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Heavy ion collisions

QCD phase diagram in the (7, 1) plane
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Dynamical description of Heavy ion collisions

@ Baryons Au + Au \."'JSNN = 200 GeV
‘ Antibaryons l QGP - A
@ Mesons l ‘ ' ! g
® Quarks ' . - o
@ Gluons b=22fm - Section view

The goal:

to develop a dynamical microscopic transport approach to study the evolution of HIC

PHQMD

= PHSD (Parton-Hadron-String-Dynamics)
= PHQMD(Parton-Hadron-Quantum-Molecular-Dynamics)



PHSD:

|. Development fo the microscopic transport theory:
from BUU to Kadanoff-Baym dynamics




History: semi-classical BUU equation

Boltzmann-Uehling-Uhlenbeck equation (non-relativistic formulation)—propagation
of particles in the self-generated Hartree-Fock mean-field potential U(r,t):

collision term:
elastic and inelastic

Ludwig Boltzmann

(7,7, 1) is the single particle phase-space distribution function —probability to find
the particle at position r with momentum p at time t

] self-generated Hartree-Fock mean-field potential:
1

= d’r' ' d’p V(F-¥'t r',p,t) + (Fock term

(mm%j pV(F=F't) f(F\pst) + ( )

 Collision term for 1+2->3+4 (let‘s consider fermions) :

i . - . .  do 1
(Zﬂ.)3j.d3p2 d3173 J‘d.g ‘Ulz‘53(])14']72—173—])4)'5(14'2—) 3+4)P

InCIUding Pauli bIOCKing: P=f3f4(1'f1)(1'f2) B fzfz(l'fs)(l‘f4) !

Gain term: 3+4>1+2 Loss term:
1+2>3+4 5

U(r,t)

Icoll =



History: developments of relativistic transport models

Low energy HIC ——————)> High energy HIC

Non-relativistic semi-classical BUU

——————)> Relativistic transport models

‘Relativistic Vlasov-Uehling-Uhlenbeck model for heavy-ion collisions’
Che-Ming Ko, Qi Li, Phys.Rev. C37 (1988) 2270

‘Covariant Boltzmann-Uehling-Uhlenbeck approach for heavy-ion collisions’
Bernhard Blaettel, Volker Koch, Wolfgang Cassing, Ulrich Mosel, Phys.Rev. C38 (1988) 1767;

‘Relativistic BUU approach with momentum dependent mean fields’
T. Maruyama, B. Blaettel, W. Cassing, A. Lang, U. Mosel, K. Weber, Phys.Lett. B297 (1992) 228

‘The Relativistic Landau-Vlasov method in heavy ion collisions’
C. Fuchs, H.H. Wolter, Nucl.Phys. A589 (1995) 732

DJBUU, GiBUU, IBL, IBUU, LBUU, pBUU, RBUU, RVUU, SMASH, BAMPS,...



History: Covariant transport equation

1 Covariant BUU equation :

{ (17,, —Hv(aﬁU,‘j)—m*(azU;)) 0" +(HV(6,§UL’)+m*(6f,U§)) 0, }f(x,p)= I,

I, =Y |d2d3d4 [G°G],,,.,,,, 6'(T+IT,-1T,~11,)

2,3,4 77 = d’p,
E,
X{f(x,p3) f(X,P4) (I—f(x,p)) (I—f(X,PZ))
Gain term Loss term
Fri>113 —f(X,P) f(x’Pz) (I_f(x’P3)) (I_f(xyp4)) } 1293+4
m*(x,p) =m + Us (x,p) - effective mass
IT,(x,p) =p,— U,(x,p) - effective momentum Df. =1, [ ForFar Fuersins

=>» coupled set of BUU equations for different hadrons:

wor o fyo]

DfA = Icoll [fN’fA’fN(IMO)’"" fﬂ"fp ’]

nyz = Icoll [fN’fA’fN(1440)’"” fﬂ"fp""]
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From weakly to strongly interacting systems

Properties of matter (on hadronic and partonic levels) in heavy-ion collisions:

strongly interacting system! Degrees of freedom — dressed partons/Hadronic matter
— modification of hadron properties at finite /, ;i (vector mesons, strange mesons)

Many-body theory:
Strong interaction =» large width = short life-time K* spectral function

> broad spectral function = quantum object  °-

= How to describe the dynamics of broad strongly
interacting quantum states in transport theory?

] Semi-classical BUU

SK*(q—U.q”) l(.iC\"'-zl

[ Quantum Kadanoff-Baym equation

| A(1783)N-

and
2(1830)N-1
exitations



Dynamical description of strongly interacting systems

d Quantum field theory =2
Kadanoff-Baym dynamics for resummed single-particle Green functions S<
[Dyson-Schwinger equation on the closed-time-path]

convolution integral over

§ 0; l?l S ;y — fof ORS) 2:<y - Zi © S fl(/h the closed time-path

. A Real-time (Keldysh) Contour

Sy =—(050,+ M) boson = t 0
=iV — M formion —;EEtT’

iS5, = {®" (y)B(x)}) b "'
iS,, ={P(y)P" (x)}) Kodanolf Baspm
iS,, =(T{®(x)P" (y)}) —causal m
iS;, =(T{®d(x)d"(y)}) —anticausal Mechanics
Sy =8,,—-8,,=8,,-8 —retarded
S =8, -8, =8, -8, —advanced 5 o <V
n ==xI(bosons/ fermions ) Leo Kadanoff Gordon B'aym
T°(T" ) (anti—)time — ordering operator Can be solved exactly for ®4 — theory !

S. Juchem, W. Cassing, and C. Greiner, Phys. Rev. D 69 (2004) 025006; Nucl. Phys. A 743 (2004) 92
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From Kadanoff-Baym Eqd. to generalized transport Eq.

Do the Wigner transformed Kadanoff-Baym equations and next gradient expansion:

W. Botermans, R. Malfliet, Phys. Rep. 198 (1990) 115

0-order—> Generalized mass-shell equations:

4-dimentional of the Poisson Bracket:

1-order—> Generalized transport equations: Ciliiilhy = l)(j:l T K)

drift term Viasov backflow term collision term =
O{P* — M; — CALSSp ) — O X5, {ReSYL ) = Y% S5p

.|

Backflow term incorporates the off-shell behavior in the propagation

J Propagation of the Green function iSyp = AxpNxp, which carries information not only on the
number of particles (Nyp), but also on their properties, interactions and correlations (Ay )

1ﬂXP
(P2 — M2 — ReSigh)? + 12 ,/4

J Spectral function: Axp = ['yp=— ImXi = 2p,T

10



Generalized testparticle off-shell equations of motion

1 Employ testparticle Ansatz for the real valued quantity iS5,

insert in generalized transport equations and determine equations of motion !
= Generalized testparticle Cassing-Juchem off-shell equations of motion for particles:

ihe Realized in PHSD:

dt

(1]_’;
dt

Wolfgang Cassing

Transport Theories
for Strongly-Interacting
Systems

Applications to Heavy-lon Collisions

@ Springer




On-shell limits: from KB to BUU

d r[(X,P)->0 : : : :
quasiparticle approximation:

1_‘XP
Avp =
(P2 — M3 — ReZig)? + T3p/4 :> Axp = 2ps(P* — My)

O [(X,P) such that

Vacuum spectral function with constant or mass

E.g.:I'=const.orl' =1, ., M) dependent width I’

In on-shell limits the “backflow term” - which incorporates the off-shell behavior in the particle
propagation - vanishes:

(1 .{;,'
dt

dP.
dt

([E,‘
dt

W. Cassing, Eur. Phys. J. ST 168 (2009) 3

|:> Equations of motion (independent on ) & BUU limit "



Off-shell vs. on-shell transport dynamics
ol p spectral function I ——— —————  spectral function I ————r

collisional broadening o /b, Spectral function (Breit-Wigner):

A.

M?Ty, (M, pn)

m (M2 — Mg (pn))* + (MTY(M, pn))*

Vacuum + collisional broadening:

107 |
F;‘/(Mv |ﬂ7 pN) — IﬂV(Z\4) + Pcoll(Ma |Z§17 pN)
10-311.11l1.1.1,11|l1. M02q3
00 02 04 06 08 1.0 12 14 1.6 18 20 T,(M) =T, nn(M) = T (ﬁ) (q—o) F(M)
101 i N B 'II SN B e B S E— dropping S AN S S R S RN S R S R S B S R . N pN
E + collisional broadening PPy Ceon(M, [P, px) =7 pn <V 0y >R Qcol S
— || ]

{1 Mass shifts (dropping mass):

10°
M,

Ms(on) = (1 + apn/po)

10.3 . N P I | I PR TSR U 10-3 ’ P N B | TR RSN [ S S ST ST S
0.0 0.2: 04 0.6 p.8 10 12 14 16 18 20 00 02 0:4 06 08 10 12 14 16 18 2.0
: M [GeV/c)] :3 M [GeV/c]

r My~ 0.77GeV

Elena & Cassing, NPA 807 (2008) 214 1 3



Off-shell vs. on-shell transport dynamics

C+C, 2.0 AGeV, b=1fm
dropp. mass + coll. broad.

dN/dM [a.u.]

dN/dM [a.u.]

The off-shell spectral function becomes on-shell
in the vacuum dynamically by propagation!
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Off-shell vs. on-shell transport dynamics

The off-shell spectral function becomes on-shell
in the vacuum dynamically by propagation!

C+C, 2.0 AGeV, b=1fm
dropp. mass + coll. broad.

dN/dM [a.u.]

dN/dM [a.u.]

bare mass
coll. broadening -

p meson

do/dM [ub/GeV]

v °Pb - pX>e'e X
E7=1.5 GeV

01 02 03 04 05 06 07 08 09 1.0 11
M [GeV]

GiBUU: M. Effenberger et al, PRC60 (1999) 027601

low mass p and @ mesons live
forever (and shine “fake” dileptons)

13



PHSD:

Il. Modeling of sQGP for high energy nuclear collisions
INn microscopic transport theory

SR ALK

- Q."QC)\‘ v Q9
»)0 ‘\_. , ‘,’Qu
9 0 0 .9,

14



Description of the partonic and hadronic phase

1 How to model a QGP phase in line with IQCD data?
1 How to solve the hadronization problem?

pQCD based models: AMPT, BAMPS...

Macroscopic (EoS) —> microscopic parton properties (mass, interactions,...)

DQPM - effective model for the description of
non-perturbative (strongly interacting) QCD based
on IQCD EoS

stout HISQ

(e-3p)/T4 B W ]
| pTt - Strongly coupling QGP
s/4T4 -
Tmev; 1 —> a strongly interacting quasiparticle system

15



Dynamical QuasiParticle Model (DQPM)

Theoretical basis: resummed single-particle Green’s functions = quark (gluon) propagator

gluon propagator: A/ =P°-II & quark propagator S ' = P? - X

q
gluon self-energy: 1=-M*-i2y,w & quark self-energy: 3 =M *-i2y w

= Modeling of the quark/gluon masses and widths (ansatz inspired by HTL calculations)

Masses: , ; = (T, us) dependent coupling constant can be determined from lattice results
‘ N7 —1 . | s
12 _ ' 2 2 , g 0.7 —
]\[q(@ (T, IUB) 8NC g <T :“B) (T + 71_-2) 0e -
5 9 E
2 9T, pp) v\ Nexem My — 05}
q g 04 - -
s [ =0.2 GeV |
Widths: L O03f 1 AEPUPINE
AN2 12T, )T (2% oo MY T e
')/q(q)(T: IUB) — 9 ZN ] —In 9 + 1 SRL "
D ZiVe n g-(T, ,UB) 01F 1 s Tq :
) [ L e —————————— a):
1 gz(T.,u..B)T 2¢ oo
T = =NV ‘ I : 1
'Yg( alu’B) 3 C ST 1 g2(T’ :LLB) T T [GQV]

H. Berrehrah et al, PRC 93 (2016) 044914, Int.J.Mod.Phys. E25 (2016) 1642003

= Machine learning method (Olga; Fupeng): without the above ansatz !

16



Partonic interactions: matrix elements

So far, only leading order diagrams included in PHSD . Berrehrah ot al, PRC 93 (2016) 044914,

qq’ N qq’ 2q — 2q P. Moreau et al., PRC100 (2019) 014911
. q q / | q g |

Iy @ V. b »
oL Te L Jo[oTeLeLo[oTo oL oo Lo L) R q“q”/]\-[j

—_— g + M,

Pi -7 /",)‘ q = 204 , :
q 0 7 e g 1 g% = Mg + 2ivq40
s — channel t — channel 1 — channel s — channel
| —v v T ° 2 ' I
i S=4 GeV
— 101t —— on-shell qq/=qq/y
_) k =
g qq _ E off-shell :
— Lo .
— | 3 = = 1 pQCD limit
qq g > 100 o " " -
) - true” pQCD 3
2 P =
N >
s — channel TA; 10 1 pQCD

3 /
4
2
------ O
M2 p NI U R U R SR S - VR T N - S S 5
.. -1.0 -0.5 0.0 0.5 1.(
M4 & Initial masses: pole masses cos(6)

Initial masses: pole masses

: Final masses: integration over
Final masses: pole masses

spectral functions 17



Off-shell parton hadronization

The hadronization occurs by quark-antiquark or 3 quark/3 antiquark recombination
which is described by covariant transition rates —> energy-momentum conservation.

For meson: W. Cassing and E. Bratkovskaya, PRC 78 (2008) 034919.

dN,,(x,p)
dizd*p

&
=

= TrqTrq 8"(p — g — pq) 0 (

L
SN
l T

Xwq pg(Pg) Wg Pg(Pg) [Vegl” Win(zq — 74
X Ny(x4,04) Nj(xz,p5) d(flavor, color).

S
o
I L]

I'rj = Z/d4f1?j/ (27) Sum over spin, flavor, color

interaction strenght [GeV fm“”]

N, : phase-space density

Vi - effective quark-antiquark interaction from the DQPM 1 T '3’"'1'60 T 1000
pp [fm ]
2
Wm(gapﬁ) = €Xp (;ﬁ) EXP (sz(pg o (Mq o MQ)2/4))

phase-space distribution of the formed “pre-hadron” (later decay to ground states)
18



Parton-Hadron-String-Dynamics (PHSD)

PHSD: based on the solution of generalized off-shell transport equations derived from
Kadanoff-Baym many-body theo ry. Website: http://theory.gsi.de/~ebratkov/phsd-project/PHSD/index5.html

Initial A+A U Initial A+A collisions : LUND string model
collision N+N = string formation = decay to pre-hadrons + leading hadrons '
:>E ] Formation of QGP stage if local € > gcritical :

= dissolution of pre-hadrons - partons

Partonic phase ] Partonic phase - QGP:

QGP is described by the Dynamical QuasiParticle Model (DQPM)
matched to reproduce lattice QCD EoS for finite T and pg (crossover)

- Degrees-of-freedom: strongly interacting quasiparticles:
massive quarks and gluons (9,9,9,.,) With sizeable collisional ‘.
widths in a self-generated mean-field potential .

- Interactions: (quasi-)elastic and inelastic collisions of partons

off-shell off-shell

(] Hadronization to colorless off-shell mesons and baryons: ¢ +7 <  meson

Strict 4-momentum and quantum number conservation N\/\

J Hadronic phase: hadron-hadron interactions — off-shell HSD
including n €- m selected reactions (for strangeness, anti-baryons, deuteron production)

19



Highlights

W. Cassing, E. Bratkovskaya, Phys.Rept. 308 (1999) 65;

 PHSD provides a good description of bulk observables E. Bratkovskaya, J. Aichelin, M. Thomere, S. Vogel, M.
. . . . m Bleicher, PRC 87 (2013) 064907;T. Song et al., Phys. Rev.
(y-, pr-distributions, flow coefficients vy, ...) from SIS to LHC C97 (2018), 064907; PRC 103, 044901 (2021); A. Palmese

et al., PRC94 (2016) 044912;...

Recent: EM probe —> dilepton spectra including a collisional broadening
of the vector meson spectral functions + primary DY + QGP + correlated charm

p+p, s, =3.5 GeVI

p+p, s, =5.2 GeV| Au+Au, s'* = 200 GeV, 0-80% Au+Au, 0-5 %}
102 10° — — 1.0 A
1 PHSD: l 1| : H ' i 2 <0.5 |

10 , D | 1078 , ps > 0.2 GeVic e DD 0.9 S v ]
=00\ T primary DY — —-@” ------ A ] = 10° primary DY —-—-® . S —- _—— 1 08l 3.5 GeV 5.2 GeV
L al L . sum all 4 U eees primary DY : —— 7.7 GeV 14 GeV -
> 10 11> 10| 107 £} e UM all 0.7 ——19 GeV ——27 GeV -
A 10? i O, Lf S06k ~———39 GeV —— 62 GeV _
3 10° ] 3§19 o 05 —— 200 GeV -

® 3 a L.

3o 7 Shof © 03
B 10° ] 310 02|
°T 1 O o6l _

10 E 0.1

10° . TR 107 0.0 UL

00 02 04 06 08 10 12 14 16 0.0 . . . . . . | . 01 2 3 456 7 8 9 10 11 12
M, [GeV/c?] M, [GeV/c] M,, [GeVicT] time [fm/c]
Au+Au, s'? = 3.5 GeV, min-bias I Au+Au, s'” = 5.2 GeV, min-bias

102‘ U LN B L rreres FrerTy Freres Frreyre rrrr s TrrrrT Trvree T s

10" [ 47 PHSD: n’ M . .

e N primary DY - - - o - Clearly see the contributions from
3 diff
30 1 NG S the different parts!

810* X T

Adrian W. R. Jorge, T. Song, Q. Zhou, E. Bratkovskaya, PRC 111 (2025) 6, 064904.

dN/dM

S, e
\ Z—
X

\ 8

00 02 04 06 08 1.0 12 14 16 18 20 00 02 04 06 08 10 12 14 16 18 2.0
M__ [GeV/c?] M_ [GeV/c?]



PHQMD: ?.:'

PHQMD

. QMD for nucleons evolutions

21



BUU vs. QMD

BUU (Boltzmann-Uehling—Uhlenbeck) vs. QMD (Quantum Molecular Dynamics) Jun Xu’s talk

TMEP collaboration, PPNP, 125 (2022)103962. ....

Why QMD?

1“Bulk” observables for hadrons are rather similar in QMD and MF!

1Cluster formation is sensitive to nucleon dynamics:
- QMD - allows to keep over time NN correlations by potential interaction
- MF - correlations are smeared out

% C Au+Au 0-40% collisions  STAR Preliminary
3 0F yee & Eoo A The production of nuclear
5 = 1 ¢ vingjie's slides, am2025 | cluster are largely enhanced
g S B_ in heavy ion collisions at
= 10" " "9 _

° S L . RHIC BESII, CBM, HIAF,
Q > T s . 4
> 8102 e dEe) NICA etc.

107k o _3: ﬂg \'f\He SH(x10)

10° 107 o Probe the EoS, clusterization

3 - e e ermal-FIST (CE) . . .
10 B .. aHe O Published mechanism, Y-N, Y-Y interaction,...
10 10_45_ A ® STAR preliminary
u I

o 10 10 3 4 5678910 20 30 4050
A. Andronic, et al. Phys.Lett.B 697 (2011) 203-207  \Snn (GeV) Collision Energy \sy, (GeV) 22



BUU vs. QMD

BUU (Boltzmann-Uehling—Uhlenbeck) vs. QMD (Quantum Molecular Dynamics) Jun Xu’s talk

TMEP collaboration, PPNP, 125 (2022)103962. ....

Why QMD?

1“Bulk” observables for hadrons are rather similar in QMD and MF!

1Cluster formation is sensitive to nucleon dynamics:
- QMD - allows to keep over time NN correlations by potential interaction
- MF - correlations are smeared out

QMD (AMD, IQMD, ImQMD, LQMD, JAM, ....) is a n-body model but is limited to energies
< 1.5 AGeV —> describes fragments at SIS energies

UrQMD is a n-body model but makes clusterization via coalescence and a statistical
fragmentation model

PHQMD is a new n-body model not limited to low beam energies —> includes the
formation of a quark-gluon plasma at higher energies, at low energies similar to QMD

22



PHQMD

PHQMD: a unified n-body microscopic transport approach for the description of

@, .
heavy-ion collisions and dynamical cluster formation from low to ultra-relativistic
. ¢ energies
o Realization: combined model PHQMD = (PHSD & QMD) & (MST/SACA) J. Aichelin et al., PRC 101 (2020) 044905;
P H Q M D S. GlaBel et al., PRC 105 (2022) 1;

G. Coci et al., PRC 108 (2023) 1, 014902

E. Bratkovskaya & J. Aichelin

Parton-Hadron-Quantum-Molecular Dynamics

Initialization - propagation of baryons: J.Aichelin, Phys. Rept. 202 (1991)
QMD (Quantum-Molecular Dynamics)
v
Propagation of partons (quarks, gluons) and mesons W. Cassing, E. Bratkovskaya, PRC 78 (2008)

+ collision integral = interactions of hadrons and partons (QGP)  034919; NPA831 (2009) 215
from PHSD (Parton-Hadron-String Dynamics)

Cluster recognition:
SACA (Simulated Annealing Clusterization Algorithm) | R.Puri, J. Aichelin, J.Comp. Phys. 162 (2000) 245-266

or MST (Minimum Spanning Tree)

QMD&PHSD MST/SACA  time 23



PHQMD: EoM

12
Generalized Ritz variational principle: 6/ dt(¢(t)|i6;i —H|Yy(t)) = 0.
t

3|
Many-body Hamiltonian: H=) Hi=) (I;+Vi)=) (T;+)» Vi)
i i i j#i
N
Many-body wave function: h(t) = H Y (ri,rio, Pio, t)
i=1

Ansatz: trial wave function for one particle “i” : Gaussian with width L centered at “r;

1 | | Pig(t) .2 . P2, (1)
(i, rio, Pio, t) = C G_E(r'_r'”(t) ) eiPio(t)(ri—rio(t)) . o—i—5m—t

Equations-of-motion (EoM) in coordinate and momentum space:

0O >

Jun Xu’s talk

piO”

24



PHQMD: Potential

2-body potential:

momentum dependent

vij = V(I‘i. r;.r0,Xr;0,Pio. Pjo; f)

7 7
‘/Skyrnw loc T anm " i ""(.'nul

R |
;f]()(l‘,’ — I‘.,') |

y + 1
| Z,‘Z"(’:2
V(I';-I"-Pi()-P'()) . ;
J J 2 ‘ri i r.}_‘

Coulomb

In infinite matter a potential corresponds to the EoS:

E / fl(/)) — F)E F+ Vs kyrme sta.t(./-),) + Vinom (_/—),)
v . ‘ | P
Vskyrme stat = 0+ B(L£)" Vi = (aAp + bAP?) exp(—cr/Ap) L-
PO PO P0
COmpreSSiOn modulus E.o.S. a[MeV| [p|MeV] o' K [MeV]| EJ
: S -383.5 329.5 1.15 200 <
K of nuclear matter: b o a - 50 250 5ol
9 SM  -478.87 413.76 1.10 200 -
K = Vdp — 0 , 0°(E/A(p)) o a [MeV~! b[MeV 2] ¢c[MeV 1]
dv P (a )2 ’P PO
P 236.326 -20.73 0.901

U, (MeV)

120

100

40

t20(r; —rj) 0" (r;, r;,r0,r;0,1) Skyrme

80

60

20

vvvvvvvvvvvvvvvvvvvvvvvvvvvvv

@ extrapolated exp. data ]




PHQMD: Cluster formation

26



PHQMD: MST

R. K. Puri, J. Aichelin, J.Comp. Phys. 162 (2000) 245-266

The Minimum Spanning Tree (MST) is a cluster recognition method applicable for the (asymptotic)
final states where coordinate space correlations may only survive for bound states.

1. Two particles are ‘bound’ if their distance In the cluster rest frame fulfills:
77 -7 | <4fm

2. Particle is bound to a cluster if it binds with at least one particle of the cluster

Advanced MST 6. cocietal, Phys.Rev.C 108 (2023) 014902

3. Negative binding energy for identified clusters

4. Stabilization procedure — recombine the final “lost” nucleons back into clusters if they
left the cluster without rescattering 27



PHQMD: Kinetic

1. hadronic inelastic reactions NN < drn , tNN < drn, NNN < dN

2. hadronic elastic 7 + d, N + d reactions

EIE]  Ra(\/s,mi,ms)

P:B,'Z(\/g) — F_Qp‘in Fi-‘f(?

2F 3, Fos R‘s(\/g y TIL3, 1Ty, 771'5) AVceu

Energy and momentum
of final particles

2,3-body phase space
integrals

[Byckling, Kajantie]

+ inclusion of all possible isospin channels (enhance d production)
+ accounting of quantum properties of d (suppress d production) :

1) the finite-size of d in coordinate space (d is not a point-like particle)
assume that a d can not be formed in a high density region

Excluded-Volume Condition:

2) the momentum correlations of p and 7 inside d
project the relative momentum of p + n pair on d wave-function in
momentum space

which lead to a strong reduction of d production.

|0g(rI? [fm™]

04

03

0.2 |

0.1

SMASH: D. Oliinychenko et al., PRC 99 (2019) 044907;
AMPT: R. Wang et al. PRC 108 (2023) 3, L031601;
PHQMD: G. Coci et al., PRC 108 (2023) 014902.

a0+ p4+n o ot 4 d
T +p+perm +d
| .
T +n+neoa +d
™ +p+pernt +d
T 4+n+nen +d
O T MoGee (1966)
Paris (1980) — - -
gauss ¢,=1.8 fm ——
gauss6,=2.1fm - - - |
Ry=1.803 fm ——
/ ‘\\ \
f N\
/
! S
[ NN
1 \“\
/] N
II/' \\ \.\.\
1 2 3 a4 5 & 1 s




PHQMD: Coalescence (optional)

Clusters formation at a freeze-out time by coalescence radii in coordinate and momentum space

A
Ny = 8, J H d’r i d” ST P) Wy ( i Pi}> Coalescence probability
i=1

Box coalescence (parameters from UrQMD): Ap <0.285 GeV and Ar < 3.575 fm.

P. Hillmann, K. Kafer, J. Steinheimer, V. Vovchenko and M.
Bleicher, J. Phys. G 49, no.5, 055107 (2022)

2

Other apprOaCh —_> 2 262 R. Scheibl and U. Hein_z, Phys. Rev. C 59, 1585 (1999)
Gaussian-form of the ngner denS|ty: WZIS(I', q) — Qe 2 47 L. Zhu, C. Ko, and X. Yin, Phys. Rev. C 92, 064911 (2015)

K. Sun and C. Ko, Phys. Rev. C 103, 064909 (2021)

D. Liu, et al. Phys. Lett. B 855, 138855.

Q. Lin, et al. arXiv:2503.01128.

R. Wang, et al. Phys.Rev.C 112 (2025) 3, 034908 (2024)
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Highlights

J PHQMD provides a good description of cluster and hypernuclei observables
pr-distributions, flow coefficients vy, ...)

(y'!

S. GlaBel et al, Phys.Rev.C 105 (2022) 1, 014908. G. Coci et al.,
PRC 108 (2023) 014902. V. Kireyeu et al., arXiv:2411.04969; ...

Recent: probe EoS with clusters and hypernuclei—> support SIM, need more data
at higher energy (4-7GeV) to probe the mom-dependent potential.

2501
200}
150}
100}
50}

Uopt (MeV)

0b<”.

o extrapolated exp. data

-------- Parameterisation |
- - - Parameterisation I

— Parameterisation llI

E/A (MeV)
—t N w
'O””O””O' .

o

10 1.

05

(GeV/c)™?

2npr dprdy

Ratio Ratio
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arXiv: 2507.14255.

Yingjie Zhou!, Iouri Vassiliev!, Yue-Hang Leung?, Norbert Herrmann?'!, Susanne GliBel®, Viktar Kireyeu*, Michael
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Highlights

Recent: More realistic Wigner functions from N-body Schrodinger equations—>

J. Zhao, J. Aichelin, E. Bratkovskaya,

> o m D 1 1 d d KK+4+3N-=5 Z PRC 112 (2025) 6, 064902.
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PHQMD:

ll. Relativistic QMD for FAIR, NICA, HIAF energies

31



Relativistic version

= Relativistic effects play a crucial role—> a fully covariant N-body QMD approach is

needed for probing the EoS, cluster formation,...

= N-N interaction in the medium includes a scalar potential U
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and a vector potential V*

1 PHYSICAL REVIEW C VOLUME 47, NUMBER 1 JANUARY 1993

Global Dirac phenomenology for proton-nucleus elastic scattering

E. D. Cooper, S. Hama, and B. C. Clark
Department of Physics, The Ohio State University, Columbus, Ohio 43210

R. L. Mercer
IBM Thomas J. Watson Research Center, Yorktown Heights, New York 10598
(Received 31 August 1992)

Energy-dependent global Dirac optical model potentials are found by fitting proton elastic scattering
data in the energy range 20-1040 MeV for '°C, %0, *°Ca, *Zr, and ?°*Pb. Three different energy- and
atomic-mass-number-dependent global Dirac optical potentials are also obtained. A number of charac-
teristic features of the potentials are discussed. In addition, the mean free path, the effective mass m,
the Dirac mass M *, and the relativistic energy shift E* are calculated.

{a-p+B(m+US(r; )+ Uy (r; €)}¥(r; e)=E¥(r; &)

) L 2
{” + Usgp(rs €)+ Uo (r; £) ——+ C(rs e)} =Px gy
2m m

tot
USEP= Ulol+ U:;:)t_i_zl (Utot — Utol )+ lfn

Schrodinger equivalent potential (SEP)
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Relativistic version

LORENTZ-COVARIANT DESCRIPTION OF INTERMEDIATE ENERGY Poincaré Invariant Hamiltonian Dynamics: Momentum-dependent potential and collective flows within the relativistic quantum molecular

HEAVY-ION REACTIONS IN RELATIVISTI . . . - . i ivisti -

OLECULAR DYNAMIC:'E C QUANTUM Modellin g Multi-hadronic Interactions in a Phase dynamics approach based on relativistic mean-field theory
Yasushi Nara ®,'? Tomoyuki Maruyama,®> and Horst Stoecker ©%%>
S pace A pproac h ! Akita International University, Yuwa, Akita-city 010-1292, Japan

: 1 . 2 ‘ 2Frankfurt Institute for Advanced Studies, D-60438 Frankfurt am Main, Germany

Tomoyuki MARUYAMA, S.W. HUANG, N. OHTSUKA', Guoqiang LI° and Amand FAESSLER HEINZ SORGEa HORST STGCKER, AND WALTER GREINER 3College of Bioresource Sciences, Nihon University, Fujisawa 252-0880, Japan
Institut fir Theoretische Physik der Universitdt Tiibingen, D-7400 Tiibingen, Germany *Institut fiir Theoretische Physik, Johann Wolfgang Goethe Universitit, D-60438 Frankfurt am Main, Germany

. ) . SGSI Helmholtzzentrum fiir Schwerionenforschung GmbH, D-64291 Darmstadt, Germany
Institut far Theoretische Physik,

J. AICHELIN Johann Wolfgang Goethe-Universitit M (Received 15 April 2020; accepted 24 June 2020; published 19 August 2020)

Institut fiir Theoretische Physik der Universitat Heidelberg, D-6900 Heidelberg, Germany RQ M D Frankfurt/Main, Germany J AM RM F

Received 1 February 1991 Received January 9, 1989
(Revised 3 May 1991)
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Relativistic version

LORENTZ-COVARIANT DESCRIPTION OF INTERMEDIATE ENERGY
HEAVY-ION REACTIONS IN RELATIVISTIC QUANTUM
MOLECULAR DYNAMICS*

Tomoyuki MARUYAMA, S.W. HUANG, N. OHTSUKA', Guogiang LI° and Amand FAESSLER

Institut fiir Theoretische Physik der Universitdt Tiibingen, D-7400 Tiibingen, Germany

J. AICHELIN
Institut fiir Theoretische Physik der Universitat Heidelberg, D-6900 Heidelberg, Germany

Received 1 February 1991

RQMD

Poincaré Invariant Hamiltonian Dynamics:
Modelling Multi-hadronic Interactions in a Phase
Space Approach

Momentum-dependent potential and collective flows within the relativistic quantum molecular

dynamics approach based on relativistic mean-field theory
Yasushi Nara ®,'? Tomoyuki Maruyama,®> and Horst Stoecker ©%%>
! Akita International University, Yuwa, Akita-city 010-1292, Japan
2Frankfurt Institute for Advanced Studies, D-60438 Frankfurt am Main, Germany
3College of Bioresource Sciences, Nihon University, Fujisawa 252-0880, Japan
4Institut fiir Theoretische Physik, Johann Wolfgang Goethe Universitdit, D-60438 Frankfurt am Main, Germany
SGSI Helmholtzzentrum fiir Schwerionenforschung GmbH, D-64291 Darmstadt, Germany

HEINZ SORGE, HORST STOCKER, AND WALTER GREINER

Institut far Theoretische Physik,
Johann Wolfgang Goethe-Universitat
Frankfurt/Main, Germany

® (Received 15 April 2020; accepted 24 June 2020; published 19 August 2020)

JAM.RMF

Received January 9, 1989

(Revised 3 May 1991)

Dirac constraint dynamics: For N-body system,

8N dof.
N first-class constraints (on-shell conditions), H; = pi,ﬂpl.” — m,

7N dof.
Additional N second-class constraints (the last constraint serve to

pick a clock for all particles)
6N+1 dof. Solvable!

LECTURES
ON
QuANTUM
MECHANICS

PAUL A. M. DIRAC

RQMD, UrQMD only with scalar potential (Skyrme-type potentials)

JAM.RMF with both the scalar and vector potential (RMF) 33




Relativistic QMD

On-shell conditions

Hy = pj ,LP}'[“’ — m% + @1, Pip = Pip—Aip PHPY q, P?
’ ar = (9" 9 = ¢" p*
Hy = pb pit —m5+ @ 2 p? p?
2 = P2,uPo my 2 Oy = @y = P(4/—a7)
Second-class constraints
1 1
xi = 5@ — ). =0, x2= (¢t + )V, —@= 0, Poincaré invariant (world lines condition)

Equations of motion(Poisson brackets)

da”

dq; — {qu’ H} — Al{qéb’Hl} T )\Q{QZH,HQ},
dp); T 7 "

dr — {piaH} — Al{piaHl}+)‘2{pz‘7H2}-

the momentum-
dependent derivati

CoM frame second-class
J. Zhao, J. Aichelin, E. Bratkovskaya, arXiv: 2511.13975 constraints




Relativistic QMD

Formulation of fully covariant Quantum-Molecular
Dynamics for an N-body system with scalar and
vector potentials

Jiaxing Zhao,*’ Joerg Aichelin,>¢ Elena Bratkovskaya®®®°

@ Helmholtz Research Academy Hessen for FAIR (HFHF),GSI Helmholtz Center for Heavy Ion
Research. Campus Frankfurt, 60438 Frankfurt, Germany

M Non-relativistic limit is fulfilled.

M 1-body relativistic case is the same as the traditional way.

M The invarinance of different choices of second-class constraints are proved.
M The frame independence of the evolution is checked.

M Distinct dynamical roles of scalar and vector potentials in 2 and 4-body case.
M A generalization for N-body EoM and solution algorithm are given.

PHRQMD is coming soon ! 35



RelatiViStiC Q M D Trajectories with Vector or

Scalar potential; w/o collisions

[ Retiviie b3 8V ] 4L Remsio paciclv T Remiveio s odv T
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Summary

Based on the Kadanoff-Baym equation - the PHSD was developed to describe the
strongly-interaction hadronic and partonic matter created in p+A and heavy-ion collisions

from SIS to LHC energies.

PHQMD is a combinaton of the PHSD and QMD. It includes correlations and was develped to
describe nuclear cluster and hypernuclei productions in heavy ion collisions from SIS to

RHIC energies.

= Cluster formation mechanism (excited states, internal structure,...).
= Relativistic QMD framework with both scalar and vector potentials for upcoming HIAF,

NICA, FAIR energies.
= Spin-QMD for spin evolutions and polarizations.
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Advantages of Kadanoff-Baym dynamics vs Boltzmann

Kadanoff-Baym equations: Boltzmann equations:

dpropagate two-point Green functions
G=(x,p) = A(x, p)N(x,p)in 8 dimensions

_1G< carries information not only on the

propagate phase space distribution
function (7, p, 1) in 6+1 dimensions

particle properties, interactions and B _)y o g sy ) ,
correlations via spectral function Axp on-shell approac

=> off-shell approach

Kadanoff-Baym eqs. can be solved exactly for model cases such as ®4 — theory

S. Juchem, W. Cassing, and C. Greiner, Phys. Rev. D 69 (2004) 025006; Nucl. Phys. A 743 (2004) 92



Dyson-Schwinger equation

J Dyson-Schwinger equation (follows from Schrédinger eq.):

G(r,y) = Go(r,y) + Golx,y)X(v, y)G(x, y)

Dyson-Schwinger equation on the closed-time-path reads in matrix form:

lllustration of the Dyson equation

Free propagator for Bose case:

(TOT

= —(0,0; m*)
= }+ =+ () + = 4+(3) +
GorGo (x,y) = d(x — y)



From Kadanoff-Baymequation to transport equation

» separate all retarded and advanced quantities — Geen functions and
self- energies - into real and imaginary parts:

yret.adv lJ S I.' / rec.adv , retl — |
S¥P " = Re SXp F P Axp YN P = ReXp F > I'xp
el | | e
The imaginary part of the retarded The imaginary part of _the selfenergy
propagator is given by the corresponds to the wu_ith I'xp: o
normalized spectral function Ayp: then from Dyson-Schwinger equation:
o 2 NOret
Axp = 1 [5’\653 — 5({(113 — —2Im S'\efg Re 51\6;‘3 — P M fe>Xp Axp

I'xp
/ dP;? Avp — \ /

(The spectral function Ay in first order gradient expansion (for bosons) :
Ao I'xp
) AT (P2 — M3 — ReXih)? + Tkp/4

The real part of the retarded propagator in first order gradient expansion :

p‘- — \[6 — R(H\P
(P? — M2 — Rexih)? + 12,/4

et L
Rt‘-.S‘\’p -

\.

Ayp and ReZyp™! in first order gradient expansion depend ONLY on Zyp™! !



Dynamical transport model: collision terms

Hadronic transport models: BUU, IQMD, UrQMD,

d BUU eq. for different particles of type i=1,...n GIBUU, HSD, JAM, SMASH, ...

Drift term=Vlasov eq. collision term
i: Baryons: p,n,A(1232),N(1440),N(1535),...,A,%2,%2 ,5,Q2; A

Mesons : ﬂ,n,K,I?,p,a),K*,n',¢,a1,...,D,5,J/S”,S”',...

= coupled set of BUU equations for different particles of type i=1,...n

Dfy=1,, [fN’fA’fN(1440)""’fﬂ’fp""]
DfA =1, [fN’fA’fN(1440)""’fﬂ"fp"“]

Df. =1,, [fN’fA’fN(IMo)"“’ fﬂ"fp”“]



Elementary hadronic interactions

Consider all possible interactions — eleastic and inelastic collisions - for the sytem of
(N,R,m), where N-nucleons, R- resonances, m-mesons, and resonance decays

Low energy collisions: 200 7t S, :
________ o
= binary 2<->2 and ' > A
. 150 -
2<->3(4) reactions T Yy || 7 p-->Nrn
= 1<&->2 : formation and decay of 2 100 BUU oy ]
- - mode - S(ring mode
baryonic and mesonic resonances ° | del
BB <> BB’ 50 i
BB <> B B'm ‘ Y o -——-
mB <> m'B’ 0,1 1 10 b (Gev] 100
mB é% B' 60_ T —TT I T T
;yr - ~ — BUU model = string model -
mm<c<—->mm ol pp
mm&->mT L. | % * Ot -
40 - - =
Baryons: | 4 ==L 1 = 4
B =p, n, A(1232), N(1440), N(1535), < T ¥ :
20 | e sl = =8 O, .
Mesons: 10} %ﬁ_’ :
M=rn,p,o,d0, ... N ST A N SN
10

100
pluh [GCV]



Collision term in off-shell transport approach

Collision term for reaction 1+2->3+4:
(Generalized off-shell collision integral for n €= m reactions:)  Ww.cassing, NPA700(2002) 618

Lou(X, P.M?) = TryTrsTryA(X, P, M?)A(X, Py, M2)A(X, P5, M2)A(X. Py. M?) spectral functions

G((P, M?) + (Py, M3) — (P3, M3) + (P, M}))|% s 6W(P+ P, — P — P)

\ o N

[; " X f’g;\]3 ) 2 ‘\ \

X PyAM} Fxparz Tx ponz XPM2 VX P2 f X Py M2 Ix PyM2 ]

Gain term Loss term

f—:\'ﬁi\[‘z =1+ 1nNxpy2 #n=1forbosons, —1 for fermions

The trace over particles 2,3,4 reads explicitly

_ 1 | FAVE, 1 . dP2,
fermions: Tro= Y — 4/(/3Pz — 2 bosons: Tr= ) —— /(’3172 5
o2 (27) '2\/1722 + M3 o2 (270)

The off-shell transport approach and the particle spectral functions are fully determined
once the in-medium transition amplitudes G are known in their off-shell dependence!

Ja - 3o - g



Numerical solution of BUU EoM

Testparticle method or method of parallel ensembles :

the 1-body phase space distribution function is described as a sum of N point-like
particles (6 —functions).

In the limit of large number of parallel ensembles N; — oo

S B, )= Sii)t 8(F — 74(£))5(B — By(t)) is a solution of Viasov EoM
t

®0,0.2) (14m%

J Testparticle method provides a smooth density distribution
for calculation of mean-field potential for particle propagation.
- No exchange of particles between the parallel ensembles,
particles collide only inside one ensemble

0,0,2) (1/m")

=» Propagation of test-particles
in time following ‘classical’ EoM:




