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Dihadron: Background Hy

>ete™ -» H H, + X is a clean process to study the fragmentation functions et /

» Dihadron differential cross section

i
']
do Hy H, @ /
Z A'lj ® DHl ®DH2 _|_Z Al ® DDH1H2
dz1 dZQ i \ ,
smgle—hadron FFs di-hadron FF

» Experimental study : Belle PRD 92 (2015) 9, 092007, PRD 96 (2017) 3, 032005, PRD 101 (2020) 9, 092004

107k b1 'K K'K
R

Three topologies Fop o, T EL .

o]

o
10°kF e o

ol dz,

ol dz, dz, [b]

0.2 0.3 04 05 06 0.7 08 08 0.3 04 05 06 0.7 08 09 0.3 04 05 06 07 08 09 |
2,1, 7,2, 7,2,

9 Aug 2025 Dihadron_ZHZ



Dihadron: Background

. . . e+ e
» Theoretical calculation : , %

dO'H1H2 Z ] ® DH1 ® DH2 + Z ~1 ® D.DHIHZ
dz1d22 i H/—"
di-hadron FF

smgle—hadron FFs

O O(ag) D. de Florian, LVanni, Phys.Lett.B 578 (2004) 139-149
O O(as) Guido Altarelli, R. Keith Ellis, G. Martinelli, So-Young Pi, Nucl.Phys.B 160 (1979) 301-329
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Dihadron: Background

» The topological classification of the dihadron production is rough

1—cosfq,

» Adding the angle (z = ) between the two hadrons for precise

topological classification

; i —dga _ 25 _ B costp =1—2
» Dihadron angular correlation dndnd: "T o T g 19 = z
» Success of energy-energy correlator (EEC) as an 1.5 [T T T T e e
f e OPAL data d
angular correlation function for precision QCD L2 ete” > hadons | 1
OPAL, Z. Phys. C 59, 1-19 (1993) Ro9 Q = 91.2 GeV )
o [ ]
] [ N
» Study of free hadron and transition region of EEC from DiFF 9 06 P
K. Lee, I. Stewart, arXiv: 2507.11495 0.3~ L
C.-H. Chang, H. Chen, X. Liu, et al., arXiv:2507.15923 - ll"'“l\ ARR——— "T'/r | |:
Y. GUO, F. Yuan, W. Zhao, arXiv: 2507.15820 0.0 0 20 40 60 80 100 120 140 160 180
Z.-B. Kang, A. Metz, D.Pitonyak, et al. , arXiv: 2507.17444 x(°)
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2F, 2F,

Dihadron angular correlation
Tmn=—, Tp=—, cosbp=1-—2z

> Factorization: Q

o _ 2ma b day 1 U dax, Ty
oDl oom) [ D L) Clen @2,
d’Tldedz 3Q4 Z/ 1 Hi/ (931 N) j; o H2/:f($2 “) i(T1, T2, 2, 1)

> Wilson coefficients:

2
C?,J 331,9323th Z/dq) 9?‘;’) Z ‘M(fy*_}?’+j+)|
a#beX,, pol,col
) 2q. -k, 2q.,-ky 1 2k,-k
» Measurement function: ab _ ga _ b 1 _ a %
@ d; 5(3: L )535(@ oL )5(2: ity O )
> 0(a?), 0(ay) contributions:  Ci;[0()], €35 [O(a)] o< 6(1 — 21)d(1 — 22)d(1 — 2)

C?jR[O(aS)] x §(1 — 1 — @y + T1202) = (M%)

Non-contact contributions start at O(a2)! Focus on the region x{, x5,z € (0,1)
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O(a,) results

» Wilson Coefficients: Cij(z1,z2,2,1) = 2aNcQ2{Ze§ Cijqa + D €qeq cij;qq’}
q

a,q’

QgL : i
Cij;Q(CClax%Za U) = Z [%] C'Ej?q(xlam%zz ”)

Cijee contribute from O (a3) | D

00 | 5003}

500 | 5007

» Real emission at 0(a;) : v*(gy) = a(p1) + 3(p2) + g(p3)

Ny z12o(2% + 23) N\ —
Ne (1 —z1)(1 — x9)
Ny zizo[] + (2 — @1 — 22)?]

m-

9499

(21, z2;€ = 0) = §(m%)

C) (z1, 256 = 0) = 6(m%)

99:4 Ne (1 —z1)(zy +25— 1)
\Cgtlz);q(wl, To;e = 0) = C’%zq(:ng,azl; e =0) )
my =1— 21 — 2o + 2122 d=4-2¢ |
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O(a?) Calculation: Double Real

» Three channels:

Y (ay) = a(p1) + @(p2) + ¢'(p3) + 7' (ps)
v (¢y) = a(p1) + @(p2) + g(p3) + 9(p4)
v (ay) — a(p1) + @(p2) + a(p3) + 3(p4)

» Phase space integral

ddp3

frr(T1,22,2,¢2) = / 2 5(p3)0((ay — p1 — P2 — p3)°) (
> Strategy: Integration By Parts (IBP) + Differential Equation (DE)

Topological identification of the integrals -> IBP reduction to the Mls--> Evaluate the Mls using DE
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O(a?) Calculation: Double Real

d d 2 o o o 2
> Mls: MI1 = / o d }? =04 ( (p3)0+((¢ —p1 —p2 —p3)®) MI2 = / (261)};31 5+(p3)5(;(1(i pf:L pf)zg Ps))
MI3 — / ddp.s 6+(@)0-((a—pr—p2—p3)’) oo, / d'ps  0+(p3)d+((g — L —p2 — p3)°)
(2m)+1 (p1 + pa)?(p2 + p3)? (2m)d-1 (p1 + Pa)2(p2 +m)2
MI5 — / d’p;  6:(p3)0+((g—p1 — p2 — p3)° MI6 — / d’p;  04(p3)04((g—p1 —p2 — p3)?)
(2m)4=t  (p1 + p3)?(p1 + P2 + p3)? (2m)1  (p1 + p3)?(p1 + po —I—p4)

» MI1 and MI2 can be evaluated directly

246 g — % 226 37.‘.(: Zm 61" 1—¢€ _ 2
™ty x L )Fl(ll—'2—2e; i )

MI2 =
1+ x2 + B

MI1 =
r(Z—o B+ +

my = \/ 1 — 21 — 2 + 21222 : invariant mass of the unidentified particles

B = \/ (z1 + x2)? — 4z @22 : relative momentum between the identified and unidentified particles

» MI3-MI6 are calculated using DE to transcendental weight-4, with the boundary
condition settled by AMFlow + PSLQ Fit
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O(a?) Calculation: Virtual Real

»The virtual real contributions are only nonzero formy — 0
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O(a?) Calculation: Renormalization

» o, renormalization for UV divergence:

o = ay(1?) [1 _ ) (11 Ca— ENF) +. ]

4me 3 3
» Collinear IR divergence=>absorbed into fragmentation functions
Collinear counter term:

i'j
g e 5 Y

(as) O(as)

1 1
CS;T(iBl, Lo, 2;€) = - ;ﬁz(?z(wlz ® g(l)(ml, To,2;€) + — Z PT,’(O)(mz) ® C,Ejl-f)(m, 9, 2; €)
@,

» € pole canceled by the collinear counter term:

RR(

Cij(1, w3, 2) = Cii (w1, T2, 7€) + Cf (w1, 2, 25 ) + G (1, T2, 25 €)



O(a?) Calculation: Collinear counter term

> Collinear counter term:

1
CS'T(wl,wz,Z €) Z ?)(ml,wz,z E)J—I— - ZP;;,’(O)(:Q) ®C§;;)(w1,m2,z; £)

v~ Vi

(O:S) O(as)

» Time-like splitting function:

1
P.T’(O)(a:) (0)( ) - PT ,(0) 5(1 — z) - %3,(0) [ ]
+

ij Fijreg 1 — 2

» Collinear counter term in my distributions

1
CQT Cgll"eg 1,3 ) 5(mX) + CS?E |: 2 ]
’mX *

Ilk m? T m2 nk+1
» star distribution /0 dm% f(m ?X)[l TEZQX) _fo iﬂX [f(m%{)—f(O)}lnk(mQX)vL 1k+(1)f(0)
X * X




O(a?) Calculation: my — 0 limit

1
» RR contribution at my — 0 : Expansion to — Mls resummation over m# using DE
X

» IR divergence isolated with the star distribution

Ilk m
(mgf)—l+ne _ 5(mX Z ( [1 ( X)]

X

> Results in terms of distributions

1
Cijlmz 0 = (CRR Cij + C?jT) o = Cijreg + Cijis 8(m¥) + Cij» m—2]
X x|,
> Final results with the distributions
Cij = Cijl 1 C 6(m2)—|—C-- B
1) 1] m§(>0 17,0 X 1] ,% m%( * m?X

W
avoid double counting



O(a?) Calculation: Results
> 6 independent sectors at parton level: {qq,9q9',9'q',q99,99,qq}

> The 0(a?) Wilson coefficients: P

l1—z2

1 In*(m2 In* (m?2
C? (21,2, 5 1) = O(m%) Rizg(w1, 32, 2 1) + Vigg(1, 23 1)8(m%) +0(m3) 3 U (21, 353 1) ([ R
k=0 m .

m% >0 region

»>m% > 0 region
1.00 1.00

0.75 0.75

0.50 0.50

mz=1—x; —xy +x;%,2 > 0
0.25

0.25

0.00 0.00
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O(a?) Calculation: Results

»>The m% > 0 terms can be express as linear combinations of 13 logarithmic functions

(including In2) with rational coefficients

14
g mx =1 —x; — &3+ 21222
Rij(mlam%z; ﬂ') — Z'r‘,gj)(azl,mz,z; p,) f(k) X \/ L1 — T2 122
h=0 B = \/(331 + x9)? — dx1292

(=1, D =@, LV=h-m), LY=I1-2),
¢®) = In(z;), () = In(z,), () =1n(1 — z12), (®) =1n(1 — z92),
() =1n [ml(l —2) + x2(1 — 3712)], {19 = 1n [35'2(1 —z) +z(l— $2z)]’

(M) = In(z; 4+ 25 — f), (M) = In(z; + x5 + p), (1) = In(m?%), (M) = 1n(1 - 2)

(11) _(12)

for {ij} € {qq, 4'7’, g9, qq}, 'ff—j—’) = rﬁf), TS) = ”‘S)a r (37) = ’"z('as')’ ""f;?) = ""E;O)
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O(a?) Calculation: Results

»The denominators of the coefficients . for the m% > 0 results have 11 irreducible

factors in total

1 n
"'"E?)(-’El,iﬁz,zm)ZMgk)(ml,:r:g,z;p) H (_)

(m,n) ESSQ)

m € [1,11] : index of different type of denominators
n € [0, 5] : power of the denominators
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O(a?) results: m% > 0, fixed x4, x,

Physical region:
ms=1—x; —x, + x1x,2>0
Divergence at

mz — 0,z > 0&1
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O(a?) results:m% > 0,z = 1/2

; ’1..
oSees
0‘:“:"‘0’:

A'é 0%

Physical region:
ms=1—x; —x, + x1%,2>0
Divergence at

mz — 0,x; » 0&1,x, » 0&1

o
o
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O(a?) results: m% > 0, x,

0.16

0.12
0.08
0.04
0.00

Physical region:
ms=1—x; —x, + x1%,2>0
Divergence at

mz - 0,x; = 0&1,z — 0&1

0.00

—-0.05
-0.10
—-0.15
-0.20
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O(a?) Calculation: Results

» Two independent sectors with distributions: {qq, qg}

> Coefficients of [In(m2)/m2], :

4NA(NA — 1)2131532 (.’L‘% -+ ’:1733)

U,y (21, 82) =

Néwl ’lf]z

2NA(5N4 + 4)z1Zo (23 + 2%)

Usg (1, %2) =

w,=1—2z,(0={1,X}), @2 =1— 2y

wx:2—m1—£2

Ty =

9 Aug 2025

Ngwlwx

l—2x2

Dihadron_ZHZ

Cgf-;)q(:vl, T, Z; )

k=0

= G(m?x) Rijiq(z1, @2, 25 1) + Vijig(@1, T2 1) 5(m2X)

1
+6(m%) Y UL (21,2 1) (

|-

2
my

In*(m%) )

Coefficients of the [Inm?%/m?%].

N [z, 2] UE
/]

0.4 4?2'52% oo
0.3 aees 0.39
0.2 0.26
g-; 0.13

' 0.00
0.

N gy 2| U]

L0 10.0
75 7.5
5.0 5.0
0.0

0.0

Tl
IS 0.39
0.26
0.13
0.00

10.0
7.5
5.0
2.5
0.0

19



(2)
2 . . Cijg(T1, T2, 25 1)
O(af) Calculation: Results = 0n) R, 2, 5) + Vit 3.0
+9(m§{)iU-[lf] (z1, 25 1) lnk(?&) - lnk(?%{)
» Two independent sectors with distributions: {qq, gg} = mi ], mk

» Coefficients of [1/7’)’1)2(]* : Coefficients of the [1/m%].

2 N[z, 20

qq

N [wzz]Ulm

Naz132 (2% + 73) {NC(ZNf — 11Ng) + 12g£01] Ny,

Uq[g](wl,r?:z) =

— 0.0 0.0 0.00 0.0
3Ngywl’IU2 -1.4 05 -0.18 05
o 72 -2.8 e 036
4NZw1Zs (2 + 13) s, 10 s 10
+ Ly, N2 - ) :5.6 —0>72
cWis ' 09, 0.
- 0 '
Njz1%s (:c% + wgf) (3NA + SNE,KL ]) O'%_% . 04
U[O](x 7 ) — _ “ 1.0 1_00'8 haY
gqg \*1, L2 9
ZNCwlwa qq
2N4(3N4 + 2)z1%2 (22 + 2%) N fa2|UY
h 2.4
N2ww 0 0
c*w1wXx 1.1 1o _a
-0.2 —20 -8
(0] ~ s - (DT SN -12
l,) =Inw; +1Inwy — Inwy Ly 40 U
O'%.%4 020.0
w,=1—=x =11. X Wo=1—2 06 0.60%
0 o (0=1{1,X}), W 2 N Y R
- l—=x
Ix =2 — 21 — T {15-2:—1
1— 22
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O(a?) Calculation: Results

» Two independent sectors with distributions: {qq, qg}

» Coefficients of §(m2):

Cgf-;)q(:vl, T, Z; )

= G(m?x) Rijiq(z1, @2, 25 1) + Vijig(@1, T2 1) 5(m2X)

1 In* (m? In* (m?
F6m3) S UM (o, g | 200 | )
=0 my my

Coefficients of the d(m%)

Vij(1, 85 p) = ﬁ;(ré)g)(ml: To; )Ly 06
' ki(f’ra)ﬁf)(wh 223 1) (£0);”
Egl) = Inwy, Egz) = In W9, E((SS) =lnwy
(Eﬁ)gl) = Inzy In w; + Lis(wy),
(£0)®) = In 2 In wy + Lig (), .
(EE)((SS) =Inzxnwy + Lis(wy), s
(€0 =n*(wy), (£0)5 = ()
(Ef)gﬁ) = ln w; In @9, (Ef)((;) = Inw; In wy,
(€0) = Iy Inwy wo,=1-x, (0={1,X}), Ba=1—2 ax=2—a1—& &= 11__:'1;
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Summary and outlook

> We calculated the Wilson coefficients of the dihadron angular correlation in the ete™ collision at 0(a?),
and investigated its my — 0 limit

» The results can be expressed in logarithmic functions and three Li2 functions with rational coefficients

> The results can be used in the global fit of the fragmentation functions at the e e~ collisions to provide
more information of hadronization

» Future work:

O Investigate the x;,x, = 0,1 and z — 1, z — 0 limit (related to the dihadron fragmentation functions)

| EEC’ QQC... Semi-Inclusive DIS Drell-Yan Dihadron in e+e-
e Hy
[ Physical results of the dihadron correlation function o ey Gz L e / -
>—-,N~!£‘_:gn \’_, \‘9 »b—» } <<—\n
[ Crossing to SIDIS, Drell-Yan process “’Jl pistrbution W py /
- <0 Hy

Thank you for your attention!
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O(a?) results:m% > 0,z = 1/100

z=0.01

Physical region:
ms=1—x; —x, + x1%,2>0
Divergence at

mz — 0,x; » 0&1,x, » 0&1

9 Aug 2025
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O(a?) results: m% > 0,z - 99/100

z=0.99

0.20
5 g::::éﬁ',‘vo
” S5 0.15
) ) X 0.10
Physical region: 0.05
0.00
ms=1—x; —x, + x1%,2>0
Divergence at
mg — 0,x; —» 0&1,x, — 0&1 o .0
- -0.6
—1000
~1500 e
—2000 -1.8
—-2500 —-24
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O(a?) results:m% > 0,x; = 1/2

Nz92) Ry
0.00 0.16
—-0.05 0.12
' ' -0.10 0.08
Physical region: ~0.15
. 0.04
—-0.20
0.00
ms=1—x; —x, + x1%,2>0
Divergence at
Mz22]Ryq
mz - 0,z > 0&1,x, > 0&1 . 0.00
—-0.05
—20 -0.10
—40 -0.15
-0.20
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O(a?) results:m% > 0,x, = 1/100

qq’

Physical region:
ms=1—x; —x, + x1%,2>0
Divergence at

mz - 0,x; = 0&1,z — 0&1

9 Aug 2025
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O(a?) results: m% > 0, x,

Physical region:
ms=1—x; —x, + x1%,2>0
Divergence at

mz - 0,z > 0&1,x, > 0&1

9 Aug 2025
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mz > 0

Physical region

1—x1—x, +x1x,2>0

2 _
x =

Physical region: m

m3% >0 region

()

y

AKX

] .“
$

%
A —

X0
‘._v".s....l_ 5
AMINS
OOOREON
INIRIIANS,
e o.‘::.l'
AOOAAEEO0NR
.:........__.acw.
:.....:

",
..“....,.

(0

N
e
".‘ ’...: 1.
AN
e

1.001.00

1.001.00
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O(a?) results: m% — 0

Physical region:

.x1 4‘.X2 —1
zZ = € (0,1)
X1X2

Divergence at

x1 = 0&1,x, - 0&1

9 Aug 2025

Coefficients of the distributions

qq 6(m%) coeff.

qq [1/m%] ; coeff.

NX]Cl4(
0 0
— -1
-50 10 -2
-20 3
—100 -30 _4
—150 —40 -5
0. 0.0
4 0.2
0.6 0.4
2, 0.8 0 80‘6
< 1.0 1.0" avas
qg 6(m%) coeff.
2
1
0
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