpRDpOylylICR2RAfQMFSQG5eezwyf4xCh9HCXSlNB4pv6eyEms1DgOTWdM9FAtelPxP6+X6ejKz5lIMw2CzhdFGcc6wdMUcJ9JoJqPDSFUMnMrpkMiCdUmq7IJwV18eZm0z2tuvVa/v6g2boo4SugIHaNT5KJL1EB3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w+S9ZMQ</latexit>� ⌘?

<latexit sha1_base64="YvBxv0mqwyoP0Ug1Z8BhURbNZOc="></latexit>

0 < f→
H

< →

• dimensionless combinations of kinetic coefficients:

<latexit sha1_base64="RyUtRfZazaLfGt/i64XFjc/R4vY=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIUk9pFl0Y3LCvYBbSiT6bQdOkmGmYlYYxf+ihsXirj1N9z5N07aCip64MLhnHu5956AMyqVbX8YuaXlldW1/HphY3Nre8fc3WvKOBGYNHDMYtEOkCSMRqShqGKkzQVBYcBIKxifZ37rmghJ4+hKTTjxQzSM6IBipLTUMw9ue2mXj+gUdhHnIr6Bp5Zddnpm0bYqJdetVqFt2bZbcr2MOK7nlaGjlQxFsEC9Z753+zFOQhIpzJCUHcfmyk+RUBQzMi10E0k4wmM0JB1NIxQS6aez+6fwWCt9OIiFrkjBmfp9IkWhlJMw0J0hUiP528vEv7xOogaen9KIJ4pEeL5okDCoYpiFAftUEKzYRBOEBdW3QjxCAmGlIyvoEL4+hf+Tpms5FatyWSrWzhZx5MEhOAInwAFVUAMXoA4aAIM78ACewLNxbzwaL8brvDVnLGb2wQ8Yb5/5RpVx</latexit>

z� ⇡ 3.051

<latexit sha1_base64="TfmLb7bVXurVvgOsBJZd7qmWX64=">AAACAXicdZDLSsNAFIYn9VbrLepGcDNYBFclCbFNd0U3LivYCzSlTKbTduhkEmYm0hLqxldx40IRt76FO9/GSVtBRX8Y+PnOOZw5fxAzKpVlfRi5ldW19Y38ZmFre2d3z9w/aMooEZg0cMQi0Q6QJIxy0lBUMdKOBUFhwEgrGF9m9dYtEZJG/EZNY9IN0ZDTAcVIadQzjya91Jd0GKIZ9FEci2gCrVLVrfbMolUqu45TqWhgWY7reJmxHc87h7YmmYpgqXrPfPf7EU5CwhVmSMqObcWqmyKhKGZkVvATSWKEx2hIOtpyFBLZTecXzOCpJn04iIR+XME5/T6RolDKaRjozhCpkfxdy+BftU6iBl43pTxOFOF4sWiQMKgimMUB+1QQrNhUG4QF1X+FeIQEwkqHVtAhfF0K/zdNp2SXS+Vrt1i7WMaRB8fgBJwBG1RADVyBOmgADO7AA3gCz8a98Wi8GK+L1pyxnDkEP2S8fQKiDZZg</latexit>

x� ⇡ 0.949
<latexit sha1_base64="Q/ZfOSVlMbT5RoIROk0D7Y3Rurw=">AAAB/3icdZDLSsNAFIYnXmu9RQU3bgaL4CokoZcsi25cVrAXaEKYTCft0MmFmYm0xC58FTcuFHHra7jzbZy0FVT0h4Gf75zDOfMHKaNCmuaHtrK6tr6xWdoqb+/s7u3rB4cdkWQckzZOWMJ7ARKE0Zi0JZWM9FJOUBQw0g3Gl0W9e0u4oEl8I6cp8SI0jGlIMZIK+frxxM9dItEMuihNeTKBpmHWLF+vmEa9atuNRgFMu2o7hbFsx6lBS5FCFbBUy9ff3UGCs4jEEjMkRN8yU+nliEuKGZmV3UyQFOExGpK+sjGKiPDy+f0zeKbIAIYJVy+WcE6/T+QoEmIaBaozQnIkftcK+Fetn8nQ8XIap5kkMV4sCjMGZQKLMOCAcoIlmyqDMKfqVohHiCMsVWRlFcLXT+H/pmMbVt2oX1crzYtlHCVwAk7BObBAAzTBFWiBNsDgDjyAJ/Cs3WuP2ov2umhd0ZYzR+CHtLdP5m2VZQ==</latexit>

x⌘ ⇡ 0.051

<latexit sha1_base64="zRXra40Vym4mqqMO4luHO+ZUUvk=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0hCbXMsevFYwX5AG8pmu22XbjZxdyOU0D/hxYMiXv073vw3btoKKvpg4PHeDDPzwoQzpR3nwyqsrW9sbhW3Szu7e/sH5cOjtopTSWiLxDyW3RArypmgLc00p91EUhyFnHbC6VXud+6pVCwWt3qW0CDCY8FGjGBtpG6fRWYLVYNyxbFrVc+r15FjO45X9fycuJ7vXyDXKDkqsEJzUH7vD2OSRlRowrFSPddJdJBhqRnhdF7qp4ommEzxmPYMFTiiKsgW987RmVGGaBRLU0Kjhfp9IsORUrMoNJ0R1hP128vFv7xeqkd+kDGRpJoKslw0SjnSMcqfR0MmKdF8ZggmkplbEZlgiYk2EZVMCF+fov9J27Pdml27qVYal6s4inACp3AOLtShAdfQhBYQ4PAAT/Bs3VmP1ov1umwtWKuZY/gB6+0TqBKQaA==</latexit>

=)

<latexit sha1_base64="zUcvWkB9T2DrUtD/5W3hIuJaHOQ=">AAACA3icdVDLSgMxFM3UV62vqjvdBFvBVZkZa1sEoejGZQX7gLaUTCZtQzMPkjtiGQpu/BU3LhRx60+482/MtBVU9EDI4Zx7ufceJxRcgWl+GKmFxaXllfRqZm19Y3Mru73TUEEkKavTQASy5RDFBPdZHTgI1golI54jWNMZXSR+84ZJxQP/GsYh63pk4PM+pwS01MvudYDdQpzvOIFw1djTX+yeHU/yp5NeNmcWSkXbLpexWTBNu2hXEmLZlcoJtrSSIIfmqPWy7x03oJHHfKCCKNW2zBC6MZHAqWCTTCdSLCR0RAasralPPKa68fSGCT7Uiov7gdTPBzxVv3fExFPJfrrSIzBUv71E/MtrR9CvdGPuhxEwn84G9SOBIcBJINjlklEQY00IlVzviumQSEJBx5bRIXxdiv8nDbtglQqlq2Kuej6PI4320QE6QhYqoyq6RDVURxTdoQf0hJ6Ne+PReDFeZ6UpY96zi37AePsETbOX+A==</latexit>

d = 3:

Roth, Ye, Schlichting, von Smekal, 
PRD 111, L111901 (2025)
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⤳ RG flow:

<latexit sha1_base64="DmA2BUmRL+cPxC1rCBVuCxXJODI="></latexit>

f → d!d g2T

(2ω)d
kd→4

εkϑk

<latexit sha1_base64="PXtzh/VZzDmTDJUOIluZQ6DAtXY=">AAACFnicbZC7SgNBFIZn4y3G26qlzWAQLDTsBo2WARvLCOYC2bjMTs4mQ2YvzsxGwpKnsPFVbCwUsRU738ZJsoUm/jDw8Z9zOHN+L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiKNRpxCPR8ogEzkKoK6Y4tGIBJPA4NL3B1aTeHIKQLApv1SiGTkB6IfMZJUpbrnn6gB24T9gQO6IfYecEO74gNHUk6wXEHeDBXXmcOqA0j7FrFq2SNRVeBDuDIspUc80vpxvRJIBQUU6kbNtWrDopEYpRDuOCk0iICR2QHrQ1hiQA2UmnZ43xkXa62I+EfqHCU/f3REoCKUeBpzsDovpyvjYx/6u1E+VfdlIWxomCkM4W+QnHKsKTjHCXCaCKjzQQKpj+K6Z9omNROsmCDsGeP3kRGuWSXSlVbs6K1fMsjjw6QIfoGNnoAlXRNaqhOqLoET2jV/RmPBkvxrvxMWvNGdnMPvoj4/MHR0uezw==</latexit>
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FIG. 1. Magnetic scaling function fG(z) of the order parame-
ter as defined in (9), comparing our rescaled FRG results with
the result of Monte Carlo simulations [29] and the mean-field
scaling function. The normalization is fixed by fG(0) = 1 and
fG(z)/(→z)ω ↑ 1 for z ↑ →↓.

which implies that the magnetic scaling of the order pa-
rameter can be described by the Gri!ths scaling function

ω = B
c
h
1/ω

fG(z) (9)

with the scaling variable z → εh
→1/εω. The non-universal

amplitude Bc is fixed by requiring fG(0) = 1, which fixes
the power-law behavior of the order parameter at T = Tc,

ω = B
c
h
1/ω + · · · , H ↑ 0+ . (10)

On the other hand, when the critical temperature is ap-
proached at H = 0 from below, the order parameter be-
haves as

ω = B(↓ε)ε + · · · , ε ↑ 0→ (11)

which defines the non-universal amplitude B. In practice,
we look for a plateau in logarithmic derivatives of (10)
and (11), for which we find ϑ ↔ 4.39 and ϖ ↔ 0.358,
respectively [28].

To obtain the universal scaling function fG(z), we com-
pute the expectation value of the order parameter ω(ε, h)
along various isomagnetic lines (h = const) near the crit-
ical point in the phase diagram. We rescale the resulting
curves according to (9). The results are shown in Fig. 1,
together with results from Monte Carlo (MC) simulations
[29], and the solution to the mean-field (MF) equation
zfG(z) + f

3
G
(z) = 1. The latter corresponds to the crit-

ical exponents ϖMF = 1/2 and ϑMF = 3. We see that
that the FRG result is a considerable improvement over
the scaling function in MF approximation, as it is much
closer to the MC result, giving us good confidence in the
quality of our truncation (6).

Dynamic critical behavior. Near the critical point
the transport coe!cients admit universal scaling as
well [4]. These are the thermal di”usivity Dϑ(p) →

ϱϑ(p)/(p2ςϑ(p)), with the static susceptibility ςϑ(p) =
(2U ↑(ω2

0) + 4ω2
0U

↑↑(ω2
0) + Z(p)p2)→1 at the minimum ω0

of the full free energy, and the shear viscosity φ̄(p) →

ϱj(p)/p2. Our FRG results for the transport coe!cients
Dϑ(ε, h, p) and φ̄(ε, h, p) as a function of reduced tem-
perature ε and wavenumber p at a rather small external
field h ↔ 1.67↗ 10→7 are shown in Figs. 2 (a) and 3 (a),
where the range of parameters has been chosen such that
the universal singular part dominates over the regular
part. The plots on the corresponding right-hand sides
show slices of these two-dimensional scaling functions.
We first focus on the thermal di”usivity Dϑ, which is

expected to vanish near the critical point as Dϑ ↘ ↼
2→ϖ

with ↽ ↔ 3 in three dimensions, where ↽ denotes the
dynamic critical exponent of Model H. To see this, note
that the equation of motion (7) entails that the relaxation
rate of fluctuations with critical wavenumber p ↘ ↼

→1

is #ϱ ↘ Dϑ/↼
2. Comparing with the expectation from

critical slowing down #ϱ ↘ ↼
→ϖ directly yieldsDϑ ↘ ↼

2→ϖ .
Analogous to the Widom-Gri!ths scaling in (9), the

magnetic scaling of Dϑ can be described by a scaling
function fD(z),

Dϑ(ε, h, 0) = D
c

ϑ
h

ω
εϑ (ϖ→2)

fD(z) , (12)

whose normalization is given by fD(0) = 1. Using the
static critical exponent ⇀/ϖϑ = (1+1/ϑ)/d ↔ 0.409 from
(hyper-)scaling relations with ϖ and ϑ as specified above,
we obtaind for the dynamic critical exponent ↽ ↔ 3.06,
which is consistent with the result ↽ = 3.013(58) from nu-
merical simulations [21]. Our FRG result for the scaling
function fD(z) is shown in Fig. 2 (b), which we fit with a
function that is based on Padé approximants and ensures
the correct asymptotic behavior for z ↑ ±≃ [27].
When approaching the critical point at fixed h = 0, the

dynamic scaling hypothesis entails that the wavenumber
p dependent thermal di”usivity scales with reduced tem-
perature ε as [4]

Dϑ(ε, 0, p) = D
±
ϑ
|ε |

→ς(2→ϖ)K
±(p↼(ε, 0))

(p↼(ε, 0))2
. (13)

The correlation length ↼(ε, h) has been introduced here to
render the argument of K± dimensionless, with ↼(ε, 0) =
f
±
|ε |

→ς for ε ↑ 0± [30]. The non-universal amplitude
D

±
ϑ

is fixed by requiring K
±(x)/x2

↑ 1, for x ↑ 0,

in the commonly defined scaling function K
±(x) of the

relaxation rate, where the superscript ± indicates the
approach to criticality from the symmetric (+) and the
broken (↓) phase, respectively. Strikingly, if one neglects
the renormalisation of the shear viscosity and assumes
the mean-field form for the static susceptibility of the
order parameter, one re-derives a closed analytic form
for the scaling function (see Supplemental Material [27])

K
±(x) =

3

4
(1 + x

2 + (x3
↓ x

→1) arctanx) (14)

known as the Kawasaki approximation [12], where within
this approximation, the scaling function K becomes in-
dependent of the thermodynamic path (z) towards the
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• real-time FRG: different           for 
critical isochore/coexistence line
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Universal critical dynamics near:

1. QCD critical point                                                            

Roth, Ye, Schlichting, von Smekal, Phys. Rev. D 111 (2025) L111901; arXiv:2603.17874                                                   
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2. chiral phase transition                                                      
Roth, Ye, Schlichting, von Smekal, JHEP 01 (2025) 118

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

reversible mode couplings ↔ Larmor precession

<latexit sha1_base64="RyHr01R/kF5bAfhkGLuOmhTWkiU="></latexit>mω
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<latexit sha1_base64="Hdl2q4bWps5QsfSjOmFnCa8AnIc=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDT1nG6K7hxZwX7gHYomTRtQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994Qxo0o7zoeVW1vf2NzKbxd2dvf2D4qHR20VJRKTFo5YJLshUoRRQVqaaka6sSSIh4x0wulV5nfuiVQ0End6FpOAo7GgI4qRzqSbcu18UCw5tuv4F3UPOrZXdf1K1RDX8yp1H7q2s0AJrNAcFN/7wwgnnAiNGVKq5zqxDlIkNcWMzAv9RJEY4Skak56hAnGignRx6xyeGWUIR5E0JTRcqN8nUsSVmvHQdHKkJ+q3l4l/eb1Ej/wgpSJONBF4uWiUMKgjmD0Oh1QSrNnMEIQlNbdCPEESYW3iKZgQvj6F/5N2xcRie7e1UqO2iiMPTsApKAMXXIIGuAZN0AIYTMADeALPFrcerRfrddmas1Yzx+AHrLdPWpaNxw==</latexit>

O(4)

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2

2. chiral phase transition                                                      
Roth, Ye, Schlichting, von Smekal, JHEP 01 (2025) 118

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

reversible mode couplings ↔ Larmor precession

<latexit sha1_base64="RyHr01R/kF5bAfhkGLuOmhTWkiU="></latexit>mω
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<latexit sha1_base64="Hdl2q4bWps5QsfSjOmFnCa8AnIc=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDT1nG6K7hxZwX7gHYomTRtQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994Qxo0o7zoeVW1vf2NzKbxd2dvf2D4qHR20VJRKTFo5YJLshUoRRQVqaaka6sSSIh4x0wulV5nfuiVQ0End6FpOAo7GgI4qRzqSbcu18UCw5tuv4F3UPOrZXdf1K1RDX8yp1H7q2s0AJrNAcFN/7wwgnnAiNGVKq5zqxDlIkNcWMzAv9RJEY4Skak56hAnGignRx6xyeGWUIR5E0JTRcqN8nUsSVmvHQdHKkJ+q3l4l/eb1Ej/wgpSJONBF4uWiUMKgjmD0Oh1QSrNnMEIQlNbdCPEESYW3iKZgQvj6F/5N2xcRie7e1UqO2iiMPTsApKAMXXIIGuAZN0AIYTMADeALPFrcerRfrddmas1Yzx+AHrLdPWpaNxw==</latexit>

O(4)

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2

2. chiral phase transition                                                      
Roth, Ye, Schlichting, von Smekal, JHEP 01 (2025) 118

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

reversible mode couplings ↔ Larmor precession
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<latexit sha1_base64="RyHr01R/kF5bAfhkGLuOmhTWkiU="></latexit>mω
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<latexit sha1_base64="Hdl2q4bWps5QsfSjOmFnCa8AnIc=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDT1nG6K7hxZwX7gHYomTRtQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994Qxo0o7zoeVW1vf2NzKbxd2dvf2D4qHR20VJRKTFo5YJLshUoRRQVqaaka6sSSIh4x0wulV5nfuiVQ0End6FpOAo7GgI4qRzqSbcu18UCw5tuv4F3UPOrZXdf1K1RDX8yp1H7q2s0AJrNAcFN/7wwgnnAiNGVKq5zqxDlIkNcWMzAv9RJEY4Skak56hAnGignRx6xyeGWUIR5E0JTRcqN8nUsSVmvHQdHKkJ+q3l4l/eb1Ej/wgpSJONBF4uWiUMKgjmD0Oh1QSrNnMEIQlNbdCPEESYW3iKZgQvj6F/5N2xcRie7e1UqO2iiMPTsApKAMXXIIGuAZN0AIYTMADeALPFrcerRfrddmas1Yzx+AHrLdPWpaNxw==</latexit>

O(4)

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2

2. chiral phase transition                                                      
Roth, Ye, Schlichting, von Smekal, JHEP 01 (2025) 118

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>
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reversible mode couplings ↔ Larmor precession
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<latexit sha1_base64="RyHr01R/kF5bAfhkGLuOmhTWkiU="></latexit>mω
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<latexit sha1_base64="Hdl2q4bWps5QsfSjOmFnCa8AnIc=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDT1nG6K7hxZwX7gHYomTRtQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994Qxo0o7zoeVW1vf2NzKbxd2dvf2D4qHR20VJRKTFo5YJLshUoRRQVqaaka6sSSIh4x0wulV5nfuiVQ0End6FpOAo7GgI4qRzqSbcu18UCw5tuv4F3UPOrZXdf1K1RDX8yp1H7q2s0AJrNAcFN/7wwgnnAiNGVKq5zqxDlIkNcWMzAv9RJEY4Skak56hAnGignRx6xyeGWUIR5E0JTRcqN8nUsSVmvHQdHKkJ+q3l4l/eb1Ej/wgpSJONBF4uWiUMKgjmD0Oh1QSrNnMEIQlNbdCPEESYW3iKZgQvj6F/5N2xcRie7e1UqO2iiMPTsApKAMXXIIGuAZN0AIYTMADeALPFrcerRfrddmas1Yzx+AHrLdPWpaNxw==</latexit>

O(4)

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2

2. chiral phase transition                                                      
Roth, Ye, Schlichting, von Smekal, JHEP 01 (2025) 118

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>
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reversible mode couplings ↔ Larmor precession
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(exact)<latexit sha1_base64="cHUM5pMZTNHEh5kgsU3CM1rc0eQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6fHIbkHdL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m987JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZPU8GXCEzYmIJZYrbWwkbUUWZsRGVbAje8surpHVR9WrV2v1lpX6Tx1GEEziFc/DgCupwBw1oAgMBz/AKb86j8+K8Ox+L1oKTzxzDHzifP0W9kCQ=</latexit>
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R → 1 in almost the whole phase: propagating, weakly damped pions

at T ↑ Tc: propagating ↓ overdamped (R < 1) with increasing c (upper right)
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Connect the two:

3. tricritical dynamics in QCD                                            

and 3He-4He mixtures                                                            
Pradeep, Roth, von Smekal, arXiv:2608.11065

1. GENERAL INFORMATION 1.2. Research profile of the Collaborative Research Center
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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