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Neutrino oscillation indicates neutrino mixing and non-zero neutrino mass
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Parameters in the 3-flavor Neutrino Paradigm
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➢ Neutrino flavor states and mass states are connected 

by a unitary matrix 𝑈𝑃𝑀𝑁𝑆：

cos , sinij ij ij ijc s  

3 mixing angles: 

1 Dirac CPV phase:

2 Majorana CPV phases:

2 mass-squared differences: ∆𝑚21
2 , ∆𝑚31

2

3 1 2m m m 1 2 3m m m 

12 13 23, ,  

CP

21 31, 

2

[PDG]



➢ Unknow: 

① Octant of θ23 :

θ23 >45° or θ23 <45°

② CP-violation phases: 

𝛿𝐶𝑃, 𝛼21 and 𝛼31

③ Mass ordering:

The sign of ∆𝑚32
2

3 1 2IO : m m m 1 2 3NO : m m m 

The global fit result of neutrino mixing parameters
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The result of JUNO 59.1 days data

➢ The Jiangmen Underground Neutrino Observatory 

(JUNO) achieves world-leading precision on the 

solar oscillation parameters:

2

12

2 5 2

21

sin 0.3092 0.0087

     (7.5 0.12) 10 eVm


−

= 

 =  

，

➢ Comparing with PDG precision:

PDG 2025 JUNO 59.1 days

3.9% 2.81%

2.5% 1.55%

2

12sin 
2

21m

The result of JUNO 59.1-days data improved the 

precision of              and            by a factor of 1.6. 2

12sin  2

21m

[Abusleme et al., 2511.14593]
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Flavor and CP symmetries to lepton mixing

➢Basic idea: 

Flavor and CP symmetries(horizontal) f CPG H

l

l CPG H CPG H



PMNSU

charged leptons neutrinos

Relate lepton mixing to how are Gf and generalized CP broken 

Lepton mixing matrix arises from mismatch of the different 

subgroups                 and l

l CPG H
CPG H



High energy scale

Low energy scale

* 1( ) ( )X g X g − =

[Feruglio et al., 1211.5560; 
Lindner et al., 1211.6953; 
Chen et al., 1402.0507]

Usually left-handed leptons are assigned to an 

irreducible three-dimensional representation of 

the  flavor symmetry group Gf. 2025/12/21 5



Possible choices of residual symmetries

➢ The breaking of flavor and generalized CP symmetries can lead to the lepton 

mixing matrix depends on few free parameters:
[Ding et al., 2402.16963]

We focus on the mixing patterns with 1 and 2 free parameters.

The lepton mixing angles as well as Dirac and Majorana CP phases can be predicted by 

residual symmetry, neutrino masses are not constrained except in concrete models.

large groups required

low predictivity

2025/12/21 6



Breaking pattern with one parameter

➢ All mixing angles and CP phases are expressed in term of one free parameter 𝜃 ∈ [0, 𝜋). 
➢ One column of the lepton mixing matrix is fixed.

neutrinocharged lepton

Cf PG H

4o

,

r

3lg

nZ n

K


2

g
Z X



l l l lU PQ= 
23( )U R P Q   = 

† †

23( ) ( )PMNS l l l

TPU P QRQ    =  

† diag(1, 1, 1)

,TX

G

  

  

=  

  =  − −

2025/12/21
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The choices of flavor and CP symmetries

2

5 (168) (6, , )CP CP CPA H H n H 

➢ A systematical analysis of the discrete flavor group 𝐺𝑓 up to order 2000 find that all 

viable mixing patterns with one parameter can be obtained by considering: 

➢ 𝐴5 is the group of even permutations of 

five objects, it has two generators S and T: 

2 5 3( ) 1S T ST= = =

4

5 5

2 /5

5

1 2 2
1

: 2 1 , diag(1, , ),
5

2 1

(1 5) / 2,

g g

g g

i

g

S T

e 

   

 

 

 − −
 

= − − − = 
 
 − − −
 

= + =

3

➢ Σ(168) is a non-Abelian subgroup of SU(3) 

of order 168, it has two generators S and T:

2 3 7 3 4( ) ( ) 1S ST T ST= = = =

2 1 3

2 4

1 3 2 7 7 7

3 2 1

2 /7

7

2
: , diag( , , ),

7

2
, sin

7

i

n

s s s

S s s s T

s s s

n
e s

  




− − 
 

= − − = 
 − − 

= =

3

CP and  flavor symmetry transformations are of the same form in the chosen basis. 

5A
➢ 3-dimensional representation: ➢ 3-dimensional representation:

Golden ratio

[Yao et al.,1606.05610]

CPH
2025/12/21
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𝚫(𝟔𝒏𝟐) group and CP

➢ Δ(6𝑛2) is an infinite series of non-Abelian finite subgroup of SU(3), it has four generators 

a, b, c and d:
3 2 2

1 1 1 1 1 1 1 1

( ) 1, 1, ,

, , ,

n na b ab c d cd dc

aca c d ada c bcb d bdb c− − − − − − − −

= = = = = =

= = = =

2 /

0 1 0 0 0 1 0 0 1 0 0

0 0 1 , ( 1) 0 1 0 , 0 0 , 0 0 ,

1 0 0 1 0 0 0 0 1 0 0

, 0,1, 1,2, , 1

l

k l l

l

i n

a b c d

e k l n



 





−

−

      
      

= = − = =      
      
      

= = =  −

➢ 3-dimensional irreducible representations:

CP and  flavor symmetry transformations are of the same form in the chosen basis. CPH

2025/12/21
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Lepton mixing matrix from 𝚫(𝟔𝒏𝟐) and CP

➢ Lepton mixing matrix from 2(6 ) CPn H

Case I:

2

2

2

1 1

1 1 23

1 1

2 sin 2 cos

1
2 cos 2 sin ( ) ,

6 63

2 cos 2 sin
6 6

i

iI

i

e

U e R Q

e









 

 
  

 
 

 
 
 
    

= − − − −    
    

    
+ − +    

    

2

2  , , ( )
x xs t bc d x

r rG ac d G Z X c d 

   − −= = = , , , 0,1, 1s t x n = −

1

2

,

2 3( )
,

s x

n

t s x

n

 


 

−
=

− − +
=

Case II:

1 2

1 2

1 2

2

13

2

1
1

1 ( ) ,
3

1

i i

i iII

i i

e e

U e e R Q

e e

 

 



 

  

 

 
 

=  
 
 

/2

2, , ( ),
ns t c

r rG ac d G Z X c d 

  = = =

1

2

2
,

2 2
.

s

n

t

n

 
 

 
 

+ +
=

− +
=

fixed by residual 
symmetry

, , , 0,1, 1s t n  = −

fixed column

TM2

23

1 0 0

( ) 0 cos sin

0 sin cos

R   

 

 
 

=  
 − 

13

cos 0 sin

( ) 0 1 0

sin 0 cos

R

 



 

 
 

=  
 − 

up to permutation of rows
2025/12/21
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Lepton mixing matrix from 𝑨𝟓 and 𝚺(168) with CP 

5 CPA H

13

1
0

5 5

1 1
( ) ,

2 5 2 5 2

1 1

2 5 2 5 2

g

g

gIII

g

g

g

i

U i R Q

i
















 
 −
 
 
 

= − 
 
 
 
 
 

3 2 3

5 2  , , ( ),T T ST ST

r rG Z G Z X S  = = =

23

1 1
1

1 1 ( ) ,
2

1 1

g g

IV

g g

g g

U R Q

 

  

 

 −
 

= − − 
 − − 

2 3 4( , ) 3 2 3

4 2, , ( )ST ST S TST S

r rG K G Z X T ST ST  = = =

(168) CPH

3

4

3

4
13

3

4

3 1 2 ( 3 1)

1
3 1 2 ( 3 1) ( ) ,

2 3

2 2 2

i

i

i

V i

i

i

e e

U e e R Q

e e














−

−

−

 
− − + 

 
 = − − −
 
 
 
 

4 2

3 2, , (1).ST ST S S

r rG Z G Z X  = = =

➢ Lepton mixing matrix from 

Case III: Case IV:

Case V:

➢ Lepton mixing matrix from TM2
GR2

up to permutation of rows

up to permutation of rows

(1 5) / 2g = +Golden ratio:

2025/12/21 11



Viable lepton mixing with one parameter

➢ Best-fit results of mixing angles and CP phases for all discrete groups with order ≤ 168

➢ 3𝜎 interval of JUNO:

2

120.2831 sin 0.3353 

• 𝑼𝑰 can accommodate 

experiment data at 3𝜎 for both 

NO and IO

• 𝑼𝟏,𝟐
𝑰𝑽 can accommodate 

experiment data at 3𝜎 for NO

• TM2 and GR2 are disfavored 

at more than 3𝜎

TM2

TM2

GR2

2025/12/21
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Viable lepton mixing with one parameter

➢Precise measurements of mixing angles and CP phase

Future precision measurements can test these one-parameter mixing patterns.
2025/12/21 13

⚫ After 6 years of data collection, JUNO will measure 𝑠𝑖𝑛2𝜃12 with 1𝜎 uncertainty of 0.5% (current 2.8%).    

[Ding et al.,2512.03809]



Example of viable lepton mixing with one parameter

2

2

2

1 1

1 1 23

1 1

2 sin 2 cos

1
2 cos 2 sin ( ) ,

6 63

2 cos 2 sin
6 6

i

iI

i

e

U e R Q

e









 

 
  

 
 

 
 
 
    

= − − − −    
    

    
+ − +    

    

➢The minimal group that can realized viable 𝑼𝑰 is:
4(24) S 

4S
with 1 2( , ) ,

2 2

 
 

 
= − 
 

23

2
0

3 3

1 1
( )

6 3 2

1 1

6 3 2

I

i

i
U R Q

i



 
− 

 
 

= − − 
 
 
 
 

TM1

➢Sum rules

2 2

12 13

2

13 23

2

13 13

3cos cos 2,

(5sin 1)cot 2
cos

2sin 2 6sin
CP

 

 


 

=

−
=

−

2

12

2

23

sin 0.318

1
sin cos 0

2
CP



 



=  =

Maximal CP phase !
2025/12/21
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Breaking pattern with two parameters

neutrinocharged lepton

Cf PG H

2
l

l

g
Z X 2

g
Z X



23( )l l l l lQRU P= 
23( )U R P Q    = 

† †

23 23( , ) ( ) ( )T T

PMNS l l l l lU Q P P QR R       =  

† ( ) diag(1,

,

1, 1)

TX

g

  

  

=  

  =  − −3

† ( ) diag(1, 1

,

, 1)

T

l l l

l l l

X

g

=  

  =  − −3

➢ One element of the lepton mixing matrix is fixed.

➢ All mixing angles and CP phases are expressed in terms of two free parameters 

θl and θν ϵ [0,π) 

[Lu, Ding, 1610.05682, 
1806.02301; Li, Lu, Ding, 
1706.04576]

2025/12/21
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The flavor and CP symmetries

2

5 (168) (6, , )CP CP CPA H H n H 

➢ Similar as in case of one parameter

CPH

➢The dihedral group Dn is the symmetry group of a n-sided regular polygon, it has two   

generators R and S 2 2( ) 1nR S RS= = =

➢Irreducible representations : 1-dim, 2-dim

1 2

3 4

2 /

2 /

1 : 1, 1 : 1, 1,

1 : 1, 1, 1 : 1 ( ),

0 10 1
2 : , , 0,1,...,

1 0 20

ij n

j ij n

R S R S

R S R S even n

e n
R S j

e





= = = =

= − = = = −

    − 
= = =     

   

+ Cn PD H ,e

L
L

L





 
 
 

1 2~

eL

L

L





 
 
 
 
 

3

( ), nX g g D= 
2025/12/21
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Lepton mixing matrix from 𝑨𝟓 and CP 

5 CPA H

1/ 1
1

1/ 1
2

1 1/

g g

RC g g

g g

U

 

 

 

 
 

= − 
 − − 

➢ Breaking patterns from

Case VI:

Fixed 
element

2

g

1

2

1

2 g

➢ The lepton mixing matrices reads:

†

23 23( ) ( )VI T T VI

l l lU Q PR RP Q   = 

(1 5) / 2g = +Golden ratio:
2025/12/21 17



Lepton mixing matrix from 𝚺(168) and CP 

(168) CPH

2 5

2 5

4

2 2

2 5 2 4 5 4

2 2

, , (1), ( ),

, , ( ), ( )

S T ST

lr r r r

S T ST

lr r r r

G Z G Z X X T

G Z G Z X T ST ST X T ST ST

 

 

 

 

= = = =

= = = =

( ) ( )

( )

( )

4 4 4 4
1 2

2

diag(1, , ) diag(1, , ),

2 2 7 3 2 3 7

1
2 7 3 7 1 2 .

4

2 3 7 2 7 1

i i i i

VII VII

VII

e e e e
   

− −

 = 

 − + −
 
 
  = + −
 
 

− − − 
 

➢ Breaking patterns from

Case VII:

†

l  =  
Fixed element

1

2

2025/12/21 18

➢ Two lepton mixing patterns:



Lepton mixing matrix from 𝚫(𝟔𝒏𝟐) and CP

➢ 3 Breaking patterns from 2(6 ) CPn H

1 2

1 2

1 2

3( )
: ,

3 2( ) 3 2( )
: ,

.
3

,

2

,

2 2
: ,

x y x y
VIII

n n

x y x y
IX

n n

x x
X

n n

 
   

 
   

    
   

− − + −
= =

+ + + +
= = −

+ − + + +
= = −

, , , , 0,1, 1x y n   = −

fixed by residual symmetry

➢ Discrete parameters:

Fixed element

Case VIII:

Case IX:

Case X:

1cos

1

2

1

2

2025/12/21 19



Lepton mixing matrix from 𝑫𝒏 and CP

n CPD H

2 2, { , }, , { , }
z ze

ez x z ySR x SR yG Z X R SR G Z X R SR




 

− + − +
= = = =

2

1 1

1 1

cos sin 0

sin cos 0

0 0

VIII

i

i

i

e 

 

 

− 
 

 = − 
 
 

➢ Breaking patterns from

➢ The same mixing patterns 𝑈𝑉𝐼𝐼𝐼, but with different possible values of discrete parameters 

𝜑1 and 𝜑2

†

l  =   x=y=0,

x,y=0, n/2.

, 0,1, , 1ez z n =  −

odd n

even n

Residual symmetry:

,e

L
L

L





 
 
 

1 2

2 :(6 ) CPn H :n CPD H
1

2

2

1 2 2 1
(mod2 ) 0, , , , ,

3 6 2 3
(mod2 ) 0, , , , , 3 ,

1 2 2 1
(mod?2 ) 0, , , , , 3 .

n

n n n

n
n

n n n

n
n

n n n

    

    

    

−
= 

−
= 

−
= 

∣

1

2

2

1 2 2 1
(mod2 ) 0, , , , ,

1 3
(mod2 ) 0, , , , 2 ,

2 2

(mod2 ) 0, , 2 .

n

n n n

n

n

    

    

  

−
= 

=

=

∣

The group order of 𝐷𝑛 is much smaller than that of 𝛥(6𝑛2) : 22 6n n2025/12/21 20

same as in case of 𝛥(6𝑛2) and CP



Numerical results of lepton mixings with two parameters

➢ Nearly all two-parameter mixing patterns remain consistent with current NuFIT and 

JUNO 59.1-day data.

➢Precise measurements of mixing angles and CP phase

2025/12/21 21

[Ding et al.,2512.03809]



Predictions of solar neutrino mixing angle

2025/12/21 22

⚫ It is hard to use the predictions 

of 𝑠𝑖𝑛2𝜃12 to distinguish these 

mixing patterns. 



Predictions of atmospheric neutrino mixing angle and CP phase

2025/12/21 23

⚫ The predictions of 𝑠𝑖𝑛2𝜃23
and 𝛿𝐶𝑃 are narrow and 

different among these mixing 

patterns. 

⚫ Future DUNE and T2HK 

experiments can help to test 

these mixing patterns.



Example of viable lepton mixing with two parameters

2 2

2 2

1 1 1

6 1 1 1

1 1 1

cos cos sin

sin sin cos

cos cos sin

. .

i i

VIII

i
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c s e c s c c e s s s

U Q c s Q

s s e c c c s e c s c

 

   

  

 

   

  

  

  

 − + −
 

= − 
 + − 

➢Minimal group that can realized viable mixing with non-trivial CP phases is 𝑫𝟒

4Dwith 1 2
4

( , ) ,
2

 
 

 
=  
  ➢Sum rule:

2 2 2

13 23 1cos sin cos  =

2

23sin 0.51,

1.46 .CP



 





mixing angles and CP phase 
can be accommodated

Fixed
2

cos
4 2


=

2025/12/21
24



Summary

➢ We confront the lepton mixing predictions derived using discrete flavor and CP 

symmetries with the first JUNO data and the results of latest global neutrino data analysis.

➢ The JUNO 59.1-day dataset has ruled out part of mixing patterns with one parameter, and 

the minimal group that can generate viable predictions is 𝑆4.

➢ Almost all two-parameter mixing patterns that can accommodate NuFIT and current 

JUNO results, the minimal group that can generate viable predictions is 𝐷4.

➢ Future high precision JUNO (6 years), DUNE and T2HK results can test these mixing 

patterns.
2025/12/21

25
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Thanks !



Backup
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Breaking pattern with one parameter

➢ All mixing angles and CP phases are expressed in 

term of one free parameter 𝜃 ∈ [0, 𝜋). 
➢ One column of the lepton mixing matrix is fixed.

neutrinocharged lepton

Cf PG H

4o

,

r

3lg

nZ n

K


2

g
Z X



l l l lU PQ= 
23( )U R P Q   = 

† †

23( ) ( )PMNS l l l

TPU P QRQ    =  
† diag(1, 1, 1)

,TX

G

  

  

=  

  =  − −

0,    ,    ( ) ( )T

L l L L L L Ll G l G x iX C x      → → →

.
2

.
1 T

R l L L L h cl m l Cm = − − +

† † †

l l l l l lG m m G m m=

( )

2

†

† † ˆ

diag , ,e

l l l l l

ii i

l l l

U m mU m

U GU e e e 
 

=

=
( )†

ˆ

diag 1, 1, 1

TU m U m

U G U

   

  

=

=   

†

PMNS lU U U

➢ Flavor and CP transformation:

➢ The invariant of Lagragian:

*T TXG G mXm m m       = =，

Takagi factorization
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