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Background — Time-space Evolution

Hadronic Gas: Boltzmann Eq.
urQMD, SMASH
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Chemical freezeout out

Mid Rapidity

QGP: A Fluid with Very Low Shear Viscosity
to Entropy Density Ratio

VISHNU (Ohio State U), MUSIC (McGill U),
CLVisc (CCNU), BEShydro (Ohio State U),
Trajectum(Utrecht U), vHLLE

Pre-Equilibrium
Phase (< 1)

“— Pre-equilibrium

a) without QGP




Motivation - Early hydrodynamization Puzzle
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Motivation - Early hydrodynamization Puzzle

* Linear Boltzmann Enough? No!

 Assume close to equilibrium

f f  But QGP is created far-from-equilibrium
2 5 Je

. Need consider Nonlinear effect
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Motivation - Early hydrodynamization Puzzle

* Linear Boltzmann Enough? No!

 Assume close to equilibrium

f f  But QGP is created far-from-equilibrium
2 5 Je

. Need consider Nonlinear effect

Hydrodynamic
Evolution

* Nonlinear Boltzmann Enough? No!

»/F\\) ‘ « Assume dilute and no correlation

* Break down in pre-equilibrium stage

A B

dense: 1interaction ~ 1mean free length KL

* with correlation: f,(¢4, ¢p) = f1(Pa) f1(Pp)
- Need consider Correlation



Pre-equilibrium evolution of QGP

Evolve particle 1;, p; Evolve the distribution function

No test particle method: QMD Lattice Boltz. for linearized Boltz.
Applicability Applicability

linteraction < lmean freelength KL linteraction < lmean freelength <L

Event-by-event fluctuations Near-equilibrium

Many-particle correlations Accurate evolution of T*Y

Test particle method involed: BUU What if ?

Applicability

linteraction - lmean freelength <L
Linteraction = lmean free length < L far-from-equilibrium
(High density) Correlation involve



Map: What we do in the building of nonequilibrium statistical mechanics?

Hamilton Equation/ Hamilton Equation
Schrédinger Equation dq N dp 5%

dt  op’ dt  oq

Schrodinger equation

a 0
A —in 2w
5



Map: What we do in the building of nonequilibrium statistical mechanics?

Hamilton Equation/
Schrodinger Equation Liouville's theorem

The distribution function is constant
along any trajectory in phase space.

Liouville Equation

Liouville equation

OPy OPw) . OPw)
()+Z( ™ . 8}(})})@_):0
i=1 v

Full distribution function



Map: What we do in the building of nonequilibrium statistical mechanics?

Liouville equation
Hamilton Equation/

Schrodinger Equation dtP(N) — C[f , P(N)]

Liouville Equation Full distribution function

BBGKY hierarchy BBGKY hierarchy
(Bogoliubov—Born—Green—Kirkwood—Yvon)

diPay = C[ , Py, Py

Reduced distribution function



Map: What we do in the building of nonequilibrium statistical mechanics?

Hamilton Equation/ )
Schrédinger Equation BBGKY hierarchy

Liouville Equation dtP(n) _ CU‘ , P(n); P(n+1)]

BBGKY hierarchy Reduced distribution function

ignore correlation

v Assume P (¢q, ¢p) — P1(pa)P1(¢p) =0

Boltzmann

Boltzmann Equation

diPey = C[J , Py



Map: What we do in the building of nonequilibrium statistical mechanics?

Hamilton Equation/ Boltzmann Equation
Schrodinger Equation

difi1 < (fsfa — f112)

Liouville Equation
Around equalibrium

BBGKY hierarchy Linear Boltzmann Equation

ignore correlation dtfl X (f3 + f4 R fl o fZ)

Y RTA Boltzmann Equation
i defr X (f1 = feq)/T

around equalibrium ]
Hydrodynamics

linear, RTA, hydro VuTFW = (




Map: What we do in the building of nonequilibrium statistical mechanics?

Hamilton Equation/
Schrodinger Equation

Time-reversal symmetry,
Liouville Equation Cornerstone

BBGKY hierarchy

, , Gap: correlation
ignore correlation

v
| Tractable proxy

|
around equalibrium Gap: nonlinear

linear, RTA, hydro WOrkhorse




Map: What we do in the building of nonequilibrium statistical mechanics?

Hamilton Equation/
Schrodinger Equation

Hamilton Equation/
Schrodinger Equation

Liouville Equation Liouville Equation

BBGKY hierarchy spectral BBGKY hierarchy

ignore correlation ignore correlation
1 1
v Our Work Y
—
' much easier to !

around equalibrium around equalibrium

solve numerically
linear, RTA, hydro inear, RTA, hydro

22



New theoretical tool: Spectral BBGKY Hierarchy

BBGKY Hierarchy

diPmy = C[J , Ptny, P+

|

f means high dimentional-integral



New theoretical tool: Spectral BBGKY Hierarchy

Difficult to solve

if Evolve the distribution function itself

* Until now, almost all simulations are based
on lowest-order truncation, the Boltzmann
equation.

BBGKY Hierarchy

diPmy = C[J , Ptny, P+

|

f means high dimentional-integral



New theoretical tool: Spectral BBGKY Hierarchy

BBGKY Hierarchy

diPay = Clf Py P4y

|

f means high dimentional-integral

Difficult to solve

if Evolve the distribution function itself

* Until now, almost all simulations are based

on lowest-order truncation, the Boltzmann
equation.

* Because huge memory demands N6n to

discretize 6n D
e n =1, discretize 6 D
e n = 2,discretize 12 D
* for ref, Lattice QCD discretize 3 + 1 D,
~30 GB memory



New theoretical tool: Spectral BBGKY Hierarchy

Spectrum Method

r P(n)(p1: "',pn) — Pilmin?il (pl) ?ln(pn)

| coefficient basis

BBGKY Hierarchy

diPmy = C[J , Ptny, P+




New theoretical tool: Spectral BBGKY Hierarchy

Spectrum Method

r P(n)(p1: "',pn) — Pilmin?il (pl) ?ln(pn)

| coefficient basis
* not a new idea. But we basis depends
BBGKY Hierarchy on physics problem.
 We hope
dePmy = ClJ Py, Pen)] first few basis functions

already capture the important physics



New theoretical tool: Spectral BBGKY Hierarchy

Spectrum Method

r P(n)(p1: "',pn) — Pilmin?il (pl) ?ln(pn)

| coefficient basis

: Our basis
BBGKY Hierarchy Pt P

14
Puttin) = 1 (P55 ) i 0. 0) L (P5)

dePiny = ClJ , Py, P The physics Angular  Radial
e equilibrium
e particle number, energy-momentum
conservation
* nonlinear behavior

mainly depends on the first few basis.




New theoretical tool: Spectral BBGKY Hierarchy

AT T3 £(00,0)
ey’

Spectrum Method () = 13\/);1"4(-"“’” £000)

A (p) = 16\/%T4f(011)
r = Poy®y - pn) = PP (p1) -+ Py, (Pn) (2m)?

oy _ 16vV37 4 01 1)
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Our basis ) - e
BBGKY Hierarc i £ y
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Y (0, )LEH? ( i

dePiny = ClJ , Py, P The physics Angular  Radial
e equilibrium
e particle number, energy-momentum
conservation
* nonlinear behavior
mainly depends on the first few basis.

n—= ——




New theoretical tool: Spectral BBGKY Hierarchy

Spectrum Method

F 1 Pay @y ) = PP (p) Py (p) | —

Spectral BBGKY Hierarchy

dtP(n) — C P(n) +A 'P(n+1)

BBGKY Hierarchy

APy = C[J , Ptny, P+ )]

A & C: Collision Integral tensor

coefficients



Advantage: Step toward high-density pair-correlation function

BBGKY Hierarchy

diPay = CLJ , Py, Pont )]

distributions

Spectral BBGKY Hierarchy
dtP(n) =C - P(n) + A P(n_|_1)

A & C: Collision Integral

coefficients



Advantage: Step toward high-density pair-correlation function

BBGKY Hierarchy

° e A 1 6N
d¢P(ny = ClS Pty Pans )] BBGKY: discretize 6n D, cost N

(3coorediate,3momentum)

distributions « sBBGKY: discretize 3n D, cost N3"
(3coorediate)

Spectral BBGKY Hierarchy
dtP(n) =C - P(n) + A P(Tl+1)

A & C: Collision Integral

coefficients



Advantage: Step toward high-density pair-correlation function

BBGKY Hierarchy

° e Al I 6N
d:Py = C[J , Ptny, Pons )] before: discretize 6n D, cost N

(3coorediate,3momentum)

distributions * now: discretize 3n D, cost N3"
(3coorediate)

Spectral BBGKY Hierarchy

A & C: Collision Integral

coefficients



Advantage: No numerical fluctuations from Monte Carlo integration

BBGKY Hierarchy

* Monte Carlo integration

diPny = Cl[f , Py, Pon 1)) * Numerical fluctuations,
— need ensemble average

Collision integral coupled time evolution

Spectral BBGKY Hierarchy

dtP(’n) —_ C P(n) +A 'P(n_|_1)

A & C: Collision Integral




Advantage: No numerical fluctuations from Monte Carlo integration

| , 1
C;z;;cl? - / / Qi (plﬂ) Qj (p2u) 0.0 W(pl,p2 —)pg,p4)fpj (p{lu)’Pk: (pl2u)
PiusP2u 7 P3,Py P1P3

BBGKY Hierarchy

|
|
—>: o 8D 3gp m=0cse _
| > Simplify Integral - Integral ﬁ» Finite Sums
— polynomial o
diPay = Clf , Py Prn1)] |
- \ » Compact Parity + rotation symmetry y

\

e

e ™

Collision integral coupled time evolution

! * Analytically calculate Collision Integral
 One simulation per initial state

APy =C Py + AP

B Cost

A & C: Collision Integral nonlin

= Costy;,

Decouple collision integral from evolution No numerical fluctuations
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Numerical validation
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. . We need:
Hydrodynamization from the full Boltzmann Eq. hydrodynamization

= near equilibrium

People before
hydrodynamization
= equilibrium

Now we can determine
near equilibrium
through linearization



Hydrodynamization from the full Boltzmann Eq.

Mn(t)

5
_ A4mz

d3p

Tz

/-

27)3p0

(f(tap) o feq(tap))

We need:
hydrodynamization
= near equilibrium
People before
hydrodynamization
= equilibrium
Now we can determine
near equilibrium
through linearization



. . We need:
Hydrodynamization from the full Boltzmann Eq. hydrodynamization
= near equilibrium
People before
hydrodynamization

= equilibrium
10—'"""""""'_"""L Now we can determine
wmm=_ NonLinear - near equilibrium
] Early Start Lin. - through linearization

2 Mid Start Lin.
Late Start Lin.

| I e e | L1 1

20

5
_ A4mz

3
Mu(t) = T [ Go85(5p) ~ fua(tp)




. . We need:
Hydrodynamization from the full Boltzmann Eq. hydrodynamization
= near equilibrium
People before
hydrodynamization

= equilibrium
10 I_I L L L I I 1 11 I I 1 1 1 I I-I I 1 I I 1 L NOW we can determme
—~ === NonLinear - near equilibrium
O ] Early Start Lin. - through linearization
— B Mid Start Lin. tor SN
2 Late Start Lin, Un gr isotropic conditions, a
~2_ 9 nonlinear system already enters a
N - . . .
+ ] linear regime before it approaches
= _ thermal equilibrium
: e 0 0
L1 11 L1 1 TH. < T
lin therm
20

5
_ A4mz

3
Mu(t) = T [ Go85(5p) ~ fua(tp)




Hydrodynamization from the full Boltzmann Eq.

fit: y = 1.93 ¢z~

raw data
m— std. deviation

= fit curve

L

fit: y =1.04 ¢ TIo Y

10 15

t/T

We need:
hydrodynamization
= near equilibrium
People before
hydrodynamization
= equilibrium
Now we can determine
near equilibrium
through linearization



. . We need:
Hydrodynamization from the full Boltzmann Eq. hydrodynamization
= near equilibrium
People before
hydrodynamization
= equilibrium
Now we can determine
near equilibrium
through linearization

S “distribution ensemble”

raw data
m— std. deviation

= fit curve

L

fit: y=1.04 ¢ TIo Y

1 1 I 1 1 1 1 I 1 1 1 1
10 15 20

t/T




Hydrodynamization from the full Boltzmann Eq.

(t) =M, (t))

lin

a(M

I“IP"I“"'.-I_-I L

We need:
hydrodynamization
= near equilibrium
People before
hydrodynamization
= equilibrium
Now we can determine
near equilibrium
through linearization



. . We need:
Hydrodynamization from the full Boltzmann Eq. hydrodynamization
= near equilibrium
— T People before
i hydrodynamization
= equilibrium
Now we can determine
near equilibrium
through linearization

(t) =M, (t))

lin

a(M

e (Observables

M =/ (;lwz))g %f(tap)

M-—/ a’p Eif(t,p) i=0,1,---,10
T T (27‘(’)3 7p — Vi 9

look at the blue bands



Hydrodynamization from the full Boltzmann Eq.

(t) =M, (t))

lin

a(M

I“IP"I“"'.-I_-I L

_m_
L N e E E RS EEss sEEs Er

* therm. theory
lin. theory

We need:
hydrodynamization
= near equilibrium
People before
hydrodynamization
= equilibrium
Now we can determine
near equilibrium
through linearization

Observables

d’p 1
MH—/(21)73 Ef( p)

M= /(2)3 () i=0,1,---,10

Different observables share similar
thermalization and linearization times

[o(M)]

Thn ’

lo(Mi)]

therm

lo(M)]

T M) ~ 7-’cherm

lin



(t) =M, (t))

lin

a(M

Hydrodynamization from the full Boltzmann Equation

llllllllllllllllllllll

— My — Mg .
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— M My _
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I M5 7
_21 -
theory: y = e 37

== = therm. theory

lin. theory

theory: y = e~

O —
[ —
o
—_
ot

=) Both thermalization andilinearization
have slowest

theoretical limits,

upper limit Tlgi(Ms)] = 2 upper limit 7.7

therm

look at the orange lines




Ensemble
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c, Ensemble
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Hydrodynamization from the full Boltzmann equation

Moment M.
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Hydrodynamization from the full Boltzmann equation

Moment M) = / dp [(t,p) (Ep)' (") (0*)* (p°)* T 1= /p prp"f(t, . p)

Teherm. € [1.26,1.31]7

..-m-o..cmm«.........,...

Tin, € [0.70,0.71]7

OIIII5IIII10IIII15IIII
g t/ T Nins Ttherm [T]
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T 23
Miny Ttherm [T]

Consistent: 7;;,, = 0.5 Tiherm




Summary

* New theoretical tool: Spectral BBGKY Hierarchy(arXiv:25(
* Fill the Gap: Correlation, Nonlinear

* Physical Insight: Decoupling hydrodynamization from thermalization
via nonlinear Boltzmann equation(arXiv:2509.23978)

Tiin ~ Ttherm/ 2
Outlook

* The thermalization time and linearization time in an expanding system
* The correlation contribution to thermalization process

* 49 < 999

 Bose Enhancement, Pauli Blocking



From Framework to Computation:
How We Actually Solve It



B BG KY Bogoliubov, Born, Green, Kirkwood, Yvon

P(N) {‘?5} sz 5P(1(\;)m(f¢}) /dSN{¢'}F{¢}_>{¢r (P(N)({qb b — P(N)({<15}))

Liouville Equation
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Spectral BBGKY

Bij =

Spectral BBGKY
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Minimizing Collision Integral Evaluations A, Cijks

i i i 2m)% 1
 Reduction relationship Cioks) = Coi(ks)y = ( \/% TgA.z-(ks)

* Parity symmetry
PY™(0.9)P = (—1)Y/™(0.9) —— Cijns=0, ifli+0;+ 0+ L, is odd
e Rotational invariance
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Y/ (0,0 + Ap) = eimﬁ@nm(e, ©) — Cijre =0, if m; +m; # mp +m,

0.2%
ne{0,1,2},1€{0,1,2,3} 2x48*=1.06x107 — 26244



Integral Form of the Collision Kernel Gernal Cases

8 Fold

3 Fold
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Integral Form of the Collision Kernel

8 Fold

3 Fold

Gernal Cases

C’nalama nplpymp,ni€ima,nafama,nzlsms,nalamy
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Ng! ! (H1-peg) ™ (Mi-me, )™ (@10 )7 (E18gy) ~ (wrweg ) ™ (A1 Agy)
F(QE +ng + 3 ng +np + 3) (27r)2 Aflat+lptli+Lla+Ll3+04+8

2 2 g
0 p2,~2Pu nV—Q>\/-Q w (P\ 4
/d\P\|P|f dP°p T ST Y o n 29“2_39

g=0
AR:
[/dQP HM HM HM HM@ HM HM%)}
k=1 P
y /Wsmedg (pmuﬂyaﬂ’ﬁl (m#uﬂybﬂgﬂ
0 ’P1| |P2|
20,+2) [P\ - 0,49) (P2 £ o040y (P T 20p19) ((P2uU"
x Lz “(“T)Lﬁbb“( 1 )Lglﬁ)( 0 )Lgmzw( .
vy A 4
X/ sin 0’ df’ (p?’”u ) ’ (M) 4L(2€3+2) (p3pu'”’) ,(2ta+2) (le.uu“)
P3| Dy 3 A n4 A

2w 4 ls
X /0 dqb Hp (prz)(quz)}/g*h (9/ gb)]




Summation Form of the Collision Kernel
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