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Rotation leads to polarization an EH F HF CR.-TRR

Condensed matter: Barnett effect

—> spins align under rotation
(due to spin-orbit coupling)

= non-vanishing magnetization

Non-central heavy-ion collisions:
strong orbital angular momentum

Barnett effect in heavy-ion collisions?

= hadrons are polarized by vorticity of matter
Z.-T. Liang, X.-N. Wang, PRL 94 (2005) 102301
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Experimental observation - A polarization ! E"EHFHF (Rc..ﬁ

A polarization along angular-momentum direction (“global polarization™)

< AL 2050% "] L. Adamczyk et al. (STAR), Nature 548 (2017) 62
~8r % A this study -
St © Atis study 1 —> QGP is “most vortical fluid ever observed”
¥ A PRC76 024915 (2007)
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For comparison:
o Great Red Spot of Jupiter w ~ 107*s7!

o turbulent flow in superfluid He-Il w ~ 15057*

o superfluid nanodroplets w ~ 107 s~ !
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Polarization and hydrodynamics '\E",EHFHF cn:ﬁ

Assuming local equilibrium on freeze-out hypersurface, I Avau 2050% contral [ — A model |
hydrodynamics describes global polarization quite well ... s-‘ el P e |
sk G 4 AsTAR ||
N~ Pk, [o dT - k w0 foc S 1
where @,, = —1 (0,8, — 053,) thermal vorticity, e t
B¥ = u*/ T, fox local-equilibrium distribution function ;
. Karpenko, F. Becattini, NPA 967 (2017) 764 Ws o e 20

Ve [GeV]

. but fails to describe azimuthal-angle dependence of polarization along the beam

direction (“local longitudinal polarization™)
F. Becattini, M.A. Lisa, Ann. Rev. Nucl. Part. Sci. 70 (2020) 395
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Polarization and hydrodynamics Q“,EHFHF CRC.-'R

Further (non-dissipative?) contributions to the polarization were found
F. Becattini, M. Buzzegoli, G. Inghirami, |. Karpenko, A. Palermo, PRL 127 (2021) 272302

vpo k>\
M+ ~ etrPok, fzm dy - k (Wpo‘ + 28,600 — ) fok
Here, £, = %a(aﬁk) thermal shear tensor, where a(ab)\) = a, by + as bx
(see also S.Y.F. Liu, Y. Yin, JHEP 07 (2021) 188)

— this does not quite do the job ...
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. but neglecting temperature gradients on ¥¢, does!
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Polarization and hydrodynamics '\E",EHFHF cn:ﬁ

Observations:

o derivation of formula for polarization (M* ~ ) is strictly valid only for rotating
global-equilibrium state
F. Becattini, V. Chandra, L. Del Zanna, E. Grossi, Annals Phys. 338 (2013) 32

= application of formula requires fast equilibration of
spin degrees of freedom (relative to timescale of collision)

o dissipative effects influence (almost) all other observables in a heavy-ion collision,
even seem to appear explicitly in new term ~ &, in formula for polarization

= Questions:
(1) How fast do spin degrees of freedom equilibrate?
(I1) How is polarization influenced by dissipative effects?
= requires a theory of second-order dissipative spin hydrodynamics!

N. Weickgenannt, D. Wagner, E. Speranza, DHR,
PRD 106 (2022) 096014, PRD 106 (2022) L091901

D. Wagner, PRD 111 (2025) 016008
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eHFHF

where N* particle four-current

Particle number conservation

Energy-momentum conservation

0, TH =0 where T#” energy-momentum tensor

Angular-momentum conservation

A =0 where J***** angular-momentum tensor

With JHYA = xV THY — xATHY 4 1S#¥*  and energy-momentum conservation:

Equation of motion for spin tensor

hd, S = T

where a1 = 22 b7 — 27>
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eHFHF

1 equation, 4 unknowns

Particle number conservation

Energy-momentum conservation

9, T" =0 4 equations, (at least) 10 unknowns

Angular-momentum conservation

Q=0

With JHYA = xV THY — xATHY 4 pS#¥*  and energy-momentum conservation:

Equation of motion for spin tensor

hd,S*r = T 6 equations, 24 unknowns

where a1 = 22 b7 — 27>
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Ideal spin hydrodynamics '\E",EIHFHF (R:ﬁ

Assume local equilibrium

Single-particle distribution function (to order O(h))

h v
f;q,ks = fok <1 + ZQW’ZI‘(‘s > ,  fox = exp (0( —f- k)

where

°o o= % Lagrange multiplier for particle-number conservation

ut s . . .
o fH = - Lagrange multiplier for energy-momentum conservation, u* fluid 4-velocity
o Q. spin potential, Lagrange multiplier for angular-momentum conservation

1 . . .
o T = —— Pl 55 dipole-moment tensor of particle with mass m,
m

(on-shell) 4-momentum k., and spin 4-vector s3
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Ideal spin hydrodynamics '\E",EIHFHF (R:ﬁ

Assume local equilibrium

Single-particle distribution function (to order O(h))

h v
f;q,ks = fok <1 + ZQHVZ::S > ,  fox = exp (Q —f- k)

where
°o o= % Lagrange multiplier for particle-number conservation
1 parameter
o fH = u—: Lagrange multiplier for energy-momentum conservation, u* fluid 4-velocity
4 parameters

o Q. spin potential, Lagrange multiplier for angular-momentum conservation

6 parameters

1 . . .
o T = —— Pl 55 dipole-moment tensor of particle with mass m,
m

(on-shell) 4-momentum k., and spin 4-vector s3
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Ideal spin hydrodynamics '\E",EHFHF (R:ﬁ

Extend phase space by spin degrees of freedom:
__dk
 (2m)3k0

2
with  dS(k) = ,/% d*s5(k -5)5(s -5 + 3),

nov
such that [ dS(k) =2, [dS(k)s" =0, [dS(k)s"s” = -2 <gW _ Kk )

— dl' = dK dS(k)

k2

Fluid-dynamical currents

. NE = (kM)
T = (kMKY) 4+ O(h?)
1
JTR7DN — =) H VA 2
s = S (KE) + o)
where ( = [dl---f(x, k,s)

= for (- )eq = fdr - feqks = equations of motion are closed!
see, e.g., W. Florkowski, A. Kumar, R. Ryblewski, Prog. Part. Nucl. Phys. 108 (2019) 103709
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Boltzmann equation @@HFHF (R:ﬁ

Dissipative spin hydrodynamics
= provide additional equations of motion

== start from underlying microscopic theory, apply method of moments
see, e.g., G.S. Denicol, H. Niemi, E. Molnar, DHR, PRD 85 (2012) 114047
From quantum kinetic theory, in semi-classical approximation, i.e., to order O(#), derive:
N. Weickgenannt, E. Speranza, X.-l. Sheng, Q. Wang, DHR,
PRL 127 (2021) 052301, PRD 104 (2021) 016022

Boltzmann equation for spin-1/2 particles with nonlocal collision term

k- Of (x, k,5) = €[f]
¢lf] = / drydTadT dS(k) WS 282 (2h)* 6@ (k + K — K — ks)

Kk’ —vky ko

X [f(X + A — A, k1,51)f(X+ Ay — A, k2,52) = f(X, k,g)f(X + A — A, k/,ﬁl)]

where nonlocal position shift ~A* ~ — Compton wavelength!
m

—> quantum length scale!

Nonlocal collisions: allow mutual conversion of orbital angular momentum and spin
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eHFHF

D. Wagner, N. Weickgenannt, DHR, PRD 106 (2022) 116021
For NJL-type 4-fermion interaction ~ ({Iq))?

covariant position shift

5 Im {Tr [h’y“r(b)hzr(a)] Tr [r(b)hlr(a)h'] —Tr [hyﬂr“’)hlr(3>h’r(b>h2r(a)]}
A‘l‘ = —_— = =
m 4Re {Tr [ATDh,TOK] Tr [ kT h] — Tr [AT@ by [ W T TR |

where h = h(k,s) = %(u ~sd) (K + m)

and similarly for (ki,s1), (ke,52), (k',s'), (k,5)
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eHFHF

Usually, local-equilibrium distribution function feq is defined by condition

Local equilibrium

Clfe] =0

However, as shown in N. Weickgenannt, E. Speranza, X.-l. Sheng, Q. Wang, DHR,
PRL 127 (2021) 052301, PRD 104 (2021) 016022, nonlocal collision term vanishes only in

Global equilibrium

o = const.
o B'/) - 0
Qu = wu, = const.

= appears too restrictive: nonlocality A < fint € Amip < Lhydro
= (quantum) nonlocality scale A much smaller than hydrodynamic scale Lhydro

Generalized local equilibrium

€ [feq] ~ O(A/ Lhydro)

Dirk H. Rischke Spin hydrodynamics 14/26



Generalized local equilibrium '\E",EHFHF cn:ﬁ

1 1
Define hydrodynamic scale Lhydro by - k - Ofeq ks ~ mfeq,ks J
ydro

=
=

Buo ~ OlLigho)
o¥3) ~ O((kLyaro) ")
8>\Q;w ~ O(Lh_yﬁro)

. . h -
using conservation of total angular momentum J** = Al# k"1 4 5255” in binary

collisions, order O(%) contribution to nonlocal collision term:

h v 1% 1 v
~ QT+ DO~ Buk") = 5A[“k W@ = Q) + O(A/ Liyaro)

for generalized local equilibrium: Q,,, — @, ~ O((kLhydro) ")

consistent, as in global equilibrium Lhygro — 00 and thus Q,, — @,
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Modified power counting '\E",EH F HF cn:ﬁ

Usually, all gradients of fluid-dynamical quantities are O(Lhydm)

However, global-equilibrium conditions do not restrict value of thermal vorticity w .,
see, e.g., F. Becattini, L. Tinti, Annals Phys. 325 (2010) 1566

= vorticity does not follow usual power counting, @, % O((kLhydro) ")

= define scale {yor set by vorticity: Wy ~ O((k&,o,t)_l) J

In principle, luort can take any value from fuort < Lhydro t0 fvort ~ Lhydro

<1

. . h
However, in order for i—expansion to apply: 7€, Xk ~ ;wwe’waﬁkaﬁg ~

vort

== lyon cannot be arbitrarily small (as in global equilibrium)

= remember A < fint K Amfp K Lhydro == Luort could be as small as Ay !

£ NMEKH<<1 J

—> for the sake of simplicity assume
evort Lhydro
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Method of moments @@H F HF (R:ﬁ

Extend method of moments developed in G.S. Denicol, H. Niemi, E. Molnar, DHR, PRD 85
(2012) 114047 by spin degrees of freedom

Single-particle distribution function

f(X,k,E) = Teq,ks +6ﬂ(5

Ky kv L
afkszﬁmzzw[n € g (Auu-i-%)s]k(m---kpn
k

£=0 nEeSy

where

o kiu, ---ku, irreducible tensors

o i = <E,fk<“1 ---k’“f>>6 irreducible moments, (-+-)s = () — (- +* )eq

o TiHTHE = <5“E,f’k<“1 ~~-k“‘>> spin moments
5
o Ex=k-u energy of particle in fluid rest frame
o A = AMYA, with AM = g"¥ — u"u” projector onto 3-space orthogonal to u*
° A<u1-~w> = AL A e
ALLIDY symmetric, traceless rank-2¢ projection operators built from A

° ’Hkn polynomials in Ex of rank N,
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Matching conditions '\E",EHFHF (R:ﬁ

Define local-equilibrium state via

Landau matching conditions

N¥u, = Niu,
Ty, = Téﬁ”)u,j

A A
Sy, = S uy

— relates o, 8", and Q,, in feq ks to fluid-dynamical variables

= determine «, ", and £, via conservation laws! (more details follow later)

Equations of motion for standard dissipative currents
==> see G.S. Denicol, H. Niemi, E. Molndr, DHR, PRD 85 (2012) 114047

—> relaxation-type equations, e.g., for shear-stress tensor:
PO AL L 2not’ 4 ... , with ) = AZZUA&\W“’B

where o = 9 y*) fluid shear tensor
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Equations of motion for spin moments q E"EIHFHF (R:ﬁ

Take spin moments of Boltzmann equation:

Equations of motion for spin moments

— T-éu%(mmue) _ d’@l’m-"w

Q:ﬁ,_ull'“w _ /dr El?*lk(ul . kue>5u Q:[f]

Linearized collision integral

Q:sjil'"ﬂl = Cf: Mlllocal + Ct:’ullnonlocal
Q:Z Mlllocal = - Z Bnr Trﬂyﬂl“'ue
= reSy
el: Mllnonlocal = /drldrzdrdr Wssljslfz E 1f(-)kﬂ)k'
h
X k(Hl - k#l)gl‘ [Z(waﬁ _ Qaﬁ)zﬁ;ﬁ + gaBAa kﬂ
] Q:f: M11|oca| == inverting B,(,f) yields relaxation times

14,441 : : .
o g el == gives rise to Navier-Stokes terms
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(144-24)-moment approximation \:NJEI H F H F cnzﬁ

Infinite set of moment equations needs to be truncated
—> lowest-order truncation:

14 standard fluid-dynamical moments + 24 moments for components of spin tensor
=—> (14+24)-moment approximation

Without dissipation, spin tensor determined by 6 components of spin potential ..,

Independent dissipative spin moments: p" = 7'0<”>, 3 = Y g e geed = TOM’”’\
2 4+ 6 + 10 components

Equations of motion for independent dissipative spin moments

Il
m

T ﬁ(u) +pH
o 3(#)@) + 5W

() > 1
qu<”>< A>+qu A 70.1( €>\>uaﬂuﬁ+.”

N. Weickgenannt, D. Wagner, E. Speranza, DHR,
PRD 106 (2022) 096014, PRD 106 (2022) L091901

D. Wagner, PRD 111 (2025) 016008



Spin relaxation times and Pauli-Lubanski vectorElHFHF m:ﬁ

Spin relaxation times

—> spin relaxation times of the same order

4

v R

M e (but somewhat smaller) than

—————— A . .
L —nxmm relaxation times for I1, n*, ©T#"
PPtads — Ta/Amip
— 73/ Amip . . . , e
A —> dissipative spin d.o.f.’s equilibrate

-

- (i.e., approach their Navier-Stokes values)
< as fast (or even faster) than I, n#, 7#

= answers Question (I) for dissipative

%0 2 4 6 B 10 Spin d.o.f's

Pauli-Lubanski vector (spin polarization vector!) in Navier-Stokes limit

Mk
s - kfbk{euupakyﬂpa I <55 _ %)
k

I
Mys  ~ /
2f.o.

X [erupaﬁ (Qaﬁ — wag) u, + H_;aa(p60>uaﬁ u$k<pkg>:| }

= novel dissipative(?) corrections ~ Q.3 — @,z and 0o = answers Question (II)
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Solving spin hydrodynamics | '\E",EIHFHF cnzﬁ

Conservation equations of spin hydrodynamics

OuN" =0, 8, T" =0, h9,S"">=T1H

Idea: Solve them perturbatively in powers of i
= Decompose T"" = %T(‘“’) + %T[’“”’]
Note: %T(‘“’) =cuu’ + (P+ NMA" + 7 ~ O(1)
while: BS"¥> ~ O(1?) , T = L [dr T E[f] ~ O(h?)

Conservation equations to O(h)

OuN" =0, 8, T™) =0

= To order O(h), conservation equations of spin hydrodynamics are identical to
conservation equations of ordinary fluid dynamics!

Moreover, to order O(h), spin degrees of freedom do not couple
to relaxation equations for dissipative quantities!

= To order O(h), EoM'’s of dissipative spin hydrodynamics are identical
to EoM'’s of ordinary dissipative fluid dynamics!

= To order O(h), spin dynamics decouples from bulk evolution of the fluid!
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Solving spin hydrodynamics Il \f",EIHFHF CRC-TR2n\

At order O(H?), spin dynamics is given by

Conservation equation for total angular momentum

St = T

plus relaxation equations for dissipative spin d.o.f.'s

To first approximation, neglect dissipative spin d.o.f.’s, solve “ideal-spin” hydrodynamics

Ideal spin tensor

S = AUt Q" + But ua QU 0N + cut ol AN + EAR Q0 Y

with thermodynamic coefficients A, ..., E ~ O(h)

—> conservation equation for total angular momentum leads to coupled system of
relaxation equations for components of Q" = ultx¥ 4 "B g wg

Relaxation equations for spin potential (static background) JEBERAEIGCIANVER LN

Tehk+k = pVxw DHR, Phys. Rev. Res. 6
K - K
. (2024) 4, 4
Tow+w = —puo, VXK
Tw, Tw relaxation times, i, , u, length scales given by T = _2 LdArziie|f]
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Solving spin hydrodynamics Il| '\E",EIHFHF CRC-TR2n\

Taking divergence, one sees that V -k, V -w relax to zero on timescales given by 7., T

Assuming V - k = V - w = 0 and taking time derivative, eqs. decouple and one obtains

Damped wave equations for spin potential X = ow,
o g 5 . a:;—i—E’ b:‘rrﬂ'w’
X+aX+bX—-cAX=0 c? = kske gpin-wave velocity

ThTw

Dispersion relation

ol = i(7n + ) £ \/ACETETZKE — (1 — 70 )2 Spin-wave damping times

27w

R
1000 | === 74 /Tx 1

For k > % spin waves propagate

Tk T

and are damped on timescale 7. ~ min(7x, 7o)

[T —Twl . H
For k < er7nr,  SPIN waves do not propagate
and are damped on timescale 7, ~ max (7, 7w)

Quu — @, on timescale T,

= answers Question (I) for non-dissipative ‘
spin d.o.f's z

D. Wagner, M. Shokri, DHR, Phys. Rev. Res. 6 (2024) 4, 4
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Sign puzzle of local longitudinal polarization @HFHF CRC.-TR}

Timescale ordering

Tdiss. spin 5 Tdiss. fluid 5 Tnon-diss. spin

== dynamical solution of spin hydrodynamics on non-trivial background fluid evolution

Sapna, S. K. Singh, D. Wagner, arXiv:2503.22552 [hep-ph]

1.0 : i 1.0 ! - r
¢ A (STAR) ¢ A (STAR) === s
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<05
e z
00
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® S y }
2, R S
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. . I Iy
1 L L 70"‘) C L 1 1
0 1 2 3 0 1 2 3
[ pr (GeV)

—> spin hydrodynamics can solve sign puzzle of local longitudinal polarization!
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Conclusions and Outlook '\E",EHFHF cn:ﬁ

o Starting from Boltzmann equation with nonlocal collision term, and using method of
moments, derived equations of motion of relativistic second-order dissipative spin
hydrodynamics in (14424)-moment approximation

o h power-counting: dynamics of spin degrees of freedom decouples from bulk
evolution of the fluid!

o Ordering of timescales:
Tdiss. spin S, Tdiss. fluid 5 Tnon-diss. spin

= Dissipative spin degrees of freedom relax as fast (or even faster)
as usual dissipative quantities

== Non-dissipative spin degrees of freedom follow damped wave equations;
damping timescale can be larger than that for usual dissipative quantities

= Need to dynamically solve spin hydrodynamics
(on given background fluid evolution)!

o Spin hydrodynamics can solve sign problem of local longitudinal polarization!
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