
Xingjian Lu (lus21@mails.tsinghua.edu.cn)
Tsinghua University
arXiv: 2507.14243, 2509.23978, Xingjian Lu, Shuzhe Shi

Nonlinear, Correlation-aware transport  
for far-from-equilibrium QCD

--- A spectral reformulation 
of the BBGKY hierarchy

Non-equilibrium QCD and Transport, 9-12 Dec., 2025, IMP, CAS, China

mailto:lus21@mails.tsinghua.edu.cn
https://www.alphaxiv.org/abs/2507.14243
https://www.alphaxiv.org/abs/2509.23978


Pre-equilibrium

Hadronic Gas: Boltzmann Eq.
UrQMD, SMASH

QGP: A Fluid with Very Low Shear Viscosity 
to Entropy Density Ratio
VISHNU (Ohio State U), MUSIC (McGill U), 
CLVisc (CCNU), BEShydro (Ohio State U),
Trajectum(Utrecht U), vHLLE

Chemical freezeout out

Background – Time-space Evolution
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Motivation - Early hydrodynamization Puzzle  

• Nonlinear Boltzmann Enough? No!
• Assume dilute and no correlation
• Break down in pre-equilibrium stage 

• dense: linteraction ≈ lmean free length ≪ L
• with correlation: 𝑓𝑓2 𝜙𝜙𝑎𝑎, 𝜙𝜙𝑏𝑏 = 𝑓𝑓1 𝜙𝜙𝑎𝑎 𝑓𝑓1 𝜙𝜙𝑏𝑏

• Need consider Correlation

• Linear Boltzmann Enough? No!
• Assume close to equilibrium
• But QGP is created far-from-equilibrium
• Need consider Nonlinear effect



Pre-equilibrium evolution of QGP

Evolve particle 𝒓𝒓𝒊𝒊, 𝒑𝒑𝒊𝒊 Evolve the distribution function

Test particle method involed: BUU

No test particle method: QMD Lattice Boltz. for linearized Boltz.

What if ?

𝒍𝒍𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 ≈ 𝒍𝒍𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 ≪ 𝑳𝑳
(High density)

Applicability
𝒍𝒍𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 ≈ 𝒍𝒍𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 ≪ 𝑳𝑳
far-from-equilibrium
Correlation involve

Applicability Applicability

𝒍𝒍𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 ≪ 𝒍𝒍𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 ≪ 𝑳𝑳
Event-by-event fluctuations
Many-particle correlations

𝒍𝒍𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 ≪ 𝒍𝒍𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 ≪ 𝑳𝑳
Near-equilibrium 
Accurate evolution of 𝑻𝑻𝝁𝝁𝝁𝝁
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Hamilton Equation/
Schrödinger Equation

Map: What we do in the building of nonequilibrium statistical mechanics?



The distribution function is constant
along any trajectory in phase space.

Liouville's theorem

Liouville equation

Full distribution function

Hamilton Equation/
Schrödinger Equation

Liouville Equation

Map: What we do in the building of nonequilibrium statistical mechanics?



Liouville equation

Full distribution function

BBGKY hierarchy
(Bogoliubov–Born–Green–Kirkwood–Yvon)

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

𝑑𝑑𝑡𝑡𝑃𝑃(𝑁𝑁) = 𝐶𝐶[∫ , 𝑃𝑃(𝑁𝑁)]

Reduced distribution function

Hamilton Equation/
Schrödinger Equation

Liouville Equation

BBGKY hierarchy

Map: What we do in the building of nonequilibrium statistical mechanics?



BBGKY hierarchy
(Bogoliubov–Born–Green–Kirkwood–Yvon)

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

Reduced distribution function

𝑑𝑑𝑡𝑡𝑃𝑃(1) = 𝐶𝐶[∫ , 𝑃𝑃(1)]

Boltzmann Equation

𝑃𝑃2 𝜙𝜙𝑎𝑎, 𝜙𝜙𝑏𝑏 − 𝑃𝑃1 𝜙𝜙𝑎𝑎 𝑃𝑃1 𝜙𝜙𝑏𝑏 = 0Assume

Hamilton Equation/
Schrödinger Equation

Liouville Equation

BBGKY hierarchy

Boltzmann

ignore correlation

Map: What we do in the building of nonequilibrium statistical mechanics?



𝑑𝑑𝑡𝑡𝑓𝑓1 ∝ (𝑓𝑓3𝑓𝑓4 − 𝑓𝑓1𝑓𝑓2)
Boltzmann EquationHamilton Equation/

Schrödinger Equation

Liouville Equation

BBGKY hierarchy

Boltzmann

ignore correlation

around equalibrium

linear, RTA, hydro

Linear Boltzmann Equation

𝑑𝑑𝑡𝑡𝑓𝑓1 ∝ (𝑓𝑓3 + 𝑓𝑓4 − 𝑓𝑓1 − 𝑓𝑓2)

𝑑𝑑𝑡𝑡𝑓𝑓1 ∝ (𝑓𝑓1 − 𝑓𝑓𝑒𝑒𝑒𝑒)/𝜏𝜏
RTA Boltzmann Equation

Hydrodynamics
∇𝜇𝜇𝑇𝑇𝜇𝜇𝜇𝜇 = 0

Around equalibrium

Map: What we do in the building of nonequilibrium statistical mechanics?



Time-reversal symmetry, 
Cornerstone

Gap: correlation

Hamilton Equation/
Schrödinger Equation

Liouville Equation

BBGKY hierarchy

Boltzmann

ignore correlation

around equalibrium

linear, RTA, hydro

Gap: nonlinear

Tractable proxy

Workhorse 

Map: What we do in the building of nonequilibrium statistical mechanics?



Hamilton Equation/
Schrödinger Equation

Liouville Equation

spectral BBGKY hierarchy

Boltzmann

ignore correlation

around equalibrium

linear, RTA, hydro

Map: What we do in the building of nonequilibrium statistical mechanics?

Hamilton Equation/
Schrödinger Equation

Liouville Equation

BBGKY hierarchy

Boltzmann

ignore correlation

around equalibrium

linear, RTA, hydro

Our Work

much easier to 
solve numerically

22



∫ means high dimentional-integral

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

New theoretical tool: Spectral BBGKY Hierarchy



Difficult to solve
if Evolve the distribution function itself 
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BBGKY Hierarchy

• Until now, almost all simulations are based 
on lowest-order truncation, the Boltzmann 
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New theoretical tool: Spectral BBGKY Hierarchy



∫ means high dimentional-integral

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

• Until now, almost all simulations are based 
on lowest-order truncation, the Boltzmann 
equation.

• Because huge memory demands 𝑵𝑵𝟔𝟔𝟔𝟔 to
discretize 6𝑛𝑛 D
• 𝑛𝑛 = 1, discretize 6 𝐷𝐷
• 𝑛𝑛 = 2, discretize 12 𝐷𝐷
• for ref, Lattice QCD discretize 3 + 1 𝐷𝐷, 

~30 GB memory

New theoretical tool: Spectral BBGKY Hierarchy

Difficult to solve
if Evolve the distribution function itself 



𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

𝑃𝑃 𝑛𝑛 𝒑𝒑1,⋯ , 𝒑𝒑𝑛𝑛 = 𝑷𝑷𝑖𝑖1⋯𝑖𝑖𝑛𝑛𝒫𝒫𝑖𝑖1 𝑝𝑝1 ⋯𝒫𝒫𝑖𝑖𝑛𝑛(𝑝𝑝𝑛𝑛)

Spectrum Method

basis

New theoretical tool: Spectral BBGKY Hierarchy

coefficient



𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

𝑃𝑃 𝑛𝑛 𝒑𝒑1,⋯ , 𝒑𝒑𝑛𝑛 = 𝑷𝑷𝑖𝑖1⋯𝑖𝑖𝑛𝑛𝒫𝒫𝑖𝑖1 𝑝𝑝1 ⋯𝒫𝒫𝑖𝑖𝑛𝑛(𝑝𝑝𝑛𝑛)

Spectrum Method

• not a new idea. But we basis depends 
on physics problem.

• We hope

first few basis functions 
already capture the important physics

New theoretical tool: Spectral BBGKY Hierarchy

basiscoefficient



𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

𝑃𝑃 𝑛𝑛 𝒑𝒑1,⋯ , 𝒑𝒑𝑛𝑛 = 𝑷𝑷𝑖𝑖1⋯𝑖𝑖𝑛𝑛𝒫𝒫𝑖𝑖1 𝑝𝑝1 ⋯𝒫𝒫𝑖𝑖𝑛𝑛(𝑝𝑝𝑛𝑛)

Spectrum Method

Our basis

The physics 
• equilibrium
• particle number, energy-momentum 

conservation
• nonlinear behavior
mainly depends on the first few basis.

Angular Radial

New theoretical tool: Spectral BBGKY Hierarchy

basiscoefficient



𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]
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Spectrum Method

Our basis

The physics 
• equilibrium
• particle number, energy-momentum 

conservation
• nonlinear behavior
mainly depends on the first few basis.

Angular Radial
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𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]
𝑑𝑑𝑡𝑡𝑷𝑷(𝑛𝑛) = 𝑪𝑪 ⋅ 𝑷𝑷 𝑛𝑛 + 𝑨𝑨 ⋅ 𝑷𝑷(𝑛𝑛+1)

𝑨𝑨 & 𝑪𝑪: Collision Integral tensor

BBGKY Hierarchy

𝑃𝑃 𝑛𝑛 𝒑𝒑1,⋯ , 𝒑𝒑𝑛𝑛 = 𝑷𝑷𝑖𝑖1⋯𝑖𝑖𝑛𝑛𝒫𝒫𝑖𝑖1 𝑝𝑝1 ⋯𝒫𝒫𝑖𝑖𝑛𝑛(𝑝𝑝𝑛𝑛)

Spectral BBGKY Hierarchy

Spectrum Method

New theoretical tool: Spectral BBGKY Hierarchy

coefficients



𝑑𝑑𝑡𝑡𝑷𝑷(𝑛𝑛) = 𝑪𝑪 ⋅ 𝑷𝑷 𝑛𝑛 + 𝑨𝑨 ⋅ 𝑷𝑷(𝑛𝑛+1)

𝑨𝑨 & 𝑪𝑪: Collision Integral

Spectral BBGKY Hierarchy

Advantage:  Step toward high-density pair-correlation function

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

coefficients

distributions



𝑑𝑑𝑡𝑡𝑷𝑷(𝑛𝑛) = 𝑪𝑪 ⋅ 𝑷𝑷 𝑛𝑛 + 𝑨𝑨 ⋅ 𝑷𝑷(𝑛𝑛+1)

𝑨𝑨 & 𝑪𝑪: Collision Integral

Spectral BBGKY Hierarchy

• BBGKY: discretize 6𝑛𝑛 D, cost 𝑁𝑁6𝑛𝑛

(3coorediate,3momentum)

• sBBGKY: discretize 3𝑛𝑛 D, cost 𝑁𝑁3𝑛𝑛

(3coorediate)

Advantage:  Step toward high-density pair-correlation function

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

coefficients

distributions



𝑑𝑑𝑡𝑡𝑷𝑷(𝑛𝑛) = 𝑪𝑪 ⋅ 𝑷𝑷 𝑛𝑛 + 𝑨𝑨 ⋅ 𝑷𝑷(𝑛𝑛+1)

𝑨𝑨 & 𝑪𝑪: Collision Integral

Spectral BBGKY Hierarchy

• before: discretize 6𝑛𝑛 D, cost 𝑁𝑁6𝑛𝑛

(3coorediate,3momentum)

• now: discretize 3𝑛𝑛 D, cost 𝑁𝑁3𝑛𝑛

(3coorediate)

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪now = 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪before

Advantage:  Step toward high-density pair-correlation function

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

coefficients

distributions



Advantage: No numerical fluctuations from Monte Carlo integration

• Monte Carlo integration
• Numerical fluctuations, 

need ensemble average 

𝑑𝑑𝑡𝑡𝑷𝑷(𝑛𝑛) = 𝑪𝑪 ⋅ 𝑷𝑷 𝑛𝑛 + 𝑨𝑨 ⋅ 𝑷𝑷(𝑛𝑛+1)

𝑨𝑨 & 𝑪𝑪: Collision Integral

Spectral BBGKY Hierarchy

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

Collision integral coupled time evolution



𝑑𝑑𝑡𝑡𝑷𝑷(𝑛𝑛) = 𝑪𝑪 ⋅ 𝑷𝑷 𝑛𝑛 + 𝑨𝑨 ⋅ 𝑷𝑷(𝑛𝑛+1)

𝑨𝑨 & 𝑪𝑪: Collision Integral

Spectral BBGKY Hierarchy

Advantage: No numerical fluctuations from Monte Carlo integration

𝑑𝑑𝑡𝑡𝑃𝑃(𝑛𝑛) = 𝐶𝐶[∫ , 𝑃𝑃(𝑛𝑛), 𝑃𝑃(𝑛𝑛+1)]

BBGKY Hierarchy

• Analytically calculate Collision Integral
• One simulation per initial state 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏 = 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝒍𝒍𝒍𝒍𝒍𝒍

Decouple collision integral from evolution No numerical fluctuations 

Collision integral coupled time evolution



Numerical validation



We need: 
hydrodynamization 
= near equilibrium

People before
hydrodynamization 
= equilibrium

Now we can determine
near equilibrium 
through linearization

Hydrodynamization from the full Boltzmann Eq.
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• Under isotropic conditions, a 
nonlinear system already enters a 
linear regime before it approaches 
thermal equilibrium

We need: 
hydrodynamization 
= near equilibrium

People before
hydrodynamization 
= equilibrium

Now we can determine
near equilibrium 
through linearization

Hydrodynamization from the full Boltzmann Eq.
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We need: 
hydrodynamization 
= near equilibrium

People before
hydrodynamization 
= equilibrium

Now we can determine
near equilibrium 
through linearization

“distribution ensemble”

Hydrodynamization from the full Boltzmann Eq.



We need: 
hydrodynamization 
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People before
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Hydrodynamization from the full Boltzmann Eq.



look at the blue bands

• Observables

We need: 
hydrodynamization 
= near equilibrium

People before
hydrodynamization 
= equilibrium

Now we can determine
near equilibrium 
through linearization

Hydrodynamization from the full Boltzmann Eq.



• Observables

We need: 
hydrodynamization 
= near equilibrium

People before
hydrodynamization 
= equilibrium

Now we can determine
near equilibrium 
through linearization

• Different observables share similar
thermalization and linearization times

Hydrodynamization from the full Boltzmann Eq.



• Both thermalization and linearization 
have slowest 

theoretical limits,

look at the orange lines

Hydrodynamization from the full Boltzmann Equation



Hydrodynamization from the full Boltzmann Equation



Independent of the initial distribution ensembles

same behavior

Hydrodynamization from the full Boltzmann Equation



Moment 𝑻𝑻𝝁𝝁𝝁𝝁

Consistent: 𝝉𝝉𝒍𝒍𝒍𝒍𝒍𝒍 ≈ 𝟎𝟎. 𝟓𝟓 𝝉𝝉𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕

Hydrodynamization from the full Boltzmann equation



Moment 𝑻𝑻𝝁𝝁𝝁𝝁

Consistent: 𝝉𝝉𝒍𝒍𝒍𝒍𝒍𝒍 ≈ 𝟎𝟎. 𝟓𝟓 𝝉𝝉𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕

Hydrodynamization from the full Boltzmann equation



• New theoretical tool: Spectral BBGKY Hierarchy(arXiv:2507.14243)
• Fill the Gap: Correlation, Nonlinear

• Physical Insight: Decoupling hydrodynamization from thermalization 
via nonlinear Boltzmann equation(arXiv:2509.23978)

𝝉𝝉𝒍𝒍𝒍𝒍𝒍𝒍 ≈ 𝝉𝝉𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕/2
Outlook

Summary

• The thermalization time and linearization time in an expanding system

• The correlation contribution to thermalization process

• 𝑔𝑔𝑔𝑔 𝑔𝑔𝑔𝑔𝑔𝑔

• Bose Enhancement, Pauli Blocking



From Framework to Computation: 
How We Actually Solve It
momentum expansion
evaluation of the collision integral



BBGKY

BBGKY

Liouville Equation

Interaction

Bogoliubov, Born, Green, Kirkwood, Yvon



Spectral BBGKY
Spectral BBGKY



Minimizing Collision Integral Evaluations 𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖, 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝒏𝒏 ∈ 𝟎𝟎, 𝟏𝟏, 𝟐𝟐 , 𝒍𝒍 ∈ 𝟎𝟎, 𝟏𝟏, 𝟐𝟐, 𝟑𝟑 𝟐𝟐 × 𝟒𝟒𝟒𝟒𝟒𝟒 = 𝟏𝟏. 𝟎𝟎𝟎𝟎 × 𝟏𝟏𝟏𝟏𝟕𝟕 ⟶ 26244
𝟎𝟎. 𝟐𝟐%

• Reduction relationship

• Parity symmetry

• Rotational invariance



Integral Form of the Collision Kernel

8 Fold

3 Fold

Gernal Cases



Integral Form of the Collision Kernel Gernal Cases

8 Fold

3 Fold



Summation Form of the Collision Kernel

C: 38 Fold 
Finite sum

A: 34 Fold
Finite sum

massless 
particles
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