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• 𝑓𝑓1
𝑞𝑞/ℎ 𝑥𝑥 : Probability density • 𝐷𝐷1

ℎ/𝑞𝑞(𝑧𝑧): Probability density

1. Fragmentation functions
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• Hadronization

𝐷𝐷1: probability density

 LUND Model

 Webber Model

 QCM (Shandong)

 ……

1. Fragmentation functions
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• Hadronization

𝐷𝐷1: probability density

• How quark polarization transfers to hadrons ?
𝐷𝐷1𝑇𝑇⊥ : unpolarized quark → transversely polarized hadron;
𝐺𝐺1𝐿𝐿: longitudinally polarized quark → longitudinally polarized hadron;
𝐻𝐻1⊥: transversely polarized quark → unpolarized hadron.

Orbital angular momentum? 

 LUND Model

 Webber Model

 QCM (Shandong)

 ……

1. Fragmentation functions



• Quark polarizations → jet handedness
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• Quark polarizations → jet handedness
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1. Fragmentation functions



• Quark polarizations → jet handedness

• Handedness correlations
Favoured Q:

Favoured Q + Disfavoured q:
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• Leading twist FFs
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2. Higher twist fragmentation functions



• Leading twist FFs

 Fitting experimental data, Leading twist FFs + higher twist FFs; 𝐷𝐷𝑡𝑡2 + 𝐷𝐷𝑡𝑡4 = 𝐶𝐶
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2. Higher twist fragmentation functions



• Leading twist FFs

 Fitting experimental data, Leading twist FFs + higher twist FFs; 𝐷𝐷𝑡𝑡2 + 𝐷𝐷𝑡𝑡4 = 𝐶𝐶

 Universality of higher twist FFs, 𝐷𝐷𝑡𝑡2𝑒𝑒
+𝑒𝑒− = 𝐷𝐷𝑡𝑡2𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆, 𝐷𝐷𝑡𝑡4𝑒𝑒

+𝑒𝑒−→
?
𝐷𝐷𝑡𝑡4𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆.
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2. Higher twist fragmentation functions



• 𝑒𝑒+ + 𝑒𝑒− → ℎ + 𝑋𝑋
The differential cross section,

The leptonic tensor,

The hadronic tensor,
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3. HTFFs in annihilation

S. Y. Wei, Y. k. Song, and Z. t. Liang, Phys. Rev. D 89, 014024 (2014). 
S. Y. Wei, K. b. Chen, Y. k. Song, and Z. t. Liang, Phys. Rev. D 91, 034015 (2015). Handbag diagram



• 𝑒𝑒+ + 𝑒𝑒− → ℎ + 𝑋𝑋

�Π(0)~ 0 𝜓𝜓 0 ⟩ℎ𝑋𝑋 ⟨ℎ𝑋𝑋 �𝜓𝜓 𝜉𝜉 0 → 0 𝜓𝜓 0 ℒ 0,∞ ⟩ℎ𝑋𝑋 ⟨ℎ𝑋𝑋 �𝜓𝜓 𝜉𝜉 0 ,

�Π𝜌𝜌
1 ~ 0 𝜓𝜓 0 𝐴𝐴𝜌𝜌(𝑦𝑦) ⟩ℎ𝑋𝑋 ⟨ℎ𝑋𝑋 �𝜓𝜓 𝜉𝜉 0

→ 0 𝜓𝜓 0 𝑖𝑖𝐷𝐷⊥𝜌𝜌 ⟩ℎ𝑋𝑋 ⟨ℎ𝑋𝑋 �𝜓𝜓 𝜉𝜉 0 + 0 𝜓𝜓 0 𝐴𝐴+ ⟩ℎ𝑋𝑋 ⟨ℎ𝑋𝑋 �𝜓𝜓 𝜉𝜉 0 .
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3. HTFFs in annihilation

 The produced hadron moves along the z-direction.

 𝑝𝑝𝜇𝜇 → (𝑝𝑝 ⋅ 𝑛𝑛) �𝑛𝑛𝜇𝜇.

1.  light-cone:      �𝐻𝐻𝜇𝜇𝜇𝜇
0 𝑘𝑘, 𝑞𝑞 → 𝛾𝛾 ⋅ 𝑛𝑛,

�Π(0) → 𝛾𝛾 ⋅ �𝑛𝑛, 𝛾𝛾 ⋅ 𝑛𝑛

leading twist, higher twist

2. transverse: �𝐻𝐻𝜇𝜇𝜇𝜇
0 𝑘𝑘, 𝑞𝑞 → 𝑘𝑘⊥𝛼𝛼 = 𝜔𝜔𝛼𝛼

𝛽𝛽𝑘𝑘𝛽𝛽 ,

𝐴𝐴𝛼𝛼 = 𝜔𝜔𝛼𝛼
𝛽𝛽𝐴𝐴𝛽𝛽 + 𝐴𝐴 ⋅ 𝑛𝑛 �𝑛𝑛𝛼𝛼 ,

𝜔𝜔𝛼𝛼
𝛽𝛽𝑘𝑘𝛽𝛽 + 𝜔𝜔𝛼𝛼

𝛽𝛽𝐴𝐴𝛽𝛽 → 𝑖𝑖𝜕𝜕⊥𝛼𝛼 + 𝐴𝐴⊥𝛼𝛼 → 𝑖𝑖𝐷𝐷⊥𝛼𝛼 ,
𝐴𝐴 ⋅ 𝑛𝑛 �𝑛𝑛𝛼𝛼 + 𝐴𝐴 ⋅ 𝑛𝑛 �𝑛𝑛𝛼𝛼 2 + ⋯ → ℒ 𝜉𝜉,∞ ,



• 𝑒𝑒+ + 𝑒𝑒− → ℎ + 𝑋𝑋
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3. HTFFs in annihilation



• Deeply inelastic scattering (DIS)
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𝑒𝑒− 𝑙𝑙, 𝜆𝜆𝑒𝑒 + 𝑁𝑁 𝑃𝑃, 𝑆𝑆 → 𝑒𝑒−(𝑙𝑙′) + 𝑋𝑋,

1. Operator Product Expansion

𝒪𝒪1 𝑥𝑥 𝒪𝒪2 0 →�
𝑛𝑛

𝐶𝐶12𝑛𝑛 𝑥𝑥 𝒪𝒪𝑛𝑛 0 , 𝑥𝑥 → 0.

• K. G. Wilson, Phys. Rev. 179 (1969) 1499–1512 .

• R. A. Brandt, G. Preparata, Nucl. Phys. B 27 (1971)

541–567.

• N. H. Christ, B. Hasslacher, A. H. Mueller, Phys. Rev.

D 6 (1972) 3543.

2. Feynman diagram approach (Collinear Expansion)

• R. K. Ellis, W. Furmanski and R. Petronzio, Nucl. Phys. B 207,

1 (1982); Nucl. Phys. B 212, 29 (1983).

• J. W. Qiu and G. F. Sterman, Nucl. Phys. B 353, 105 (1991);

Nucl. Phys. B 353, 137 (1991).

• J. W. Qiu, Phys. Rev. D 42, 30 (1990).

4. Calculations



2025年8月9日星期六 烟台大学（ ）Yantai University 16

4. Calculations

S. y. Wei, Y. k. Song and Z. t. Liang, Phys. Rev. D 89, no. 1, 014024 (2014)
S. y. Wei, K. b. Chen, Y. k. Song and Z. t. Liang, Phys. Rev. D 91, 034015
(2015)

• Semi-inclusive DIS • Electron positron annihilation

Z. T. Liang and X. N. Wang, Phys. Rev. D 75, 094002 (2007)
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• Light-cone coordinates

�𝑛𝑛 = 1,0, 0⊥ , 𝑛𝑛𝜇𝜇 = 0,1, 0⊥

• Parton model

4. Calculations
• Calculations in the parton model
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• Decompose the gluon field

Projection operator:

• Expansion of the hard part

4. Calculations

…
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�𝐻𝐻𝜇𝜇𝜇𝜇
0 :

�𝐻𝐻𝜇𝜇𝜇𝜇
1,𝐿𝐿 𝜌𝜌:

•
•
•

•
•
•

4. Calculations

• Apply the Ward identity
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𝑊𝑊𝜇𝜇𝜇𝜇 = 𝑊𝑊𝜇𝜇𝜇𝜇
0 + 𝑊𝑊𝜇𝜇𝜇𝜇

1,𝑐𝑐 + 𝑊𝑊𝜇𝜇𝜇𝜇
2,𝑐𝑐 + ⋯

~𝑇𝑇𝑇𝑇 �𝐻𝐻𝜇𝜇𝜇𝜇
0 (𝑘𝑘) �𝛱𝛱 0 + 𝑇𝑇𝑇𝑇 �𝐻𝐻𝜇𝜇𝜇𝜇

1,𝑐𝑐 (𝑘𝑘1, 𝑘𝑘2) �𝛱𝛱1,𝑐𝑐 + ⋯

= 𝑇𝑇𝑇𝑇 �𝐻𝐻𝜇𝜇𝜇𝜇
0 �𝛱𝛱 0 +

𝜕𝜕 �𝐻𝐻𝜇𝜇𝜇𝜇
0

𝜕𝜕𝑘𝑘𝛼𝛼
𝑘𝑘⊥𝛼𝛼 �𝛱𝛱 0 + 1

2
𝜕𝜕2 �𝐻𝐻𝜇𝜇𝜇𝜇

0

𝜕𝜕𝑘𝑘𝛼𝛼𝜕𝜕𝑘𝑘𝛽𝛽
𝑘𝑘⊥𝛼𝛼𝑘𝑘⊥𝛽𝛽 �𝛱𝛱 0 + ⋯

+𝑇𝑇𝑇𝑇 �𝐻𝐻𝜇𝜇𝜇𝜇
1,𝑐𝑐 �𝛱𝛱 1,𝑐𝑐 +

𝜕𝜕 �𝐻𝐻𝜇𝜇𝜇𝜇
1,𝑐𝑐

𝜕𝜕𝑘𝑘1𝛼𝛼
𝑘𝑘⊥1𝛼𝛼 �𝛱𝛱 1,𝑐𝑐 +

𝜕𝜕2 �𝐻𝐻𝜇𝜇𝜇𝜇
1,𝑐𝑐

𝜕𝜕𝑘𝑘2𝛽𝛽
𝑘𝑘⊥2𝛽𝛽 �𝛱𝛱 1,𝑐𝑐 + ⋯

~ 𝑇𝑇𝑇𝑇 �𝑯𝑯𝝁𝝁𝝁𝝁
𝟎𝟎 �𝜫𝜫 𝟎𝟎 + �𝐻𝐻𝜇𝜇𝜇𝜇

1,𝑐𝑐 �𝛱𝛱 1 (𝑖𝑖𝜕𝜕⊥𝛼𝛼) + 1
2
𝜕𝜕2 �𝐻𝐻𝜇𝜇𝜇𝜇

0

𝜕𝜕𝑘𝑘𝛼𝛼𝜕𝜕𝑘𝑘𝛽𝛽
𝑘𝑘⊥𝛼𝛼𝑘𝑘⊥𝛽𝛽 �𝛱𝛱 0 + ⋯

+𝑇𝑇𝑇𝑇 �𝑯𝑯𝝁𝝁𝝁𝝁
(𝟎𝟎)�𝜫𝜫 𝟏𝟏,𝒄𝒄 𝒈𝒈𝑨𝑨𝜶𝜶+ + �𝐻𝐻𝜇𝜇𝜇𝜇

1,𝑐𝑐 �𝛱𝛱 1,𝑐𝑐 𝑔𝑔𝐴𝐴⊥𝛼𝛼 +
𝜕𝜕 �𝐻𝐻𝜇𝜇𝜇𝜇

1,𝑐𝑐

𝜕𝜕𝑘𝑘1𝛼𝛼
𝑘𝑘⊥1𝛼𝛼 �𝛱𝛱 1,𝑐𝑐 +

𝜕𝜕2 �𝐻𝐻𝜇𝜇𝜇𝜇
1,𝑐𝑐

𝜕𝜕𝑘𝑘2𝛽𝛽
𝑘𝑘⊥2𝛽𝛽 �𝛱𝛱 1,𝑐𝑐 + ⋯

𝑘𝑘⊥𝛼𝛼 �𝛱𝛱 0 → �Π 1 (𝑖𝑖𝜕𝜕⊥𝛼𝛼)

�𝛱𝛱 1,𝑐𝑐 = �𝜫𝜫 𝟏𝟏,𝒄𝒄 𝒈𝒈𝑨𝑨𝜶𝜶+ + �𝛱𝛱 1,𝑐𝑐 𝑔𝑔𝐴𝐴⊥𝛼𝛼

4. Calculations

• Add all the terms with the same hard part together
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𝑊𝑊𝜇𝜇𝜇𝜇 = 𝑊𝑊𝜇𝜇𝜇𝜇
0 + 𝑊𝑊𝜇𝜇𝜇𝜇

1,𝑐𝑐 + 𝑊𝑊𝜇𝜇𝜇𝜇
2,𝑐𝑐 + ⋯

~ 𝑇𝑇𝑇𝑇 �𝑯𝑯𝝁𝝁𝝁𝝁
𝟎𝟎 �𝜫𝜫 𝟎𝟎 + �𝐻𝐻𝜇𝜇𝜇𝜇

1,𝑐𝑐 �𝛱𝛱 1 (𝑖𝑖𝜕𝜕⊥𝛼𝛼) + 1
2
𝜕𝜕2 �𝐻𝐻𝜇𝜇𝜇𝜇

0

𝜕𝜕𝑘𝑘𝛼𝛼𝜕𝜕𝑘𝑘𝛽𝛽
𝑘𝑘⊥𝛼𝛼𝑘𝑘⊥𝛽𝛽 �𝛱𝛱 0 + ⋯

+𝑇𝑇𝑇𝑇 �𝑯𝑯𝝁𝝁𝝁𝝁
(𝟎𝟎)�𝜫𝜫 𝟏𝟏,𝒄𝒄 𝒈𝒈𝑨𝑨𝜶𝜶+ + �𝐻𝐻𝜇𝜇𝜇𝜇

1,𝑐𝑐 �𝛱𝛱 1,𝑐𝑐 𝑔𝑔𝐴𝐴⊥𝛼𝛼 +
𝜕𝜕 �𝐻𝐻𝜇𝜇𝜇𝜇

1,𝑐𝑐

𝜕𝜕𝑘𝑘1𝛼𝛼
𝑘𝑘⊥1𝛼𝛼 �𝛱𝛱 1,𝑐𝑐 +

𝜕𝜕2 �𝐻𝐻𝜇𝜇𝜇𝜇
1,𝑐𝑐

𝜕𝜕𝑘𝑘2𝛽𝛽
𝑘𝑘⊥2𝛽𝛽 �𝛱𝛱 1,𝑐𝑐 + ⋯

4. Calculations

• Add all the terms with the same hard part together

�𝛱𝛱 0 = 𝑝𝑝+�
𝑑𝑑𝜉𝜉−

2𝜋𝜋
𝑒𝑒−𝑘𝑘+𝜉𝜉−�

𝑋𝑋

0|𝓛𝓛† 𝟎𝟎,∞ 𝜓𝜓(0)|ℎ𝑋𝑋 ℎ𝑋𝑋| �𝜓𝜓(𝜉𝜉−)𝓛𝓛 𝝃𝝃−,∞ |0 ,

�𝛱𝛱𝛼𝛼
1 = 𝑝𝑝+�

𝑑𝑑𝜉𝜉−

2𝜋𝜋
𝑒𝑒−𝑘𝑘+𝜉𝜉−�

𝑋𝑋

0|𝓛𝓛† 𝟎𝟎,∞ 𝐷𝐷⊥𝛼𝛼(0)𝜓𝜓(0)|ℎ𝑋𝑋 ℎ𝑋𝑋| �𝜓𝜓(𝜉𝜉−)𝓛𝓛 𝝃𝝃−,∞ |0 .

Gauge link: ℒ 𝜉𝜉−,∞ = 𝒫𝒫 𝑒𝑒𝑖𝑖𝑖𝑖 ∫𝜉𝜉−
∞ 𝑑𝑑𝜂𝜂− 𝐴𝐴+(𝜂𝜂−),  and covariant derivative: 𝐷𝐷⊥𝛼𝛼 = 𝜕𝜕⊥𝛼𝛼 + 𝑖𝑖𝑔𝑔𝐴𝐴⊥𝛼𝛼 .
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4. Calculations

• Hadronic tensors

• Hard parts

• Gauge invariant correlators

S. y. Wei, Y. k. Song and Z. t. Liang, Phys. Rev. D 89, no. 1, 014024 (2014)
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4. Collinear expansion

• Deeply inelastic scattering

1. inclusive

𝑒𝑒− + 𝑁𝑁 → 𝑒𝑒− + 𝑋𝑋
2. semi-inclusive

 Current region jet

𝑒𝑒− + 𝑁𝑁 → 𝑒𝑒− + 𝑗𝑗𝑒𝑒𝑗𝑗 + 𝑋𝑋
 Target region hadron

𝑒𝑒− + 𝑁𝑁 → 𝑒𝑒− + ℎ + 𝑋𝑋

• Electron positron annihilation

1. inclusive

𝑒𝑒− + 𝑒𝑒+ → ℎ + 𝑋𝑋
2. semi-inclusive

 Back to back hadron

𝑒𝑒− + 𝑒𝑒+ → ℎ + 𝑗𝑗𝑒𝑒𝑗𝑗 + 𝑋𝑋
 Back to back dihadron

𝑒𝑒− + 𝑒𝑒+ → ℎ1ℎ2 + 𝑗𝑗𝑒𝑒𝑗𝑗 + 𝑋𝑋
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4. Calculations
• 0-gluon scattering amplitude

1. Hadronic tensor

2. Calculate traces and decomposing the correlator

3. Leading twist result
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4. Calculations
• 0-gluon scattering amplitude

1. Hadronic tensor

2. Calculate traces and decomposing the correlator

3. Leading twist result
Leading twist

U L

T-2 𝐷𝐷1 𝐺𝐺1𝐿𝐿
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4. Calculations
• 0-gluon scattering amplitude

1. Hadronic tensor

2. Calculate traces and decomposing the correlator

3. Leading twist result
Leading twist Twist-3

U L

T-2 𝐷𝐷1 𝐺𝐺1𝐿𝐿

T-3 𝐷𝐷𝑇𝑇 𝐺𝐺𝑇𝑇
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4. Calculations
• 0-gluon scattering amplitude

1. Hadronic tensor

2. Calculate traces and decomposing the correlator

3. Leading twist result
Leading twist Twist-3 Twist-4

U L

T-2 𝐷𝐷1 𝐺𝐺1𝐿𝐿

T-3 𝐷𝐷𝑇𝑇 𝐺𝐺𝑇𝑇

T-4 𝐷𝐷3 𝐺𝐺3𝐿𝐿
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4. Calculations
• 1-gluon scattering amplitude

• 2-gluon scattering amplitude
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4. Calculations
• 1-gluon scattering amplitude

• 2-gluon scattering amplitude
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4. Calculations
• Hadronic tensor up to twist-4

Leading twist
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4. Calculations
• Hadronic tensor up to twist-4

Leading twist

Twist-3
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4. Calculations
• Hadronic tensor up to twist-4

Leading twist

Twist-3

Twist-4,  Multi-gluon scattering
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4. Calculations
• Hadronic tensor up to twist-4

Leading twist

Twist-3

Twist-4,  Multi-gluon scattering

Twist-4,  Multi-quark scattering
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4. Calculations
• Cross section up to twist-4

where 𝜅𝜅𝑀𝑀 ≡ 𝑀𝑀/𝑄𝑄 is a typical suppression factor of high twist contributions.

…
…



2025年8月9日星期六 烟台大学（ ）Yantai University 35

5. Summary

• Fragmentation functions are important in describing
hadronization process;

• Higher twist fragmentation function deserve more
attention;

• ……
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5. Summary

• Fragmentation functions are important in describing
hadronization process;

• Higher twist fragmentation function deserve more
attention;

Thank you!



2025年8月9日星期六 烟台大学（ ）Yantai University 37

Backup
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𝑄𝑄

�𝑞𝑞

𝑞𝑞

Backup

The origin of the handedness in the jet fragmentation. 
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ℎ1

ℎ2

Angular momentum: 𝐿𝐿2

𝑝𝑝

𝑘𝑘

𝑘𝑘′

𝑧𝑧

𝑥𝑥

�𝑛𝑛𝑛𝑛 Light-like

𝑘𝑘⊥
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𝑒𝑒−

partonjet

𝑘𝑘𝛼𝛼

𝑘𝑘+

𝑘𝑘⊥𝛼𝛼 = 𝜔𝜔𝛼𝛼
𝛽𝛽𝑘𝑘𝛽𝛽

�𝑛𝑛

𝑒𝑒−

𝑝𝑝
X
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𝑙𝑙1

𝑙𝑙2production plane
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𝑥𝑥
𝑦𝑦
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