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Introduction



» States under rigid rotation are described by the following Killing vector:
B0, = Bo(0r + 20, ). (1)
» u* has unit 4-norm and is parallel to 8*:

B0y
Vv By B

with I' = Lorentz factor and p = distance to the rotation axis.

uto,, = =T(0; + Vd,), T'=(1-p*Q3)"12 (2)

» The local temperature 1T’ represents the inverse norm of G*:

T =1/\/B.B" =TT, (3)

with Ty = the temperature on the rotation axis.

v

In global equilibrium, p/T = const. = p = T'uy.
» The state diverges at the light cylinder, where p€2y = 1.
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Kinematic frame for rigid rotation

- = = u
“ T
A “kinematic” orthogonal tetrad is given by: [Becattini, Grossi, PRD 2015]
Velocity : u"d, =I'(0¢ + Qody,), '=(1- pQQg)_l/Q,
. W v W 212 cp 2 2 212 2
Acceleration : a” =u"Oyu" = —pQpl'7s ), a® = —a” = -QiI'"(I'" - 1),
Vorticity : wh =1 Py, 8qus = T7Q8", w? = —w? = —Q 1,

Fourth vector:" ™8, =" *Pu,aawgd, = —QET° (p°Q00;, + 0,), T =—7>=-QT%T* -1).

The vorticity tensor is then

w

Wap = GaUg — GalUa — Capurt’ W = QI(gaxgpy — Jaygse)- (4)

1Aka another vector. [Buzzegoli, Becattini, JHEP12(2018)002]
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Grand canonical ensemble



Thermodynamics of static systems

» In the case of a static system ({29 = 0), we have
ﬁ _ e—ﬁo(H—MoQ)’ (5)

where H = Hamiltonian and @ = charge operators.
» The total thermodynamic potential ®, defined as

d=-TyInZ = ¢V, Z = tr(p), (6)
satisfies the Gibbs-Duhem relation d® = —Sd1y — Qdug — PdV, where
dd 0P 0P
=% Q=5 =QV, o =V ()

> Imposing £ = (H) = Z~tr(pH) gives Euler relation

E=T05+ D+ ppQ. (8)
» Since the static system is homogeneous, all relations scale as V/, hence:
o )0 0P
— = _ - - = —— =T . (9
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Rotating system: Grand potential

» The rotating system is constructed using M~* = total angular momentum:

b= ¢ PolH=p0Q-00M*) (10)

» The rotating system is inhomogeneous and ill defined as
p—= Q=P+ -3V

» In the rotating case, we introduce the grand canonical potential as

¢ = / Prp(x) =E — TS — 11oQ — Qo M?Z, (11)
1%
where we demand
0P 0P 0P
thus ensuring the extended Gibbs-Duhem relation:
d® = —-SdTy — Qdug — PdV — M - dS2. (13)
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Rotating system: Grand potential

» We can express £ = ® + TS + 1o Q + Qo M? in terms of & as

0P 0P 0P
e=0+50(55), 00 (B) o~ % ()
Bo 1o,$20 Ho / 34,9 9 Bo, ko

0P Q
— (a—) ) (I)(BOMLLO) QO) — @ [BO) BOILLO? 50 O] : (]‘4)
Bo Boo,Boslo Bo Bo
» Then, ® can be obtained from £ by ensemble integration:
1
0 = = [ d50(E) s pons = [ A o) (15)

» The most natural candidate for the total energy is
5:/d3gj o = ¢($) 50 /dﬁo( )50#0750907 (16)

with O = %(@v“ﬁ@ = energy-momentum tensor.
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Rotating system: Grand potential VEA, JHEP08(2020)016

> O is given by {Zj SO SIS Dol TN RS ]

1
G 2Oy = ) (1)
J
» Performing the 3y integration leads to F; = 1In [1 + 6—30<Ej—QOMj—°juo>]
= ET'OYF; — —0%, 18

with F; = —In(1 — f;) = In[1 4 e~ P(Ei--)].

» The (relativistically non-covariant) thermodynamic pressure is Pop = O%%.

2
Ak k 2N p. k.
@;‘t_Ej (J;’{- J JJj—) 0%% — J;_-|— J+J JJ
bj E; E;
gt =2 (¢;p) £ J (a;p) (19)
; 1 \495P 1 \495P)
'3 i~ it3
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Rotating system: Thermodynamic consistency

» The Grand Canonical pressure Pgp is related to the time components of the

relevant currents:

OPgp ¢ OPgp 20te | L t
p— _— = @ ¥ —JZ p— M LY
8,&0 Vo aQO P T 9 A c >
= — | O + Pap — p*QOF — poJy — =QJ5 20
o, To( + Lap — p 750097 — pody 5 %074 | (20)
with Méxy = 2O — yO* 4 ngy and ngy = —2e'™% J ., chosen

automatically in the canonical pseudogauge.

» Then, the energy density is recovered as expected:

0P, 0P, 0P,
GP _ p., GP | ), 0GP

O =T, — .
0 8T0 Ho 8,u0 8(20

V.E.Ambrus, A.Geci¢ Quantum thermodynamics SPRHIC 2026 | 12%" May 2026

(21)

8 /21




Rotating system: Restoring Lorentz covariance

» The grand canonical pressure is not a Lorentz scalar: Pqop = ©%%.

» The thermodynamic quantities arising from Pgp are also not Lorentz scalars
tt t,ry
(O%, Ji,, M:™,...).

» A first step towards restoring Lorentz covariance is to write

1

O — p*(0 7 = f@t“uu, w0, = T(0; + Qu0,,). (22)

> Using 0075 = Q0S5"Y, and the vorticity tensor

Wap = Galg — Agla — Eaput'w” = Qo' (gazgsy — Jay9pz); (23)

we can write

OPgp 1
o, T

(@t“uu ot — pJi — —Sgaﬂwaﬂ) = s, (24)

with T =TTy, u = Lo and ¢ = T'¢.

V.E.Ambrus, A.Geci¢ Quantum thermodynamics SPRHIC 2026 | 12%" May 2026 9/21




Thermodynamic potential current



Grand potential current

» |t is clear that Pap = —¢! is just the time component of a four vector, which

we construct below:

1
Pr = 50 /d50( >50,u0 BoQ0o — 871'250 ZEJ'_l@;LtFj‘ (25)
J

» This current can be shown to satisfy

0 0
8¢“’ 1 i I o2 73 1 HITYv
C0n, T (Oc — ¢ — pody — pQO¢" + 520" ). (26)

> Using % u, = T'(OH — p?Qy0%7) and wagsg’aﬁ = —I'Qe!*¥ J 4., gives

1 v 7 1 e
| G T X | (27)

with ¢# = T,
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Pressure as a Lorentz scalar

» Contracting s* with u, leads to

s = % (e + P — uQy — %Sgﬁwaf}) : (28)
with the usual definitions:
e =u,0%u,, Qv=u,Jt 8 =u,S% (29)
while the thermodynamic pressure reads now P = —é“uu #+ OF.

» Differentiating P w.r.t. T, pg yields standard relations:
1 oP OP 1 oP OP

- 27 S — , 30
Tl or % Tom op 9V (30)
» The derivative w.r.t. € is subtle, as both I' and u* depend on {)g:
oP 0(T'u,,) N oJol
S S ey VU Y 31
9% o ¢ Man, (31)

» To achieve thermodynamic consistency, 6P/8wa5 = Sgﬁ and for this, one
must reexpress P w.r.t. the local parameters: T', 11, wqg.
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From global to local state

» So far, we considered thermodynamic derivatives with respect to the global
ensemble parameters: Tj, g and €.

> We aim to regard ¢* = ['pH = gE“(T,,u,wxy), instead of ¢*(Ty, 1o, o).
» The transition (Tg, o) — (T, u) is straightforward, since:
aq;a B agba B N aqgoz B 6¢a

_ 99 _ _ _ 9% _ e 2
o ol - % on oV (32)

» However, {0y — wy, is less clear, since

% — T2 8(%“

(9Q0 E%uxy

— P2 QT (@ — T's — uJh). (33)

» A little rearrangement reveals that

Ot

0wy

= SE™ + 0T, M0, = —p*Q0, — 0. (34)

» The RHS displays the desired spin term, plus an undesirable orbital term.
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Local state thermodynamics



Spin potential / vorticity duality

» ldea: In equilibrium, Qaﬁ = wag. [Becattini, PRL 108 (2012) 244502; Weickgenannt et al, PRL 127 (2021) 052301]

» wqp is kinematic in nature, while (1,3 is thermodynamic.
» We wish to disentangle vortical = kinematic + thermodynamic, s.t.:
O+

0wy

_ 99
004,

1/~
= O~ Ty,

= S, (35)

» The kinematic part is comprised of u*, a*, w* and 7" = 5“”O‘5u,,aaw5 and
WaB = QaUB — QBU, — Eqgu Ul w”. (36)
» Similarly, we introduce

Qop = KaUg — KgUg — Eapurt! 7,

1
kM = QPu,, QF = —is“yo‘ﬁuyﬁag. (37)

» To implement this programme, we consider massless (free) fermions.
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Massless fermions: exact results S ——

» |n the case of massless fermions, we have the following beta-frame
decomposition of the Belinfante energy-momentum tensor 75" = @gw:

TE” = eutu” — Pog AP + ot + o (THu” + Tut),

Ji = Quut + oy, J) = ohwh, (38)

1 P P 3w? +a® n wt + j—gw2a2 — %a‘l
—€¢ = Peg = P — T%.c :
3 e 12 A 19272
oy w? + 3a? pw(w? + a?)
04 = O0Acl — Y PCI Qv = Qvia — A2 . (39)
with w? = w,w’ = —Q°T* and a? = a,a* = —Q*T?(T'? — 1) and the

classical contributions:

P, = : 40

' 180 6 1272 (40)
,UVT2 Iu3 3 T2 M2

QV,C] — 3 + 37_“_/27 A:cl — 6 + 27_“_/27 (41)
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Thermodynamic potential current

> To compute ¢* = 35" [ dBo(O%) sy 0. 5000, We require O, satisfying
1
OF =Tp" — SO\SE™ + 8¢ — 5g™), (42)

which leads to O = T4 + 41 9,J3 and ©F = Tf" — 1p6ij.

> Performing the integration ¢ = 35 'T [ dBo(O") 5y 108000, We arrive at

gEt _ rlp. 3w? + a? S _|_ 44 @wzaQ — %a‘l
~ w? +3a* w* + 22w?a? + 17a*
chp — —QF [PCI — 19 UA;CI + 9607‘(’2 ] . (43)
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Entropy, charge and dynamic pressure

» Since &p = ggz = 0, we can decompose é“ w.r.t. u* and 7H:

o' = —Put —olrh, T = QIOFH, (44)
where
~ w24 a? w134 2,2 4 17 4
P=—u,¢" =Py — 4 A -+ 1519272 CR—
o1 3w? + 17a?
76 T §7AA T Tz (43)
» The entropy and charge densities read
oP T(w? + a?) oP p(w? + a?)
=T 5 — 7 = — =Qvy.q — . (46
$ = o7 = Sal T Qv I Qvicl y (46)
» Since P # P.g, the system develops a dynamic pressure:
a? a?(89w? + 51a?)
[Il=Pg—P=—0%.,— , 47
f 6 A 21607 (47)
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S pl n tensor P. Singha et al, arXiv:2508.20237 [Accepted in PRD]

» The spin tensor is known for systems under rotation (€2, = w,,,):

1 1
Q= wpy Sgﬁ = ——u, e’ J 4, = = (WP tua’ —uPa®)oy. (48)

» In the absence of rotation but finite spin potential (w,, =0,

Q= —%50W,\,u”\), the energy dispersion reads:

EI()S) = \/Eg + s2u% — 2sunE,_, (49)

with s = +1/2, E, = \/p2 +m?2 and E,_ = \/p2 + m2.
> Using L, = ¥(id — m)y + Q. S&" gives ¢ = ¢zp + ¢, with

d’ d’ s
Pzp = — Z./ (2772))3 B, ¢p= _% Z (27TZ)?3 In(1 + e P> ))~ (50)

S

» For massless fermions, ¢g = —772T /180 is spin-independent
= S = —6¢/8Qa5 = 0.
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» Since S*? = (0 at finite Q** but vanishing w*”, the tensor structure of SoB s

St|” g'Ven by the VOFtICIty tensor: [Singha et al, arXiv:2508.20237 [Accepted in PRD]]
1 0P,
Sgﬁ = — (WP +u%P —uPa®)oY = Ly (51)
2 O 5

which can be integrated to yield

2 2 4 134, .2 2 17 4
w*+a” w* + +=wa” + =a L,

where we introduced dQH* = QHF — WH,

» The local quantities read

OPq T(w?*+a?) T
= —— = S¢] — _ . 597
= g T o 12 6"
0P, (w? + a?)
Q Q H H
QV alu QV’ 1 A2 272(4} (53)
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Local energy density

> The energy density eq = T'sq — P + uQt: + %Qaﬂsgﬁ reads

3w? +a? + 4w - 6Q wh 4 88,2¢2 — 1744
€Q = €¢] — 1 OA.c Tt 45647r2 o (54)
» The dynamic pressure Il = %EQ — P gets modified to
a* a?(89w? + 17a?) 1, 1
» Using Sg’aﬁ = —Lo4eraPry, = —0¢f /004s, the thermodynamic
four-current can be obtained as:
or = —(P + dP)u — o — o loT, (56)

where

1 1
0P = —Zo%w 00, o = e Puy (Ko — a)wg, 60% = 504- (57)
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Bonus: Unruh effect

» Consider now a fluid undergoing accelerated motion (no vorticity):

a* 17a*
€ =€l —

4 TAel T 9602

(58)

» The solution ¢ = 0 gives

12072 17
2 w w
a = 17 (UA;CI + \/(O-A;Cl)2 + 1572 661) ) (59)

> When 1 = 0, we have 0% = T?/6 and €, = 7m2T%/60, such that

a’ = (27T)?. (60)

» The above relation confirms our thermodynamic relations are compatible with
the Unruh effect:

T>TU:?. (61)
7

» When T' < Ty, we have € < 0 and consequently, Pog = P+ 11 <0 =
instability.
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Conclusion



Conclusion

>

>

>

We explored the thermodynamics of a quantum fluid exhibiting vorticity and
acceleration.

In the rigidly rotating ensemble, we constructed the thermodynamic potential
and its four-current within a fictitious cylinder of radius R < Q1.

Locally, kinematic (vorticity tensor) and thermodynamic (spin potential)
vortical contributions must be disentangled.

In the frame of massless fermions, we obtained the thermodynamic pressure
of a fluid at finite spin potential and under finite vorticity.

This work was supported by the European Union—NextGenerationEU through
Grant No. 760079/23.05.2023, funded by the Romanian ministry of research,
innovation and digitization through Romania’s National Recovery and
Resilience Plan, Call No. PNRR-I11-C9-2022-18.
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