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Jaffe-Manohar decomposition

Proton has spin-1/2… that means:
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in the Belinfante form, leading to the total angular momentum current written solely in terms of the symmetric EMT,
that is,

J
ωµε
Bel

= x
µ
T

ωε
Bel

→ x
ε
T

ωµ
Bel

. (9)

We will refer to T
µε
can

as the canonical EMT and to the symmetric EMT obtained by the Belinfante improvement as
the Belinfante EMT in what follows below.

The Belinfante EMT is the standard choice in relativistic field theory. In gauge theories without fermions, it
coincides with the Hilbert EMT obtained from metric variation, i.e.,

T
µε
Hil

= →
2√
|g|

ωS

ωgµε
, (10)

where S is the action.

B. EMT form factors for a spin-1/2 target

We consider EMT matrix elements in the one-nucleon state basis spanned by |p, s↑. In this notation, s is the nucleon
spin and p represents the four momentum, pµ = (E,p), where E =

√
|p|2 +M2 with M the nucleon mass. We adopt

the normalization convention as

↓p
→
, s

→
|p, s↑ = 2Ep(2ε)

3
ω
(3)(p→

→ p)ωs→s . (11)

Since we discuss not only the symmetric Belinfante EMT but also the non-symmetric canonical EMT, we need to
introduce the structure functions corresponding to the decomposition of Tµε = T

(µε) + T
[µε].

For the symmetric part of the EMT, the most general decomposition of the nucleon matrix element consistent with
invariance under Lorentz, parity, and time-reversal transformations takes the following form:

↓p
→
, s

→
|T

(µε)(x)|p, s↑ =: ū(p→, s→)

[
A(t)ϑ(µ

P
ε) +B(t)

P
(µiϖε)ϑ!ϑ

2M
+D(t)

!µ!ε
→ g

µε!2

4M

]
u(p, s) ei(p

→↑p)x
, (12)

where P = (p→ + p)/2, ! = p
→
→ p, and t = !2. As usual, the spin tensor is defined by ϖ

µε = i

2
[ϑµ

, ϑ
ε ] and the

spinors are normalized as ū(p, s)u(p, s) = 2M . Generic non-symmetric EMTs can accommodate additional Lorentz
structures associated with the anti-symmetric part, T [µε] [57, 77]. In the present case where T [µε] is local, parity-even,
and time-reversal-even, one extra form factor is su”cient to parameterize T

[µε] as

↓p
→
, s

→
|T

[µε](x)|p, s↑ =
i

2
!ω ↓p

→
, s

→
|S

ωµε(x)|p, s↑ =: ū(p→, s→)

[
G(t)

P
[µiϖε]ϑ!ϑ

2M

]
u(p, s) ei(p

→↑p)x
. (13)

For the relation between the first and second expressions, see Eq. (4) [57]. We note that G(t) identically vanishes
for the Belinfante EMT by construction. As discussed later, the canonical EMT obtained from our Skyrme-model
calculation has a property of

〈
T

0i
〉
↔=

〈
T

i0
〉
, while the spatial parts are symmetric, i.e.,

〈
T

ij
〉
=

〈
T

ji
〉
.

The form factors, A(t), B(t), and D(t) encode the mechanical and angular momentum properties of the target [13,
16, 17]. It is well-known that the momentum conservation imposes the normalization condition, A(0) = 1. The
combination of A(t) and B(t) defines the angular-momentum form factor [14],

J(t) =
1

2

[
A(t) +B(t)

]
. (14)

If the EMT is symmetric as in the Belinfante-improved form, the normalization of the Poincaré generators imposes
J(0) = 1/2 for a spin-1/2 target. It should be noted that D(t) encodes the internal mechanical properties of the
target, representing the pressure and shear-force distributions [13].

For the non-symmetric EMT as in the canonical form, in contrast, another form factor, G(t), appears from the anti-
symmetric part, T [µε]. The combination relevant to the OAM density, i.e., xi

T
0j

→ x
j
T

0i, depends on contributions
from both the symmetric and anti-symmetric parts, leading to the OAM charge given by J(0)+ 1

2
G(0). We note that

J(t) + 1

2
G(t) is not necessarily interpreted as the OAM form factor, for G(t) is not a simple function of S0µε(x) as

seen in Eq. (13). As closely discussed later, in this case of non-symmetric EMT, neither J(0) + 1

2
G(0) nor J(0) is not

the total angular momentum. To recover the total angular momentum, 1/2, the spin-current contribution should be
estimated separately.
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spinors are normalized as ū(p, s)u(p, s) = 2M . Generic non-symmetric EMTs can accommodate additional Lorentz
structures associated with the anti-symmetric part, T [µε] [57, 77]. In the present case where T [µε] is local, parity-even,
and time-reversal-even, one extra form factor is su”cient to parameterize T

[µε] as

↓p
→
, s

→
|T

[µε](x)|p, s↑ =
i

2
!ω ↓p

→
, s

→
|S

ωµε(x)|p, s↑ =: ū(p→, s→)
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cf. spin hydrodynamics

J(0) =
1
2 [A(0) + B(0)] =

1
2

in Ji’s decomposition

Spin form factor only in the canonical decomposition
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one is. Interestingly, rotation and translational shift are coupled together, so that the
angular momenta and the energy-momentum tensor (EMT) are linked. The canonical
EMT for the Abelian gauge theory is derived as

T
µ⌫
A,can =

@L
@(@µA↵)@

⌫
A
↵ � gµ⌫LA = �F

µ
↵@

⌫
A
↵ +

1
4
gµ⌫F

↵�
F↵� (11)

for the gauge part, which is clearly gauge dependent, and

T
µ⌫
 ,can =

@L
@(@µ )

@⌫ � gµ⌫L =  ̄i�µ@⌫ � gµ⌫ ̄(i�↵D↵ � m) (12)

for the fermion part. From now on we impose onshellness and utilize the equations
of motion. We would recall that the derivation of Nöther’s theorem already requires
the equations of motion. Then, we can safely drop the last term in T

µ⌫
 ,can thanks to the

Dirac equation. Then, for spatial µ and ⌫ (denoted by i and j), it is straightforward
to confirm the relation between the OAM and the EMT,

L
i j
A/ ,can = x

i
T

0j
A/ ,can � x

j
T

0i
A/ ,can . (13)

So far, apart from the gauge invariance, all these relations perfectly fit in with our
intuition.

Now, let us shift gears to discussions on the symmetrized version of the EMT. To
consider the physical meaning of the symmetric and the antisymmetric parts of the
EMT, the above relation (13) is quite useful. For the gauge and the fermion parts,
generally, we immediately see that the following relation holds,

0 = @�J
�µ⌫ = @�

�
x
µ
T
�⌫
can � x

⌫
T
�µ
can + S

�µ⌫
can

�
) T

µ⌫
can � T

⌫µ
can = �@�S

�µ⌫
can , (14)

where T
µ⌫
can ⌘ T

µ⌫
A,can+T

µ⌫
 ,can and S

�µ⌫
can ⌘ S

�µ⌫
A,can+S

�µ⌫
 ,can. Therefore, the antisymmetric

part of the canonical EMT is the source of the spin current. The EMT as conserved
currents is not unique, but can be added by @�K

�µ⌫ satisfying K
�µ⌫ = �K

µ�⌫ , which
would not change the conservation laws. One of the most interesting and important
choices of K

�µ⌫ is,

K
�µ⌫
Bel =

1
2
�
S
�µ⌫
can � S

µ�⌫
can + S

⌫µ�
can

�
= �F

�µ
A
⌫ +

i

4
 ̄
�
�i"�µ⌫⇢�5�⇢ + 2gµ⌫�� � 2g�⌫�µ

�
 , (15)

which gives the Belinfante-Rosenfeld form of the EMT, i.e., T
µ⌫
Bel ⌘ T

µ⌫
can + @�K

�µ⌫
Bel .

In the above we used {��,�µ�⌫} = 2gµ⌫�� � 2i"�µ⌫⇢�5�⇢ to reach the second line
(with the conventional definition of �5 ⌘ i�0�1�2�3). We can show that, if T

µ⌫
Bel is

plugged into Eq. (14), the source is exactly canceled and T
µ⌫
Bel � T

⌫µ
Bel = 0 follows,

which means that T
µ⌫
Bel is symmetric. (This is exactly the point where many people are

puzzled especially when they want to formulate the spin hydrodynamics that seems
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one is. Interestingly, rotation and translational shift are coupled together, so that the
angular momenta and the energy-momentum tensor (EMT) are linked. The canonical
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for the fermion part. From now on we impose onshellness and utilize the equations
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the equations of motion. Then, we can safely drop the last term in T
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So far, apart from the gauge invariance, all these relations perfectly fit in with our
intuition.
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to require antisymmetric components of the EMT, but in this article we will not go
into this issue. Interested readers can consult a review [7].)

Now, we proceed to concrete expressions of the Belinfante EMT in the Abelian
gauge theory. After several lines of calculations one can find, for the gauge part,
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where the second term appears from the equations of motion, @µF
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fermionic part needs a bit more labor to sort expressions out. From the definition it
is almost instant to get,
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These are very desirable expressions and all the terms are manifestly gauge invariant,
thus corresponding to physical observables in principle. At this point, one might have
thought that T

µ⌫
 ,Bel does not look symmetric with respect to µ and ⌫. In a quite non-

trivial way one can prove that the above fermionic part is alternatively expressed as
T
µ⌫
 ,Bel =  ̄i�(µ

 !
D
⌫) , which is obviously symmetric.

Coming back to the angular momentum, we can introduce the Belinfante “im-
proved” form for the angular momentum, i.e.,

J
�µ⌫
Bel ⌘ J

�µ⌫ + @⇢
�
x
µ

K
⇢�⌫
Bel � x

⌫
K
⇢�µ
Bel

�
. (20)

Because of the antisymmetric property of K
⇢�µ
Bel , obviously, @�J

�µ⌫
Bel = 0 follows as

long as @�J
�µ⌫ = 0 holds. Therefore, this newly defined J

�µ⌫
Bel may well be qualified

as a conserved physical observable. These definitions lead us to extremely interesting
expressions, namely,

J
�µ⌫
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�⌫
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⌫
T̃
�µ
A/ ,Bel . (21)

Such relations imply that the total angular momentum is given by something that
looks like the OAM alone if we use the Belinfante improved forms. We sometimes
hear people saying that the spin is identically vanishing in the Belinfante form, but
this statement should be taken carefully. The spin part is simply unseen and the
total angular momentum seemingly appears like the OAM even though the spin is
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Analyzing the pseudogauge problem with gluons is 
technically complicated (with subtlety of gauge 
invariance).

Quark sector is better defined, but less nontrivial…

What if… we have a theory described by pions (ChEFT) 
with vector mesons ?     → pseudogauge problem!

Adking-Nappi (1984) 
Igarashi-Johmura-Kobayashi-Otsu-Sato-Sawada (1985) 
Meissner-Kaiser-Wirzba-Weise (1986) 
Meissner-Kaiser-Weise (1987)

No need to introduce an ad-hoc Skyrme term but the 
WZW term makes the solitonic baryon stable!
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Fukushima-Uji (2026)
Spin quantization axis

Distribution on 
the x-y plane

Distribution on 
the x-z plane

[Vectorized Skyrme Model]
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Fukushima-Uji (2026)
“Canonical” total angular momentum distribution

Lcan ≃ 0.36 Scan ≃ 0.14

OAM suppressed at the center naturally… but…?
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Fukushima-Uji (2026)
“Belinfante” total angular momentum distribution

Why the “total” AM has a hole at the center? Puzzling…

LBel = JBel =
1
2
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Has something to do with 
the “rotation controversy” ?
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Figure 1: (top) The distribution of the local Polyakov loop in x, y-plane for lattice of size 5 ⇥ 30 ⇥ 1812 with open boundary conditions at
the fixed on-axis temperature T = 0.95 Tc0 and di↵erent imaginary angular frequencies (also shown as imaginary velocities at the boundary,
v2
I ⌘ (⌦IR)2 = 0.04, 0.12, 0.24, 0.48) with R = 13.5 fm. (bottom) The Polyakov loop at the x axis. The vertical lines mark the phase

boundaries with shaded uncertainties. The violet (blue) data points correspond to periodic (open) boundary conditions. Movies on the phase
evolution with increasing ⌦I are available as ancillary files [37].

implying that hLi = 0. In the deconfinement phase, on
the contrary, hLi 6= 0, the quark’s free energy is finite,
FQ 6= 0, and the quarks can exist as free states. The
expectation value of the Polyakov loop serves as a reliable
order parameter that distinguishes two phases in a static,
non-rotating SU(3) gluon plasma.

5. Emergence of the inhomogeneity

Quark-gluon plasma, slightly above the deconfining
phase transition, resembles more a liquid than a gas. Our
experience tells us that if a liquid is rotated –think about
a rotating glass of water– then it becomes inhomogeneous
due to the centrifugal force, which literally pushes the liq-
uid outwards the axis of rotation. Therefore, we suspect
that the gluon plasma develops inhomogeneity in a rotat-
ing state, and this inhomogeneity has an imprint on its
phase structure, with the phases close to the axis of rota-
tion and far from the axis of rotation being di↵erent.

In Fig. 1, we show a local structure of the Polyakov loop
in the gluon plasma for a fixed temperature and various
values of ⌦I . The lattice data demonstrates that gluody-
namics subjected to imaginary rotation generates an in-
homogeneous two-phase structure in thermal equilibrium.
There are three notable features of the system:

1. Imaginary rotation produces the deconfinement phase
outside of the rotation axis while the region near the
axis stays in the confinement phase. The deconfine-
ment region approaches the rotation axis with the in-
crease of ⌦I ;

2. The outer, deconfining region appears even if the tem-
perature at the rotation axis, T , is lower than the
deconfining temperature Tc0 of a non-rotating gluon

matter, T < Tc0 (so that the whole non-rotating sys-
tem would reside in the confining phase at this tem-
perature);

3. As the on-axis temperature increases, the radius of
the inner confining region shrinks.

On the contrary, if the on-axis temperature T is higher
than the deconfining temperature of a non-rotating sys-
tem, T > Tc0, then the two-phase structure does not
emerge, and the whole imaginary-rotating system resides
in the deconfinement phase.

Finalizing this section, we stress that the central confin-
ing regions in Fig. 1 have the form of a disk, despite the
lattice having a square shape, thus signaling the expected
restoration of the rotational symmetry and implying that
we work in the physical domain of lattice coupling close to
the continuum limit. Moreover, the boundary conditions
a↵ect the local phase structure only very near the bound-
ary. The latter property is a result of the short-range
nature of the screening, which implies that the boundary
e↵ects on the phase structure are negligible [23].

6. Size of the inhomogeneity

In order to quantitatively study the inhomoge-
neous phase, it is convenient to introduce the local
(pseudo)critical temperature on the rotation axis Tc(r) for
which the system undergoes confinement/deconfinement
phase transition at a distance r. One has a confinement
phase at distances smaller than r and a deconfinement
phase at distances larger than r. The local (pseudo)critical
temperature is associated with the position of the peak of
the Polyakov loop susceptibility, �L =

⌦
|L|

2
↵

� h|L|i
2 in

the parameter space.

3

Braguta-Chernodub-Roenko (2023)

7

FIG. 7. Distributions of the confining force in two di!erent
forms as functions of r.

confining force inside the nucleon using the canonical and
Belinfante forms. Next, we estimate the EoS of single-
nucleon matter at high energy density. Both quantities
su!er pseudo-gauge dependence.

A. Confining properties

From the hydroequilibrium condition, we can identify
the confining force from the right-hand side of Eq. (3),
which resists the pressure gradient, that is,

fconfining(r) = →2

r
s(r) . (40)

Thus, if we experimentally access the distribution of the
shear force inside the nucleon, it would be feasible to
determine the strength of the confining force quantita-
tively. Here, we should emphasize that the above argu-
ment is the robust way to define the confining force. It
is often said that the negative pressure as seen in Fig. 5
should be interpreted as a confining force near the sur-
face of the nucleon in accord with the bag model picture
of confinement. However, the negative pressure region
inevitably arises to satisfy the von Laue condition that
is guaranteed merely by the virial theorem. If we look
at pBel(r) in Fig. 5, the negative pressure region is ex-
tended to r ↭ 0.7 fm, but the peak in the confining force
in Fig. 7 is located around r ↑ 0.3 fm. Thus, the negative
pressure is necessary for mechanical stability, but it may
not be directly related to the confining properties, and
the relevant length scales turn out to be separate.

Although the force in Eq. (40) has a clear meaning,
the confining force su!ers substantial pseudo-gauge de-
pendence. We already pointed out that the length scales
are found to di!er in the Belinfante form, but the sit-
uation in the canonical form is even disastrous. As
noticed in Fig. 7, the confining force derived from the

canonical EMT diverges at small r, and this divergent
force is equated by a strongly enhanced pressure gradi-
ent. Therefore, mathematically, consistency is not vio-
lated, but it is far from obvious whether the cancellation
between huge contributions is physically sensible. Our
results suggest that the Belinfante EMT looks more rea-
sonable. Nevertheless, there is no a priori criterion that
could justify or falsify any particular form of the EMT.

B. EoS of single-nucleon matter

If p(r) and ω(r) are simultaneously determined, we can
deduce the EoS, p = p(ω), in matter inside the nucleon
by eliminating the parameter r. Since dense nuclear mat-
ter is saturated eventually by overlapping wave-functions
of nucleons, it is conceivable to approximate the bulk
properties of densely saturated matter by the nucleon
properties. We note that the nuclear interaction may be
dominant at low energies, and the above approximation
would work at high enough density where quark degrees
of freedom are liberated.
It is quantitatively important to note that the nucleon

mass is overestimated in the present soliton model. Ac-
cording to the prescription in Ref. [69], we rescale the
energy density and the pressure density by a ratio pa-
rameter read from

ε =
(physical mass)

(model mass)
↓ 940MeV

1450MeV
↓ 0.65 (41)

as

ω(r) ↔ ε ω(r) , p(r) ↔ ε→1 p(r) . (42)

Since the nucleon mass is the integral of the energy den-
sity, the first scaling is natural. The second scaling for
p(r) is fixed by the requirement that the EMT form fac-
tors remain unchanged [69].
Figure 8 summarizes our results from the EoS calcula-

tions. As argued in Refs. [66, 69], the single-nucleon EoS
was found to be similar to the empirical EoS of neutron
star (NS) matter. Indeed, we have verified this observa-
tion; Fig. 8 shows a typical example of the NS matter
EoS, namely, SLy4, by the black solid line. Remarkably,
pBel(ω) is pretty well matched with the SLy4 in the high
density region. It is reasonable that pBel(ω) agrees bet-
ter with NS matter EoS because the standard calculation
scheme for the NS matter EoS is based on the Belinfante
EMT [72]. Also, we note that a similar pseudo-gauge
nonuniqueness of the EMT in the massive gravitational
field theory is discussed in Ref. [73].
It is, however, subtle whether the single-nucleon EoS

can provide a baseline. The pseudo-gauge dependence is
not negligible as manifested in the comparison in Fig. 8.
Even if we adopt the Belinfante form and discard the
canonical one for some unknown reason, the EoS is not
unique. This non-uniqueness problem is caused by the
shear force. In the case of NS matter, the anisotropy

Larger AM density 
  ~ Stronger confining (shear) force?

Fukushima-Uji (2025)
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Has something to do with 
the “rotation controversy” ?
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Figure 2: Temperature Tc(r), shown in units of the ⌦ = 0 crit-
ical temperature Tc0 of the non-rotating system, which should be
imposed at the axis of rotation (r = 0) in order to produce the de-
confinement phase transition at the distances larger than r from the
rotation axis for the gluonic system rotating at various values of the
imaginary angular velocity vI = ⌦IR. The dashed lines are the best
quadratic fits by Eq. (5). The insets show the arrangement of the
phases for each fixed vI and the best-fit parameters vs. vI .

At a fixed distance r from the rotation axis, the ex-
pectation value of the Polyakov loop and its susceptibility
can only be evaluated at a finite number of spatial points
proportional to the lattice extension Lz. Since our cal-
culations are performed at finite Lz, a small volume of
this lattice submanifold leads to high uncertainty in the
determination of the critical temperature. To reduce the
associated statistical error, we calculated the mentioned
quantities within a thin cylinder (r � �r/2, r + �r/2). We
justified our approach by demonstrating numerically that
the finiteness of �r brings only a minor systematic error to
the estimation of the critical temperature [38].

In Fig. 2, we present the local (pseudo)critical tempera-
ture Tc(r) as a function of distance to the rotation axis for
various imaginary angular frequencies, obtained for the av-
eraging width �r ·T = 3 on the lattice with Nt = 5. In the
absence of rotation, at ⌦I = 0 (not shown in the figure),
there is no dependence of the critical temperature at the
center on r since the transition appears simultaneously in
the whole system. At any nonzero value of ⌦I , the critical
temperature at the rotation axis diminishes with the in-
crease of the distance r from the axis of rotation, implying
that the imaginary rotation facilitates the transition to the
deconfined phase outside of the rotation axis. The stronger
the imaginary rotation, the lower the on-axis temperature
should be to produce the deconfinement in the medium. 1

For a moderate radius r . 0.5R, the critical temperature
can be fitted, as a function of r, by the simple quadratic

1The small-r gap in the data presented in Fig. 2 is a result of the
finite thickness �r of the cylindrical averaging manifold mentioned
earlier. A decrease in �r closes the gap and increases the statistical
errors while leaving our conclusions unchanged.

formula:

Tc(r, ⌦I)

Tc0
=

Tc(⌦I)

Tc0
� (⌦I)(⌦Ir)

2 , (5)

where the transition temperature on the rotation axis, Tc,
and the dimensionless “vortical curvature”  serve as the
fitting parameters.2 The best fits for various angular fre-
quencies are shown in the main plot of Fig. 2.

7. On-axis transition and vortical curvature

The results for the fit parameters are shown in the in-
set of Fig. 2, where the systematic uncertainties associated
with the averaging width are taken into account. While
both fitting parameters of Eq. (5) should, in general, de-
pend on the imaginary frequency ⌦I , our data, shown in
the inset of Fig. 2 as functions of the imaginary veloc-
ity at the boundary vI , unexpectedly indicates that this
dependence is almost absent. We believe that this tiny
dependence –within a few percent of accuracy– might be
attributed to finite Nz e↵ects.

Our result is even more surprising given that the criti-
cal temperature of the deconfining transition in all analytic
calculations available so far is predicted to exhibit a signif-
icant dependence on rotation [4–16, 19]. In addition, the
previous numerical results that have found a dependence
of the critical temperature on ⌦I without specifying the
distance of the center of rotation [22–27] should be under-
stood as the bulk-averaged results. We found a minor de-
pendence of our results on the lattice spacing and obtained
a value  = 0.902(33) after continuum limit extrapolation
using the data for Nt = 4, 5, 6.

8. Violation of the Tolman-Ehrenfest law

The temperature of a system in the thermodynamic
equilibrium in an external static gravitational field de-
pends on the coordinates r and obeys the well-known
Tolman-Ehrenfest (TE) law [40, 41]:

p
g00(r)T (r) = T0 =

const. For a rotating system (2), the TE law gives:

T (r) =
T0

p
1 � ⌦2r2

=
T0p

1 + ⌦2
Ir

2
, (6)

where T0 is the temperature at the rotation axis (r = 0).
The last relation in Eq. (6) corresponds to the case of imag-
inary rotation. To simplify notations, we use the on-axis
temperature T0 ⌘ T , Eq. (6), to refer to the temperature
of the gluon plasma.

The TE law (6) suggests that real rotation e↵ectively
heats the system outside of the rotation axis. This fact

2The vortical curvature  resembles the finite-density curvature
of the QCD phase transition at small values of the baryonic chemical
potential [39].

4

Rotation seems to have 
no direct coupling to 
spin at the center ? 
 
Spin is eaten by many 
body interactions ??
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Fukushima-Uji (2026)

Form factors have milder 
dependence on pseudogauge 
except for the D-term… 
Is this really physical? 
See a recent work by Ji-Yang (2025)
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Fukushima-Uji (2026) Nonzero spin boost 
charge density inside 
the polarized nucleon. 
cf. S++i = 0

 give the center 

of energy weighted by .
∫ d3xL00i

T00

Makes contrast to the 
3dof spin hydrodynamics?
Fang-Fukushima-Pu-Wang (2025)
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Fukushima-Uji (2026) coming soon!

Such a model is so useful 
for thinking experiments…

Topological dipole is 
induced by polarization!

CME or CVE counterpart 
at the nucleon level may be 
detectable at EIC.
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FIG. 6. ⇤ polarization component along the beam direction,
as a function of the azimuthal angle �, computed with vHLLE
for 20-60% Au-Au collisions at

p
sNN = 200 GeV. Experi-

mental data points are taken from [38] and conversion from
hcos ✓⇤pi to PH is performed using ↵H = 0.732 [44]. Error bars
represent the sum of statistical and systematic uncertainties.
Line styles correspond to di↵erent decoupling temperatures
as in Fig. 5.

around 150-160 MeV; for temperatures below around 135
MeV, the sign of the longitudinal polarization flips. The
PJ component is now predicted to have a maximal value
on the reaction plane, in agreement with the data, how-
ever with a milder descent as a function of the azimuthal
angle; also, it is less sensitive to Tdec. We also note that
the global polarization resulting from the integration of
PJ is still in a reasonably good agreement with previous
calculations. Also shown, in both figures, are the contri-
butions from the kinematic vorticity ! (thin dashed line)
and the kinematic shear ⌅ (thin smaller dashed line), at
the decoupling temperature of 150 MeV. It can be seen
in figure 6 that the latter is crucial to flip the sign of Pz

and restore the agreement with the data, while the vor-
ticity term alone would give the wrong sign, as already
remarked in ref. [6].

Discussion, conclusions and outlook - The recently
found additional shear term and the realization of the
constancy of Tdec are the two key ingredients to repro-
duce the local polarization and the PJ and Pz patterns.
This finding is thus a striking confirmation of the lo-
cal equilibrium picture or, in perhaps more suggestive
words, the quasi-ideal fluid paradigm of the QGP, even
in the spin sector. Dissipative corrections to spin polar-
ization may play a role, but they appear not to be deci-
sive. The standard hydrodynamic picture with the initial
conditions obtained by fitting radial spectra, elliptic and
directed flow, works very well for the local polarization
too. Another strong indication from this finding is that,
at very high energy, the QGP hadronizes in space-time

at constant Tdec to a more accurate level than one could
have imagined. Indeed, its sensitivity to the gradients
of the thermodynamic fields, makes spin the ideal probe
to investigate the space-time details of hadron forma-
tion. Furthermore, as we have shown, the longitudinal
spin polarization turns out to be very sensitive to the
decoupling temperature, the causes of which deserve to
be studied in detail. Looking ahead to future investiga-
tions, it is certainly important to compare the predictions
of the formula (10) as a function of transverse momentum
and rapidity besides azimuthal angle. At lower energy,
where the chemical potentials are relevant, one can ex-
pect a decoupling hypersurface di↵erent from the simple
T = const, and this will require a reconsideration of the
(10) in order to obtain accurate predictions.
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FIG. 2. Spin polarization of ⇤ hyperon (left) and strange quark (middle) along z (upper) and y(lower) directions induced by

the combined e↵ects of shear stress tensor and thermal vorticity (solid curves) and by thermal vorticity e↵ects only (dashed

curves) on the freezeout surface. Right: the re-plotted experimental data in Ref [5, 6]. The Pz is converted using Pz =

hcos ✓⇤pi/[↵Hh(cos ✓⇤p)2i] assuming zero error in denominator. The results for strange spin polarization illustrate the anticipated

qualitative behavior in the ”strange memory”scenario, i.e., the memory of strange quark polarization is preserved in the

measured ⇤ polarization.

consider two widely assumed limiting scenarios [2, 9–
11, 32, 34, 35] and focus not on the magnitude but the
qualitative features of the resulting azimuthal angle de-
pendence of spin polarization.
In the first scenario, namely the “Lambda equilib-

rium”, we shall assume the spin relaxation rate is large
enough so that ⇤ hyperons immediately response to the
presence of hydrodynamic gradients once ⇤ are formed
through hadronization. In the second scenario, we con-
sider the opposite limit that ⇤ “inherits” the spin polar-
ization from its constituent strange quark [53, 54], and
the resulting spin polarization is frozen ever since the
hadronization. This scenario will be referred to as the
“strange memory”. In reality, ⇤ spin polarization should
evolve from the “strange memory” scenario towards that
in the ”Lambda equilibrium” scenario. Therefore com-
paring results from those two benchmark scenarios pro-
vides us qualitative guidance on what we anticipate to
observe in heavy-ion collisions.
Guided by Refs [7, 8], we shall use the following freeze-

out prescription to connect axial Wigner function given
by Eq. (3) to spin polarization vector Pµ on the freezeout
hyper-surface ⌃µ :

Pµ(p) =

Z
d⌃↵p↵ A

µ(x,p;m)

2m

Z
d⌃↵p↵n(�"0)

. (6)

Here the factor of 2 in the denominator counts two

states of the spin-1/2 fermions. In the “Lambda equi-
librium” (“strange memory”) scenario, we shall compute
⇤ (strange quark) spin polarization using Eq. (6). We
use m = 1.116 GeV for Lambda mass and the bench-
mark value for the strange quark mass m = 0.3 GeV, re-
spectively; the latter is between strange constituent and
current mass. In principle, we should compute Eq. (6)
at the kinetic freezeout for “Lambda equilibrium” sce-
nario, but we have checked that the results of doing so
are qualitatively similar to those calculated at chemical
freezeout. To simplify the comparison, we shall show
spin polarization vector computed at chemical freezeout
in both scenarios.

Results– In this letter, we implement 3+1-d hydro-
dynamics MUSIC [55–57] with AMPT initial condi-
tions [58? , 59] to generate the freeze-out surface and
associated temperature and flow velocity profiles for the
spin polarization calculation described by Eq.(3). Un-
less noted otherwise, we use the same inputs and pa-
rameter sets as used in previous paper [32] where the
“Lambda equilibrium” scenario without SIP has been
studied. Such hydrodynamic calculations have been well
calibrated to fit the dNch/dy, pT spectra and v2(pT ) of pi-
ons and protons in Au-Au collisions at

p
sNN = 200 GeV.

[60]. In what follows, we will focus on the spin polariza-
tion vector along the beam direction, Pz(�p), and along
the out-plane direction, Py(�p), as a function of the az-
imuthal angle �p.

In Fig. 1 and Fig. 2, we plot the di↵erential spin

Why such nearly cancellation 
seen between vorticity and shear?
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Bjorken flow: 1D conformal sol. 
Infinite homogeneous in transverse

Gubser flow: 1+1D conformal sol. 
Transversely localized and expanding 
No elliptic anisotropy

Anisotropic Gubser flow: 
Ellipticity introduced perturbatively
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FIG. 2. vn versus different values of n from 2 to 7 measured by the CMS collaboration (0-0.2%

centrality) [36]. The black solid curve represents the ideal hydrodynamic result, while the blue

dotted curve and red dashed curve correspond to the viscous results with η/s = 0.08 and η/s = 0.2,

respectively. See, also, Ref. [32].

the very central (0-0.2% centrality) nucleus collisions.7 The parameter L is set to 17 fm.

The corresponding value of B in (48) is B3 → 26.7 which is consistent with the assumption

B3 " 1.

As a matter of fact, since µB → 0 at the LHC, the new term at µB > 0 (the term

proportional to γ in (67)) is negligibly small, and the present fit could have been done in

[19] treating B as a fitting parameter. By expressing B in terms of observables as we have

done here, we can test our result at lower energies or higher chemical potentials µB ∼ O(T ).

Note that since B3 is larger at lower energies, vn ∼ e−n ln(4B3/27) [19] decreases faster with

n, and this will make the measurement of higher harmonics difficult at low energies [37].

B. Energy dependence of v2

Next we turn to the energy dependence of the elliptic flow vn=2 for which there are already

a wealth of experimental data from the SPS and the RHIC BES program [28, 38]. We

7 The value 0.018 may seem a bit too small. This may be due to our nonstandard definition of εn (17).

20

Hatta-Noronha-Torrieri-Xiao (2014)

Hatta-Monnai-Xiao (2015)

ε → ε(1 + ϵnA cos nϕ)
u⊥ → u⊥ + ϵnB cos nϕ

A, B determined by (viscous) 
hydrodynamical equationsHigher harmonics from 

anisotropic Gubser flow

Let us follow this prescription with dominant 
perturbation at n=2 and small correction at n=3.
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Cao-Fukushima-Pu-Wang (2026) coming soon!
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The spin polarization of the ! hyperon as a function of
its momentum pµ, is calculated by the modified Cooper-
Frye formula on the freeze-out hypersurface ”f :

Sµ(p) = Sµ
ω(p) + Sµ

ε (p), (33)

Sµ
ω(p) =

→1

8mN (p)

∫

!f

[d”]ωµϑϖϱpϑεϖϱ, (34)

Sµ
ε (p) =

→1

4mN (p)

∫

!f

[d”]ωµϑϖϱ
pϑnϖ

p · n
pςϑϱς, (35)

where Sµ
ω(p) and Sµ

ε (p) represent the polarization in-
duced by thermal vorticity tensor εµϑ and thermal shear
tensor ϑµϑ , respectively. The tensors εµϑ and ϑµϑ are

εµϑ = →
1

2
(ϖµϱϑ → ϖϑϱµ), (36)

ϑµϑ =
1

2
(ϖµϱϑ + ϖϑϱµ), (37)

with ϱµ = uµ/T . The normalization factor N (p) is cal-
culated via

N (p) =

∫

!
d” · pnF . (38)

The shorthand notation [d”] is defined as [d”] = d” ·

pnF (1 → nF ), where d”µ is the future-directed integra-
tion measure and nF = (1 + eφ·p)→1 is the distribution
function. In practical applications, since eφ·p ↑ 1, we
can take the approximation:

nF (1→ nF ) ↓ nF ↓ e→φ·p. (39)

The definition of the unit vector nµ appearing in
the shear-induced polarization formula, Eq. (35), varies
across di#erent theoretical formulations. In this work, we
examine the following three distinct formulations:

1. FLPSY formulation: The vector nµ is identified
with the fluid velocity uµ [59, 61].

2. BBPIK formulation: The vector nµ is set to be
nµ = ςµ0 in (t, x, y, z) coordinates [60]. Moreover,
Ref. [62] proposed eliminating explicit T -gradients
by the replacements εµϑ ↔ εK

µϑ and ϑµϑ ↔ ϑKµϑ ,
where

εK
µϑ = →

1

2
ϱ(ϖµuϑ → ϖϑuµ), (40)

ϑKµϑ =
1

2
ϱ(ϖµuϑ + ϖϑuµ). (41)

3. SBR formulation: The vector nµ is the normal vec-
tor to ”f . If ”f is isothermal (i.e., with constant
temperature), then nµ = →ϖµT/

√
|ϖϑTϖϑT |. In

this case, T -gradients cancel out automatically in
Sµ(p), though both Sµ

ω(p) and Sµ
ε (p) receive con-

tributions from T -gradients [72].

Note that the SBR formulation is applicable to an ar-
bitrary ”f , and its complete form given in Ref. [72] is
more general than Eqs. (34, 35). In the present work,
we will calculate the polarization vector on an isother-
mal ”f and omit unphysical contributions mentioned in
Ref. [72]. This allows us to use Eqs. (34, 35) to evaluate
the SBR formulation.
For the mass m appearing in Eqs. (34, 35), it is gen-

erally taken to be the mass of ! hyperon, but Ref. [61]
argued that m is the mass of s quark if the spin polar-
ization of ! originates from its constituent s quark. In
the subsequent analysis, we will compare both choices:

m = 1116MeV (! hyperon),

m = 300MeV (s quark). (42)

We parametrize the momentum pµ = (p0, px, py, pz) as
follows

p0 = mT cosh φp, px = pT cos↼p,

pz = mT sinh φp, py = pT sin↼p, (43)

where φp = tanh→1(pz/p0), ↼p = tan→1(py/px), pT =
(p2x + p2y)

1/2, and mT = (p2T + m2)1/2. With the
parametrization, the integration measure d” · p on the
freeze-out hypersurface ”f can be expressed as

d” · p = drd↼dφ↽f [rmT cosh(φp → φ)

→ rpT cos(↼p → ↼)ϖr↽f → pT sin(↼p → ↼)ϖ↼↽f ], (44)

with integration domains r ↗ [0,+↘), ↼ ↗ [0, 2⇀), and
φ ↗ (→↘,+↘).

IV. SPIN POLARIZATION FROM VORTICITY
AND THERMAL SHEAR

We now calculate the longitudinal spin polarization by
using the analytic solutions presented in Sec. II. In the
original Gubser flow, the longitudinal spin polarization
vanishes due to the periodicity in azimuthal angle ↼ of the
integrand in Eqs. (34, 35). In the following, therefore, we
concentrate on the longitudinal spin polarization based
on the perturbed Gubser solution given by Eqs. (25 - 27).

A. Analytic expressions

To derive analytic expressions of the longitudinal spin
polarization, we expand the integrals for small ⇁2,3 and
large L. For the normalization factor in Eq. (38), the
leading order term is given by

N (p) =
8⇀T̂ 3

0 ϑ

T 2
f

K1(ϑ), (45)

whereKϑ(x) is the modified Bessel function of the second
kind, and we have introduced the dimensionless variable

ϑ =

√
m2 + p2T
Tf

. (46)
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The definition of the unit vector nµ appearing in
the shear-induced polarization formula, Eq. (35), varies
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Note that the SBR formulation is applicable to an ar-
bitrary ”f , and its complete form given in Ref. [72] is
more general than Eqs. (34, 35). In the present work,
we will calculate the polarization vector on an isother-
mal ”f and omit unphysical contributions mentioned in
Ref. [72]. This allows us to use Eqs. (34, 35) to evaluate
the SBR formulation.
For the mass m appearing in Eqs. (34, 35), it is gen-

erally taken to be the mass of ! hyperon, but Ref. [61]
argued that m is the mass of s quark if the spin polar-
ization of ! originates from its constituent s quark. In
the subsequent analysis, we will compare both choices:

m = 1116MeV (! hyperon),
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We parametrize the momentum pµ = (p0, px, py, pz) as
follows

p0 = mT cosh φp, px = pT cos↼p,

pz = mT sinh φp, py = pT sin↼p, (43)

where φp = tanh→1(pz/p0), ↼p = tan→1(py/px), pT =
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1/2, and mT = (p2T + m2)1/2. With the
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We now calculate the longitudinal spin polarization by
using the analytic solutions presented in Sec. II. In the
original Gubser flow, the longitudinal spin polarization
vanishes due to the periodicity in azimuthal angle ↼ of the
integrand in Eqs. (34, 35). In the following, therefore, we
concentrate on the longitudinal spin polarization based
on the perturbed Gubser solution given by Eqs. (25 - 27).

A. Analytic expressions

To derive analytic expressions of the longitudinal spin
polarization, we expand the integrals for small ⇁2,3 and
large L. For the normalization factor in Eq. (38), the
leading order term is given by

N (p) =
8⇀T̂ 3
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T 2
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K1(ϑ), (45)

whereKϑ(x) is the modified Bessel function of the second
kind, and we have introduced the dimensionless variable

ϑ =

√
m2 + p2T
Tf

. (46)
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[d!] = d! · p nF (1→ nF )

Spin polarization from the thermal vorticity

Spin polarization from the thermal shear

FLPSY:  
BBPIK:  
SBR:   [  ]

nμ ∝ uμ

nμ ∝ (1,0,0,0) in (t, x, y, z) dropping ∂μβ
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The spin polarization of the ! hyperon as a function of
its momentum pµ, is calculated by the modified Cooper-
Frye formula on the freeze-out hypersurface ”f :

Sµ(p) = Sµ
ω(p) + Sµ

ε (p), (33)

Sµ
ω(p) =

→1

8mN (p)

∫

!f

[d”]ωµϑϖϱpϑεϖϱ, (34)

Sµ
ε (p) =

→1

4mN (p)

∫

!f

[d”]ωµϑϖϱ
pϑnϖ

p · n
pςϑϱς, (35)

where Sµ
ω(p) and Sµ

ε (p) represent the polarization in-
duced by thermal vorticity tensor εµϑ and thermal shear
tensor ϑµϑ , respectively. The tensors εµϑ and ϑµϑ are

εµϑ = →
1

2
(ϖµϱϑ → ϖϑϱµ), (36)

ϑµϑ =
1

2
(ϖµϱϑ + ϖϑϱµ), (37)

with ϱµ = uµ/T . The normalization factor N (p) is cal-
culated via

N (p) =

∫

!
d” · pnF . (38)

The shorthand notation [d”] is defined as [d”] = d” ·

pnF (1 → nF ), where d”µ is the future-directed integra-
tion measure and nF = (1 + eφ·p)→1 is the distribution
function. In practical applications, since eφ·p ↑ 1, we
can take the approximation:

nF (1→ nF ) ↓ nF ↓ e→φ·p. (39)

The definition of the unit vector nµ appearing in
the shear-induced polarization formula, Eq. (35), varies
across di#erent theoretical formulations. In this work, we
examine the following three distinct formulations:

1. FLPSY formulation: The vector nµ is identified
with the fluid velocity uµ [59, 61].

2. BBPIK formulation: The vector nµ is set to be
nµ = ςµ0 in (t, x, y, z) coordinates [60]. Moreover,
Ref. [62] proposed eliminating explicit T -gradients
by the replacements εµϑ ↔ εK

µϑ and ϑµϑ ↔ ϑKµϑ ,
where

εK
µϑ = →

1

2
ϱ(ϖµuϑ → ϖϑuµ), (40)

ϑKµϑ =
1

2
ϱ(ϖµuϑ + ϖϑuµ). (41)

3. SBR formulation: The vector nµ is the normal vec-
tor to ”f . If ”f is isothermal (i.e., with constant
temperature), then nµ = →ϖµT/

√
|ϖϑTϖϑT |. In

this case, T -gradients cancel out automatically in
Sµ(p), though both Sµ

ω(p) and Sµ
ε (p) receive con-

tributions from T -gradients [72].

Note that the SBR formulation is applicable to an ar-
bitrary ”f , and its complete form given in Ref. [72] is
more general than Eqs. (34, 35). In the present work,
we will calculate the polarization vector on an isother-
mal ”f and omit unphysical contributions mentioned in
Ref. [72]. This allows us to use Eqs. (34, 35) to evaluate
the SBR formulation.
For the mass m appearing in Eqs. (34, 35), it is gen-

erally taken to be the mass of ! hyperon, but Ref. [61]
argued that m is the mass of s quark if the spin polar-
ization of ! originates from its constituent s quark. In
the subsequent analysis, we will compare both choices:

m = 1116MeV (! hyperon),

m = 300MeV (s quark). (42)

We parametrize the momentum pµ = (p0, px, py, pz) as
follows

p0 = mT cosh φp, px = pT cos↼p,

pz = mT sinh φp, py = pT sin↼p, (43)

where φp = tanh→1(pz/p0), ↼p = tan→1(py/px), pT =
(p2x + p2y)

1/2, and mT = (p2T + m2)1/2. With the
parametrization, the integration measure d” · p on the
freeze-out hypersurface ”f can be expressed as

d” · p = drd↼dφ↽f [rmT cosh(φp → φ)

→ rpT cos(↼p → ↼)ϖr↽f → pT sin(↼p → ↼)ϖ↼↽f ], (44)

with integration domains r ↗ [0,+↘), ↼ ↗ [0, 2⇀), and
φ ↗ (→↘,+↘).

IV. SPIN POLARIZATION FROM VORTICITY
AND THERMAL SHEAR

We now calculate the longitudinal spin polarization by
using the analytic solutions presented in Sec. II. In the
original Gubser flow, the longitudinal spin polarization
vanishes due to the periodicity in azimuthal angle ↼ of the
integrand in Eqs. (34, 35). In the following, therefore, we
concentrate on the longitudinal spin polarization based
on the perturbed Gubser solution given by Eqs. (25 - 27).

A. Analytic expressions

To derive analytic expressions of the longitudinal spin
polarization, we expand the integrals for small ⇁2,3 and
large L. For the normalization factor in Eq. (38), the
leading order term is given by

N (p) =
8⇀T̂ 3

0 ϑ

T 2
f

K1(ϑ), (45)

whereKϑ(x) is the modified Bessel function of the second
kind, and we have introduced the dimensionless variable

ϑ =

√
m2 + p2T
Tf

. (46)
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ε (p) represent the polarization in-
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with ϱµ = uµ/T . The normalization factor N (p) is cal-
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The shorthand notation [d”] is defined as [d”] = d” ·

pnF (1 → nF ), where d”µ is the future-directed integra-
tion measure and nF = (1 + eφ·p)→1 is the distribution
function. In practical applications, since eφ·p ↑ 1, we
can take the approximation:

nF (1→ nF ) ↓ nF ↓ e→φ·p. (39)

The definition of the unit vector nµ appearing in
the shear-induced polarization formula, Eq. (35), varies
across di#erent theoretical formulations. In this work, we
examine the following three distinct formulations:

1. FLPSY formulation: The vector nµ is identified
with the fluid velocity uµ [59, 61].

2. BBPIK formulation: The vector nµ is set to be
nµ = ςµ0 in (t, x, y, z) coordinates [60]. Moreover,
Ref. [62] proposed eliminating explicit T -gradients
by the replacements εµϑ ↔ εK
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where
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Sµ(p), though both Sµ

ω(p) and Sµ
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tributions from T -gradients [72].

Note that the SBR formulation is applicable to an ar-
bitrary ”f , and its complete form given in Ref. [72] is
more general than Eqs. (34, 35). In the present work,
we will calculate the polarization vector on an isother-
mal ”f and omit unphysical contributions mentioned in
Ref. [72]. This allows us to use Eqs. (34, 35) to evaluate
the SBR formulation.
For the mass m appearing in Eqs. (34, 35), it is gen-

erally taken to be the mass of ! hyperon, but Ref. [61]
argued that m is the mass of s quark if the spin polar-
ization of ! originates from its constituent s quark. In
the subsequent analysis, we will compare both choices:

m = 1116MeV (! hyperon),

m = 300MeV (s quark). (42)

We parametrize the momentum pµ = (p0, px, py, pz) as
follows

p0 = mT cosh φp, px = pT cos↼p,

pz = mT sinh φp, py = pT sin↼p, (43)

where φp = tanh→1(pz/p0), ↼p = tan→1(py/px), pT =
(p2x + p2y)

1/2, and mT = (p2T + m2)1/2. With the
parametrization, the integration measure d” · p on the
freeze-out hypersurface ”f can be expressed as

d” · p = drd↼dφ↽f [rmT cosh(φp → φ)

→ rpT cos(↼p → ↼)ϖr↽f → pT sin(↼p → ↼)ϖ↼↽f ], (44)

with integration domains r ↗ [0,+↘), ↼ ↗ [0, 2⇀), and
φ ↗ (→↘,+↘).
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AND THERMAL SHEAR

We now calculate the longitudinal spin polarization by
using the analytic solutions presented in Sec. II. In the
original Gubser flow, the longitudinal spin polarization
vanishes due to the periodicity in azimuthal angle ↼ of the
integrand in Eqs. (34, 35). In the following, therefore, we
concentrate on the longitudinal spin polarization based
on the perturbed Gubser solution given by Eqs. (25 - 27).

A. Analytic expressions

To derive analytic expressions of the longitudinal spin
polarization, we expand the integrals for small ⇁2,3 and
large L. For the normalization factor in Eq. (38), the
leading order term is given by

N (p) =
8⇀T̂ 3

0 ϑ

T 2
f
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whereKϑ(x) is the modified Bessel function of the second
kind, and we have introduced the dimensionless variable
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√
m2 + p2T
Tf

. (46)
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where Sµ
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ε (p) represent the polarization in-
duced by thermal vorticity tensor εµϑ and thermal shear
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with ϱµ = uµ/T . The normalization factor N (p) is cal-
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N (p) =
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The shorthand notation [d”] is defined as [d”] = d” ·

pnF (1 → nF ), where d”µ is the future-directed integra-
tion measure and nF = (1 + eφ·p)→1 is the distribution
function. In practical applications, since eφ·p ↑ 1, we
can take the approximation:

nF (1→ nF ) ↓ nF ↓ e→φ·p. (39)

The definition of the unit vector nµ appearing in
the shear-induced polarization formula, Eq. (35), varies
across di#erent theoretical formulations. In this work, we
examine the following three distinct formulations:

1. FLPSY formulation: The vector nµ is identified
with the fluid velocity uµ [59, 61].

2. BBPIK formulation: The vector nµ is set to be
nµ = ςµ0 in (t, x, y, z) coordinates [60]. Moreover,
Ref. [62] proposed eliminating explicit T -gradients
by the replacements εµϑ ↔ εK
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this case, T -gradients cancel out automatically in
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ω(p) and Sµ
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tributions from T -gradients [72].

Note that the SBR formulation is applicable to an ar-
bitrary ”f , and its complete form given in Ref. [72] is
more general than Eqs. (34, 35). In the present work,
we will calculate the polarization vector on an isother-
mal ”f and omit unphysical contributions mentioned in
Ref. [72]. This allows us to use Eqs. (34, 35) to evaluate
the SBR formulation.
For the mass m appearing in Eqs. (34, 35), it is gen-

erally taken to be the mass of ! hyperon, but Ref. [61]
argued that m is the mass of s quark if the spin polar-
ization of ! originates from its constituent s quark. In
the subsequent analysis, we will compare both choices:

m = 1116MeV (! hyperon),

m = 300MeV (s quark). (42)

We parametrize the momentum pµ = (p0, px, py, pz) as
follows

p0 = mT cosh φp, px = pT cos↼p,

pz = mT sinh φp, py = pT sin↼p, (43)

where φp = tanh→1(pz/p0), ↼p = tan→1(py/px), pT =
(p2x + p2y)

1/2, and mT = (p2T + m2)1/2. With the
parametrization, the integration measure d” · p on the
freeze-out hypersurface ”f can be expressed as

d” · p = drd↼dφ↽f [rmT cosh(φp → φ)

→ rpT cos(↼p → ↼)ϖr↽f → pT sin(↼p → ↼)ϖ↼↽f ], (44)

with integration domains r ↗ [0,+↘), ↼ ↗ [0, 2⇀), and
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original Gubser flow, the longitudinal spin polarization
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concentrate on the longitudinal spin polarization based
on the perturbed Gubser solution given by Eqs. (25 - 27).
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large L. For the normalization factor in Eq. (38), the
leading order term is given by
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√
m2 + p2T
Tf
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using the analytic solutions presented in Sec. II. In the
original Gubser flow, the longitudinal spin polarization
vanishes due to the periodicity in azimuthal angle ↼ of the
integrand in Eqs. (34, 35). In the following, therefore, we
concentrate on the longitudinal spin polarization based
on the perturbed Gubser solution given by Eqs. (25 - 27).

A. Analytic expressions

To derive analytic expressions of the longitudinal spin
polarization, we expand the integrals for small ⇁2,3 and
large L. For the normalization factor in Eq. (38), the
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N (p) =
8⇀T̂ 3
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T 2
f
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whereKϑ(x) is the modified Bessel function of the second
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ϑ =

√
m2 + p2T
Tf

. (46)
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To compute Sz
ω(p) and Sz

ε (p) in Eqs. (34, 35), we first
take an expansion in powers of ω2,3 up to linear order:

Sz
ω(p) =

3∑

i=2

ωiS(i),ω(p) sin(iεp), (47)

Sz
ε (p) =

3∑

i=2

ωiS(i),ε(p) sin(iεp). (48)

We then expand the Fourier coe!cients S(2)(p) and
S(3)(p) for large L (satisfying the condition in Eq. (32)),
and keep the leading order terms correspondingly1.

The analytic results are summarized as follows. In or-
der to distinguish the results clearly, we will use super-
scripts FLPSY, BBPIK, and SBR to represent three for-
mulations shown in Sec. III. For the polarization induced
by thermal vorticity, we find the relation

S
FLPSY
(i),ω (p) = 2SBBPIK

(i),ω (p) = S
SBR
(i),ω(p), (49)

for i = 2, 3, and

S
SBR
(2),ω(p) = →C(p)[ϑK0(ϑ) + 3K1(ϑ)], (50)

S
SBR
(3),ω(p) = →D(p)[ϑK0(ϑ) + 5K1(ϑ)], (51)

where the coe!cients C(p) and D(p) are defined as

C(p) =
96ϖT̂ 6

0 p
2
T cosh ϱp

35mT 7
fL

4N (p)
, (52)

D(p) =
144ϖT̂ 9

0 p
3
T cosh ϱp

55mT 11
f L7N (p)

. (53)

For large L, we have C(p) ↑ D(p), consistent with the
assumption that the elliptic deformation is dominant.
Equation (49) shows that SBBPIK

(i),ω (p) is the half of SFLPSY
(i),ω

and S
SBR
(i),ω. This is because the perturbed solution given

in Eqs. (25 - 27) satisfies

ςµϑ = →
φ

2
(↼ϖuϱ → ↼ϱuϖ)→

1

2
(uϱ↼ϖφ → uϖ↼ϱφ)

= →φ(↼ϖuϱ → ↼ϱuϖ) +O(ω22, ω
2
3), (54)

but ςµϑ is replaced by →
1
2φ(↼ϖuϱ →↼ϱuϖ) in the BBPIK

formulation. For the polarization induced by thermal

1 We first change the integration variable r → s = r/L in Eqs. (34,
35), and then expand the integrands in powers of 1/(TfL). The
integrations are performed sequentially over ω ↑ [0, 2ε), s ↑
[0,+↓), and ϑ ↑ (↔↓,+↓).

shear tensor, we obtain

S
FLPSY
(2),ε (p) = 3C(p)

[
3K1(ϑ)→

∫ →

ς
dtK0(t)

]
, (55)

S
FLPSY
(3),ε (p) = 3D(p)

[
10ϑ↑1K0(ϑ) + 3K1(ϑ)

]
, (56)

S
BBPIK
(2),ε (p) =

C(p)

2 cosh2 ϱp
[ϑK0(ϑ) + 11K1(ϑ)], (57)

S
BBPIK
(3),ε (p) =

D(p)

2 cosh2 ϱp

↓ [17K1(ϑ) + (ϑ+ 24ϑ↑1)K0(ϑ)], (58)

and

S
SBR
(i),ε (p) = →S

SBR
(i),ω(p), for i = 2, 3. (59)

For large L, S(i),ε(p) is of the same order as the corre-
sponding S(i),ω(p). In particular, SSBR

(i),ε (p) and S
SBR
(i),ω(p)

are equal in magnitude but opposite in sign, leading to an
exact cancellation and hence vanishing total polarization.

B. Dependence on azimuthal angle and transverse
momentum

Let us first examine the dependence on the azimuthal
angle εp. For illustration, Sz

ω, Sz
ε , and their sum are

plotted as functions of εp in Fig. 1 and Fig. 2. In Fig. 1,
we set ω2 = 0.1 and ω3 = 0 to isolate the sin(2εp) struc-
ture; conversely, in Fig. 2, we set ω2 = 0 and ω3 = 0.01
to extract the sin(3εp) structure. Other parameters are

chosen as T̂0 = 3, L = 10 fm, and Tf = 150MeV. The
results are averaged over the rapidity range ϱp ↔ [→1, 1]
and transverse momentum pT ↔ [0.5, 3]GeV.
From Fig. 1 and Fig. 2, we see that Sz

ε agrees in sign
with the experimental data [17, 19], while Sz

ω always has
the opposite sign. This can be understood from the pos-
itivity of C(p) and D(p) in Eqs. (52, 53). To reproduce
the correct sign of total longitudinal spin polarization,
the magnitude of the thermal-shear contribution should
exceed that of thermal vorticity. For the FLPSY for-
mulation, panels (a) and (b) of Fig. 1 and Fig. 2 show
that it yields the incorrect sign regardless of the mass
choice. The SBR formulation in panel (d) always gives
a zero result at leading order. Only the BBPIK for-
mulation in panel (c) produces the correct sign, arising
from a significant cancellation between Sz

ω and Sz
ε . For

the BBPIK and SBR formulations, we present here only
the results for m = 1116MeV; however, we have also
verified that the BBPIK formulation maintains the cor-
rect sign and the SBR formulation remains zero even for
m = 300MeV.
Next, we discuss the dependence on the transverse mo-

mentum pT. Since the relative magnitudes of Sz
ω and

Sz
ε determine the sign of their sum, we plot the ratio

S(i),ω/S(i),ε as a function of pT in Fig. 3, with results
averaged over ϱp ↔ [→1, 1]. Interestingly, this ratio is in-

dependent of T̂0 and L, implying that both Sz
ω and Sz

ε

<latexit sha1_base64="ZVYppdQWf7T2hmdUF9ObtFk4chw="></latexit>

→ ↑ω(εωuε ↑ εεuω) + (higher order)

T-gradient not negligible but simply doubled.
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FIG. 3. The ratio S(i),ω/S(i),ε as a function of the transverse
momentum pT. Panel (a) shows the results for S(2),ω/S(2),ε,
while panel (b) shows those for S(3),ω/S(3),ε. The freeze-out
temperature is taken as Tf = 150MeV. An average over
ωp → [↑1, 1] has been performed separately for S(i),ω and
S(i),ε.

respond identically to the initial conditions. Obtaining
the correct sign for the total longitudinal spin polariza-
tion requires S(i),ω/S(i),ε > →1.

Comparing the results for m = 1116MeV and m =
300MeV, we find that a smaller mass yields a larger ra-
tio S(i),ω/S(i),ε. [Zheng: predictable without computa-
tion, from the pωnε

p·n factor in Sµ
ε ] In particular, for the

FLPSY formulation, Fig. 3 shows SFLPSY
(i),ω /SFLPSY

(i),ε < →1
for small pT when m = 300MeV. Although the ratio
lies above →1 in the small-pT region, giving the correct
sign there, it decays rapidly as pT increases and becomes
much less than →1 at large pT. This is consistent with
the results in Fig. 1 and Fig. 2, where the average over
pT ↑ [0.5, 3]GeV corresponds to an incorrect overall sign.

The BBPIK formulation works well when pT < 3GeV,
as shown in Fig. 3. As pT increases, the ratio decreases
slowly but eventually crosses →1. At large pT, we find
S
BBPIK
(i),ω /SBBPIK

(i),ε < →1, which suggests that the BBPIK
formulation may be inapplicable at large transverse mo-
menta.

C. Cancellation between thermal vorticity and
thermal shear

From Figs. 1-3, we find a significant cancellation be-
tween Sµ

ω and Sµ
ε in the BBPIK formulation. Part of

this cancellation can be understood by comparing the in-
tegrands of Sz

ω(p) and Sz
ε (p) in Eqs. (34, 35). Recalling

that the replacements ωµϑ ↓ ωK
µϑ and εµϑ ↓ εKµϑ are

adopted in the BBPIK formulation, we then find

1

2
ϑzϑϖϱpϑω

K
ϖϱ = pxω

K
ty → pyω

K
tx + ..., (60)

ϑzϑϖϱ
pϑnϖ

p · n
pςεKϱς = pxε

K
ty → pyε

K
tx + ..., (61)

corresponding to Sµ
ω and Sµ

ε , respectively. Here the el-
lipsis represents the contributions from other components
of ωK

µϑ and εKµϑ . A factor 1/2 is added in Eq. (60) since
the denominator of Eq. (34) is twice that of Eq. (35).
According to the definitions of ωK

µϑ and εKµϑ , the accel-
eration terms ϖtux and ϖtuy cancel exactly when adding
the two expressions in Eqs. (60, 61). Therefore, the ac-
celeration e!ect does not contribute to the longitudinal
spin polarization Sz(p) in the BBPIK formulation. We
emphasize that the above argument does not rely on the
specific velocity profile.
In the perturbed Gubser flow given by Eqs. (26, 27),

the terms represented by the ellipsis in Eq. (60) vanish,
and we find ωK

tx = →εKtx and ωK
ty = →εKty . This implies

that Sz
ω(p) is completely eliminated by acceleration part

of Sz
ε (p) in the BBPIK formulation. In this specific case,

the total longitudinal spin polarization depends only on
the non-acceleration components of εµϑ but not ωµϑ .
The cancellation of the acceleration terms also occurs

in the SBR formulation. In the QGP generated in rel-
ativistic heavy ion collisions, the longitudinal expansion
dominates over the transverse expansion. Neglecting ϱ-
dependence, we have

|ϖxT |, |ϖyT | ↔ |ϖzT |. (62)

The vector nµ = →ϖµT/
√

|ϖϑTϖϑT | in the SBR formu-
lation can be approximated as

(nt, nx, ny, nz) ↗
(→ϖtT, 0, 0, ϖzT )

[(ϖtT )2 → (ϖzT )2]1/2
. (63)

Since ϖφT = 0, it is easy to show ϖtT = →ϖzT coth ϱ. We
then can write

nµ = ςµ0 + ςnµ, (64)

where ςnt = cosh ϱ → 1, ςnz = sinh ϱ, and ςnx, ςny
↗ 0

under the condition in Eq. (62). At mid rapidity region
ϱp ↗ 0, the distribution function nF provides an expo-
nential suppression factor e→↼ cosh φ. Hence, the domi-
nant contribution to the integral in Eq. (35) comes from
the region where ϱ ↗ 0, and thus ςnt

↗ ςnz
↗ 0. The

normal vector nµ can now be approximated as ςµ0 . Due to
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much less than →1 at large pT. This is consistent with
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µϑ and εKµϑ . A factor 1/2 is added in Eq. (60) since
the denominator of Eq. (34) is twice that of Eq. (35).
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eration terms ϖtux and ϖtuy cancel exactly when adding
the two expressions in Eqs. (60, 61). Therefore, the ac-
celeration e!ect does not contribute to the longitudinal
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emphasize that the above argument does not rely on the
specific velocity profile.
In the perturbed Gubser flow given by Eqs. (26, 27),

the terms represented by the ellipsis in Eq. (60) vanish,
and we find ωK
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ty = →εKty . This implies

that Sz
ω(p) is completely eliminated by acceleration part
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ativistic heavy ion collisions, the longitudinal expansion
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dependence, we have

|ϖxT |, |ϖyT | ↔ |ϖzT |. (62)
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then can write
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Accelerations  exactly cancel out!∂tux , ∂tuy

Perturbed Gubser flow 
has no non-accel. terms.

Nonzero elliptic flows 
not necessarily lead to 
nonzero vorticities…

Only remaining parts

SBR
Choice of  makes cancellation between 
the T-gradient terms of  justifying 
the BBPIK replacement.  Why no remaining parts???

nμ ∝ ∂μβ
ϖμν and ξμν
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Cao-Fukushima-Pu-Wang (2026) coming soon!

To reproduce the sign 
inverted behavior, 
small and positive 
would be preferable.

Anisotropic Gubser flow 
is a (over)simplified model 
but seems to grasp the 
nature of previous studies.
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Summary

 Our theory technologies can be applied to the spin 
polarization problem of nucleons and the GPD 
(moments) measurable at EIC. 

 Spin-related observables are calculable in 
hadronic models and in lattice-QCD simulations, 
including topological contents inside the nucleons. 

 Simple analytical modeling is useful to understand 
physical mechanisms underlying the local spin 
polarization phenomena.  Anisotropic Gubser flow 
gives an intuitive insight!
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