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QCD: Asymptotic freedom & confinement

⚫ QCD coupling constant s(Q)
✓ high Q: asymptotic freedom, perturbative QCD 
✓ low Q: non-perturbative QCD

⚫ Confinement: partons do not exist as free particles, 
but are always confined in hadron 
⚫ Essence of confinement ? why & how ?

✓ hadronization models & Fragmentation function
✓ LPHD: Local Parton Hadron Duality hypothesis
✓ machine learning for hadronization

PRL 134 131802 (2025)
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Fragmentation function: integrated 𝐃𝟏
𝐡 𝐳
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⚫ Fragmentation function 𝐃𝐪
𝐡(𝐳): probability that hadron h is found in the debris of  

a parton carrying a fraction z of parton’s energy

⚫ Consequence of confinement

⚫ FF: QCD first principle (NOT YET)

✓ FF evolution function:  DGLAP

✓ fitting: parametrization & experimental data

✓ universality: e+e-, DIS, pp, pഥ𝐩 data

⚫ FFs contribute to virtually all processes

✓ e+e-: the cleanest process for FF study



FFs with quark/hadron polarization
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Hadron 

polarization

Quark polarizatiom @ PPNP 91 136 (2016)

Unpolarized Longitudinally Transversely

Unpolarized 𝐃𝟏
𝐡 𝐇𝟏

⊥𝐡

Longitudinally 𝐆𝟏
𝒉 𝐇𝟏𝐋

⊥𝐡

Transversely 𝐃𝟏𝐓
⊥𝐡 𝐆𝟏𝐓

𝒉 𝐇𝟏
𝐡 𝐇𝟏𝐓

⊥𝐡

⚫ Theoretically many more, in particular with polarized hadrons in the final state

and transverse momentum dependence (TMD)

PLB396 (1993) 161



FFs for EIC & EicC
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Precise knowledge of FFs will be crucial 

arXiv:2304.03302

PR D84 014002 (2011)

DSS FFs



Strange quark polarization puzzle
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⚫ Strange quark density function:   Δs(x)+Δ ҧs(x) 

✓ inclusive DIS: only proton PDF

a. negative for all values of x

✓ semi-inclusive DIS: proton PDF & kaon FF 

a. DSS FFs: positive for most of measured x

b. NNPDF FF: negative

c. JAM FFs: negative

⚫ Reliable FFs knowledge ? important !!!

PR D84 014002 (2011)

DSS FFs

PR D103 054003 (2021)

NP B887 276 (2014)



Pion FF: Best known FF

PRD 91 014015 (2015)

⚫ For z≥0.8, uncertainty rapidly increase because of lack of  

experimental data

⚫ Breit frame @ DIS: incoming quark scatters off photon 

and returns along same axis

✓ current region is analogous to half of e+e- collision

✓ Born level: DIS Q = e+e- 𝐬
⚫ DSS FFs: HERMES ep pion data at 10% level

✓ describe BESIII data at ?% level

Eur.Phys.J.C77 516 (2017)
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PR D75 114010 (2007)



World  & K data @ e+e- collision
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⚫ Data sets at high z ?

⚫ Data sets at 𝐬 < 10 GeV e+e- collision ?

⚫ Charged  data by DASP

✓ stat. uncertainty: 18%

⚫ BESIII: opportunities & challenges

✓ e+e-: the cleanest process for FF study

PRL 111  062002 (2013)

NP B148 189 (1979)



PRL 128 062004(2022)

The challenge @ e+e- → 𝐪ഥ𝐪 → hadrons
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⚫ MC generator of e+e- → 𝐪ഥ𝐪 → hadrons

⚫ Reliable hadronic event generator @ low 𝐬
✓ left-right asymmetry ⇒ scaling function 

✓ special at low 𝐬: Lund area law & ConExc

✓ tuning MC parameters



PRL 130 231901 (2023)

e+e- → 0/𝐊𝐒
𝟎 + X @ BESIII
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⚫ Dominated uncertainty: MC generator

⚫ Inclusive 0 production: surprise , disagreement !!!

⚫ Inclusive 𝐊𝐒
𝟎 production: not so bad



e+e- →  + X @ BESIII
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PR D83 (2001) 034002 PRL 133 021901 (2024)

⚫  FF @ NLO:  data at 𝐬 > 10 GeV e+e-

✓ missing theory uncertainty

⚫ PRD83 (2001) 034002 vs. BESIII data 

✓ underestimate !

⚫ BESIII fit: PR D111 034030 (2025)

✓ NNLO accuracy, hadron mass & higher twist

✓ 𝐬 > 10 GeV e+e- data  + BESIII data



Inclusive ± & K± vs. pQCD
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⚫ Inclusive pion cross section

✓ + ≈ - ≈ 0

✓ Isospin symmetry

⚫ Inclusive kaon cross section 

✓ K+ ≈ K- ≈ 1.4 KS

✓ Large isospin violation ?

PRL 135 151901 (2025)

⚫ NPC NNLO:  𝐬 > 3.0 GeV & Eh > 0.8 GeV @ BESIII

⚫ PRL 135 041902 (2025): Validity of QCD factorization 

and pQCD calculation at energy scales down to 3 GeV  

⚫ Test of isospin symmetry with FF fitting



To do list @ BESIII

Theoretically many more, in particular with polarized hadrons in the final state 

and transverse momentum dependence (TMD)

/K/
FFs

Inclusive 

hyperon

Inclusive 

vector

Di-hadron 

FFs

TMD 

FFs

Thrust 

& thrust 
axis

Inclusive 

/K/ @ 

5.0 GeV

Inclusive 

charm 

meson

Inclusive 

f0(980)

EEC 

study
PR D78 032011 (2008)

PR D96 032005 (2017)
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Thrust axis: more is different
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⚫ BESIII:  correctly thrust axis ? 

⚫ Phase space model vs. jet model

✓ reliable @ 𝐬 ≥ 5 GeV ?

⚫ Usage of thrust axis

✓ two hadron ∈/∉ of a quark

✓ TMD physics topics @ BESIII

鄢文标 2002

PR D26 991 (1982)

Edward Farhi @ PRL 39 1587 (1977): Hadronic jets have been observed in

electron positron annihilation experiments at energies above 5 or 6 GeV

PRL 35 1609 (1975)



Thrust  ≡ 1- T: exp. data @ low 𝐬 ???

PRL 134 251904 (2025)

⚫ Fixed order calculation, NLO @ 1981  NNLO @ 2007

⚫ Small  (  << 1) due to soft & collinear gluons

✓ re-summation of large ln(1/) to all orders in s

✓ N4LL in full QCD @ PRL 134 251904 (2025)

⚫ NNLO & N4LL vs. NNLO & N3LL @ Z0: few permille

✓ higher order: more complex &  difficulty

⚫ Experiment results @ low 𝐬: sensitive to higher order of s

⚫ BESIII/Belle/Belle II: O(1-100M) 𝐪ഥ𝐪 events, not yet ! 

PRL 99 132002 (2007)

NP B187 301 (1981)
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Eur. Phys. J. C78 498 (2018)



Summary
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⚫ The FF play a crucial role in describing hadronization process, and understanding of

non-perturbative QCD dynamics. 

⚫ Inclusive 0 & Ks: Large discrepancy with theory calculation. PRL 130 231901 (2023)

⚫ Inclusive :  FF fitting with NNLO accuracy, hadron mass correction & higher twist, 

could describe BESIII data. PRL 133 021901 (2024)

⚫ Inclusive  & K: Validity of QCD factorization and pQCD calculation at energy scales 

down to 3 GeV, isospin symmetry with FF fitting. PRL 135 151901 (2025)

⚫ To do list @ BESIII

✓ FFs with hadron: beyond pion/kaon/eta

✓ TMD FFs & Di-hadrons FFs: possible

✓ spin effect at hadronization: any surprises ?

✓ thrust & EEC: old & new topics



Measurment of e+e- → 0 + X @ BESIII
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⚫ Bin-by-bin unfolding method

⚫ Correction factor 𝓕
✓ event selection efficiency

✓ radiative correction

PRL 130 231901 (2023)
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