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Background
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Experimental advances

lMore and more states composed of at least 4 or 5 (anti)quarks
lMultiquark states: Compact, or molecular or others?

31 new hadrons at BESIII24 new exotic hadrons at the LHC

https://english.ihep.cas.cn/bes/re/pu/NewParticles/

Compact

Molecular

…
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Three super “stars”
lHadonic molecule: deuteron as a typical example

lGreat interest in 𝐷𝐷∗ and "𝐷𝐷∗/𝐷"𝐷∗ molecular states

lS-wave molecular candidates

Quark 
contents

𝑰𝑮(𝑱𝑷𝑪) Threshold 𝚫𝑴 [MeV] 𝚪 [MeV]

𝑋(3872) 𝑞.𝑞𝑐 ̅𝑐/𝑐 ̅𝑐 0$(1$$) 𝐷%5𝐷%∗ 0.0068'%.)*%%%$%.)+,, 0.380'%.-..$%./).

The 1st charmonium-like state
𝑍0(3900) 𝑞.𝑞𝑐 ̅𝑐 1$(1$ ') 𝐷5𝐷∗ 11.3 ± 2.6 28.4 ± 2.6

The 1st manifestly exotic charmonium-like state
𝑇00(3875) .𝑞.𝑞𝑐𝑐 ? 𝐷∗$𝐷% −0.360'%.%/%$%.%/% 0.048'%.%)/$%.%%.

The 1st open double charm tetraquark state

BESIII:2023hml

PDG

LHCb:2021auc

!, #,
$, %…
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𝜋, 𝜌,
𝜔, 𝜎, …
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Experimental progress

lAn enhancement close to 3.9 GeV
►Breit-Wigner fit: 𝑀 + Γ/2 (MeV)

lNew 𝐷∗"𝐷 molecular states?
►Close to 𝐷∗"𝐷 threshold
►Quantum number 𝐽"# = 1$$, from 

virtual photon
►P-wave 𝐷∗"𝐷 state?

lCornell model: enhancement at 3.9 GeV 
lBelle and BaBar: 𝐺 3900

►Fit with a Gaussian function
►Not regarded as a resonance

lMore precise data from BESIII

BESIII:2024ths
CLEO:2008ojp
BaBar:2006qlj
Belle:2007qxm

Eichten:1978tg, Eichten:1979ms

BaBar:2006qlj, Belle:2007qxm

BESIII:2024ths

BESIII

BESIII:2024ths
CLEO:2008ojp
BaBar:2006qlj
Belle:2007qxm

𝜓(4040)? ? ? ?
(3872.5 ± 14.2 ± 3.0) + 89.9 ± 7.5 ± 3.5 𝑖

4

"𝐷𝐷∗
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Breit-Wigner fit from BESIII

BESIII:2024ths
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Contents

lTextbook: Why do P-wave systems favor resonance formation?

lModel: A unified framework explaining 𝑋(3872), 𝑍%(3900), 𝑇%%(3875) and 𝐺(3900)

lData: Could the current data pin down the existence of 𝐺(3900)?

lPredictions: Opportunity in STCF

!, #,
$, %…

P-wave
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P-wave resonance
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Resonances

l Resonance: state with finite lifetime
l Feshbach resonance

►E.g. 𝑃! states could be bound states of 𝛴!#𝐷(∗)
►Considering the 𝐽/𝜓𝑝 channel: resonance

l Shape resonance
►Barrier
►S-wave:  ⇐ potential with barrier, usually from nontrivial mechanism
►Higher partial wave: centrifugal barrier 

l Feshbach or shape? depending on schemes

open channel

closed channel

R

0

V

R
0

V

Feshbach resonance Shape resonance

…
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From bound state to…
lFor attractive potential giving bound state

►𝑉 → 𝜆𝑉, with 𝜆 > 0, decrease 𝜆

lResonance: very common in 𝑙 > 0 system
► attractive systems that are not strong enough to form a bound state.

Taylor,  scattering theory textbook sec. 13-b P245

Potential barrier: centrifugal barrier for 𝑙>0

Physical sheet Unphysical sheet

9
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!𝑃" 𝑁𝑁 resonance pole

l &𝑃' 𝑁𝑁 resonance pole: −0.012 − 𝑖0.016
►Using high precision chiral nuclear force
►Seldom investigated
►Hard to detect: no lower coupled-channel

 Chiral expansion of nuclear forces
Zwei-Nukleon-Kraft Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

Chiral dynamics:  Long-range interactions are predicted in terms of on-shell amplitudes
Short-range few-N interactions are tuned to experimental data

LO:

NLO:

N2LO:

N3LO:

N4LO:

𝜆 = 1 𝜆 > 1

P. Reinert, H. Krebs, and E. Epelbaum, Eur. Phys. J. A 54, 86 (2018).
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Dynamical model

11
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Dynamical model
l Interactions: exchange: 𝜋, 𝜂, 𝜌, 𝜔, 𝜎

►Success in high precision nuclear force
►S-wave and P-wave interactions are derived from the same Lagrangians
►G-parity rules (particle-particle ⇔ particle-antiparticle)

lPredicting the molecular-type 𝑇%%
►More consistent with the exp. than compact scheme
►3 unknown coupling (2 for vector and 1 for scalar)

vector meson dominance, Σ-model, light-cone sum rule, LQCD
►OBE with Para. produce 𝑋(3872) well 
►Results: a 𝐷𝐷∗ bound state with binding energy about 300 keV

lRegulator and cutoff

Machleidt:2000ge 

𝜋, 𝜌,
𝜔, 𝜎…

N. Li, Z-F. Sun, X. Liu, S-L Zhu, PRD88(2013), 114008

"𝐷𝐷∗ ⇒ 𝐷𝐷∗

𝑉 𝒑(, 𝒑 → 𝑉 𝒑(, 𝒑 )$

)$*+$
)$

)$*+($
, or 𝑉 𝒑(, 𝒑 → 𝑉 𝒑(, 𝒑 )$$,$

)$*-$

.
, or other options 
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Scheme-I

4

FIG. 3. The OBE potentials in the 1++, 1+→, 1→+ and 1→→ isoscalar DD̄↑/D̄D↑ channels without regulators. The 1++ and
1→+ channel correspond to the ωc1(3872) and its P-wave counterpart, respectively. The 1→→ and 1+→ channel corresponds to
the G(3900) and its S-wave counterpart, respectively. Only p = p↓ cases are shown.

unlikely to produce poles near the threshold. However,
the potential of the 1→→ channel, which is the P-wave
partner of the 1+→ channel, is attractive, suggesting a
possible resonance pole corresponding to the G(3900).

In Fig. 4, we illustrate the pole trajectories of four
particularly intriguing states: the ωc1(3872), Tcc(3875),
Zc(3900), and the recently observed G(3900), as the cut-
o! parameter ” varies from 0.4 GeV to 1.3 GeV. With
a cuto! of around 0.5 GeV, the ωc1(3872) manifests as
a loosely bound state. The Tcc is also a near-threshold
bound state, which agrees with the results in Ref. [14].
Simultaneously, the Zc(3900) emerges as a virtual state,
aligning with the pole position deduced through a data-
driven coupled-channel analysis in Ref. [26]. Remarkably,
within this same cuto! range, a P-wave resonance mate-
rializes in the 1→→ channel, corresponding to the G(3900)
state. If the cuto! is increased to strengthen the attrac-
tion, the G(3900) resonance will move to the physical
Riemann sheet and turns into a bound state, thereby con-
firming the G(3900) as indeed a P-wave resonance engen-
dered by adjusting the interaction strength. The value of
the cuto! di!ers from the results in Refs. [14, 60], since
the regulator is di!erent. However, our conclusion holds
under di!erent regulators. We test the results using the
regulator and cuto! fixed in Ref. [60]. We validate these
findings using the regulator and cuto! parameters estab-
lished in Ref. [60]. The results indicate that as long as
the cuto! is set to generate a loosely bound ωc1(3872)
state, a corresponding P-wave resonance emerges in the
1→→ channel as the G(3900), while the poles of Tcc and
Zc(3900) remain qualitatively unchanged, see the Sup-
plemental Materials [29].

We delve into the resonances with alternative quantum
numbers, as summarized in Table I. We neglect the tiny
imaginary part of virtual state pole arsing from the left-
hand cut of the pion exchange. For DD̄↑/D̄D↑ isospin
singlets, aside from the ωc1(3872) and G(3900), a loosely
bound state exists in the S-wave partner channel of the
G(3900). Although the real part of the P-wave G(3900)
pole position is close to that of its S-wave partner, they
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FIG. 4. The pole trajectories with the cuto! parameters cor-
respond to ωc1(3872), Tcc(3875), Zc(3900) and the newly ob-
served G(3900) states. The circled number 1-10 represent the
increasing cuto! 0.4-1.3 GeV in order. The solid (dashed)
lines represent the pole trajectories in the physical (unphysi-
cal) Riemann sheets. The poles on the negative real axis are
slightly shifted for transparency.

cannot be considered nearly degenerate due to the signif-
icant width of the G(3900). In channels with J = 0 and
J = 2, resonances emerge in 0→+, 2→→, and 2→+ chan-
nels. For the DD↑ systems, in addition to the Tcc state
as the S-wave isospin singlet, its P-wave partner with
JP = 0→ also emerges as a near-threshold resonance.
P-wave resonance poles are obtained in the 1→ and 2→

channels but are distant from the thresholds.

Concerning I = 1 channels, besides a virtual state
pole in the S-wave 1+→ channel, corresponding to the
Zc(3900), no additional states are obtained. This is be-
cause the isospin factor ε · ε is only 1

3 of the I = 0
channels, rendering the potentials generally insu#cient
to generate bound states or P-wave resonances. For clari-
fication, we do find resonance poles in 0→+, 1→→ isovector
DD̄↑/D̄D↑ channels and 1→, 2→ isovector DD↑ channels,
but they are very sensitive to the cuto!. They transform

𝜋, 𝜂,
𝜌, 𝜔, σ

lFix the coupling via pheno. models
lVary Λ from 0.4 to 1.3 GeV (①−⑩)
lConstrained by 𝑋(3872), 𝑍%(3900), and 𝑇%%(3875)
l𝑋(3872) and 𝑇%%(3875) : bound states
l𝑍%(3900): virtual state
l𝐺(3900): &𝑃/ 𝐷∗"𝐷/"𝐷∗𝐷 resonance

13
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Scheme-II
lRefit 3 unknown coupling parameters

►Bound state 𝑋(3872): −4~0 MeV
►Bound state 𝑇%%(3875): −4~0 MeV
►Virtual state 𝑍%(3900):  −35~ − 15

MeV
lFor each cutoff, random pole positions in 

above ranges
lNumerically obtain three coupling 

constants
lCalculate the 1$$, &𝑃/ 𝐷∗"𝐷/"𝐷∗𝐷 poles

lExistence of 𝐺(3900): robust
►Different regulators
►Vector-vector channel
►3-body effect

14

𝑉LMN constrained by 𝑋(3872), 𝑍O(3900), and 𝑇OO(3875)
give rise to 𝐺(3900)
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What can the data tell us?

15
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K-matrix formalism fit
lData: 𝑒*𝑒$ → 𝐷"𝐷, "𝐷𝐷∗, 𝐷∗"𝐷∗ and hadrons
lK-matrix formalism

l5 similar models ( different colors  in right fig)
l𝐺(3900) pole is not found

N. Hüsken, R. F. Lebed, R. E. Mitchell, E. S. Swanson, Y.-Q. Wang, and C.-Z. Yuan, Phys. Rev. D 109, 
114010 (2024).

𝜓 3770

𝜓 4040
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Our improvments

Closer to K-matrix 
formalisim in PDG

Defects in [N. Hüsken et al] Possible consequence Our improvments

1

when 𝑘. < 0

In fit: Set 𝑘 = 0

In searching pole: keep 𝑘

Not consistent; Θ function prevent 

analytial continuation
Always keep 𝑘

2
Using S-wave Chew-Mandelstam 

func. for P-wave system
Subtraction point dependence Substraction-independence

3 No searching for pole below threshod
Might overlook some near threshold 

pole

Search pole below and above 

threshold

4 Gaussian regulator: exp[−𝑧.] Amplification for very negative 𝑘. Blatt-Weisskopf: 1/(1 + 𝑧.)

More details: 
Supplemental Materials of Z.-Y. Lin, J.-Z. Wang, J.-B. Cheng, L. M, and S.-L. Zhu, Phys. Rev. Lett. 
133, 241903 (2024).
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Our fit in the K-matrix formalism
lRepair the three defects
lFit the same data
lOur refit results

►𝜒./dof = 2.07

SMs of Z.-Y. Lin, J.-Z. Wang, J.-B. Cheng, L. M, and S.-L. Zhu, Phys. Rev. Lett. 133, 241903 (2024).
18
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Our fit in the K-matrix formalism

Pole [MeV]
3869.2(67) − 𝑖29.0(52)

𝜓(3770)

𝜓 4040

SMs of Z.-Y. Lin, J.-Z. Wang, J.-B. Cheng, L. M, and S.-L. Zhu, Phys. Rev. Lett. 133, 241903 (2024).
19
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dimensional representation of jT11jwhich is the modulus of
the first row and first column element of T-matrix on both
ð−;þ;−;þ;þ;þÞ and the physical RS. From Fig. 6, the
curvature of jT11j on the physical plane is nearly the same
as that on the ð−;þ;−;þ;þ;þÞ sheet, which indicates that
despite the ð−;þ;−;þ;þ;þÞ sheet being relatively far
from the physical RS, it still exerts a significant influence
on the physical region.
For model II, the poles and the corresponding effec-

tive couplings are presented in Appendix D. Through a
pole trajectory analysis similar to that of model I, the
poles 3775.29$ 14.31iMeV and 4278.21$ 21.59iMeV
approach to the bare massesm0

1D andm0
3S, corresponding to

the ψð1DÞ and ψð3SÞ charmonia, respectively. The other
poles, interpreted as dynamically generated states, remain

largely stationary as the couplings g01D and g03S change from
their fitted values to zero. In contrast to model I, a new pole
3743.07$ 7.36iMeV emerges on ð−;þ;þ;þ;þ;þÞ sheet
in model II. This state does not manifest itself as a visible
peak in the eþe− → DD̄ cross section, possibly because it
couples weakly to the DD̄ channel and lies close to
ψð3770Þ. Alternatively, shown, the pole couples pre-
dominantly to theD%D̄% channel instead of theDD̄ channel
(Appendix D). Consequently, its contribution to the
eþe− → DD̄ cross section is suppressed, and further
obscured by the overlapping of the nearby ψð3770Þ,
making it difficult to be observed in experiment. The
pole 3883.91þ0.38

−0.46 $ 46.53þ1.22
−1.22 iMeV, 9 MeV above the

½DD̄%'Thr threshold, locates on the ð−;−;þ;þ;þ;þÞ sheet
and can be considered as a candidate of the Gð3900Þ. The
central value of the real part is consistent with the
experimental mass of the Gð3900Þ within the uncertainty.
The width of this pole is considerably narrower than that
obtained by BESIII, suggesting that the Breit-Wigner fit
used by BESIII may not be suitable for describing a near-
threshold state.
In model I, we identify the pole located at 3832.6þ0.9

−0.8 −
74.5þ0.7

−2.2 iMeV as the candidate of the Gð3900Þ. The central
value of the real part is approximately 40MeV lower than the
mass of the Gð3900Þ. While its width is consistent with the
experimental large value, making it still a visual broad
structure in experiment. Although the real part of the pole
lies below ½DD̄%'Thr, the state can still decay into theDD̄% final
state, which makes it a plausible candidate for the Gð3900Þ.
The comparison between our results and other

works [20,29,32] is presented in Table III and Fig. 7.
Reference [20] uses the K-matrix parametrization to
describe the cross sections of the eþe− → Dð%ÞD̄ð%Þ proc-
esses, but without hidden strange channels. Their overall
fitting indicates that the Gð3900Þ is only a threshold

FIG. 6. The modulus of the scattering amplitude jT11j on the
complex E-plane. The orange and green surfaces are the lower
half plane of the ð−;þ;−;þ;þ;þÞ RS and the upper half plane
of physical RS, respectively.

FIG. 5. Left: the trajectories of the poles in model I on various RSs with the coupling constants g02D, g
0
1D, and g

0
3S varying sequentially

from the fitted values to zero. Right: the trajectory of pole 3832.57þ0.91
−0.79 $ 74.53þ0.68

−2.15 iMeV on the ð−;þ;−;þ;þ;þÞ RS. Different
shapes represent the trajectories of distinct poles. The red dashed rectangular boxes represent the initial positions of the poles and the
colors of the poles gradually become darker as the parameters g02D, g

0
1D and g03S vary sequentially from the fitted values to zero.

YE, ZHANG, DU, MEIßNER, NIU, and WANG PHYS. REV. D 112, 016015 (2025)

016015-12

LSE formalism
lLippmann-Schwinger equation formalism
lHeavy quark spin symmetry
lSU(3) flavor symmetry
lNew data

►𝑒*𝑒$ → 𝐷"𝐷,𝐷"𝐷∗, 𝐷∗"𝐷∗, 𝐷0"𝐷0, 𝐷0"𝐷0∗, 𝐷0∗"𝐷0
∗

lSet 𝑔1234$56725389 = 0
►𝐺 3900 : dynamically generated state

Q. Ye, Z. Zhang, M.-L. Du, U.-G. Meißner, P.-Y. Niu, and Q. Wang, The resonance parameters of the 
vector charmonium-like state G(3900), Phys. Rev. D 112, 016015 (2025).

enhancement of the D!D̄ channel. Reference [29] uses the
one-boson-exchanged (OBE) model to connect the dynam-
ics of the S-wave hadronic molecule χc1ð3872Þ, Zcð3900Þ,
Tccð3875Þ to the P-waveGð3900Þ. The proper S-wave pole
positions indicate the existence of the P-wave hadronic
molecule Gð3900Þ. Reference [32] obtains the same con-
clusion by fitting to 18 two-body and three-body hadronic
channels, which also needs to deal with the three-body
dynamics properly.
The results obtained from both model I and model II are

in agreement with those reported in Refs. [29,32], support-
ing the interpretation of Gð3900Þ as a P-wave DD̄!=D̄D!

molecule state. While the inclusion of the bare ψð2DÞ state
in model I introduces three additional parameters, poten-
tially causing overfitting in model I. Given that χ2=d:o:f. of
model II is already satisfactory and that its residue analysis
shows better performance, we place greater emphasis on
the poles found in model II. Although both models yield
consistent conclusions regarding the dynamical origin of
the pole, we adopt the pole positions from model II due to
its good residue performance (the lower panel of Fig. 2).
Similarly, we also compare the results for ψð3770Þ and

ψð4040Þ with those reported in Refs. [20,29,32], presented
in Table IV. We note that the pole positions of the ψð3770Þ

extracted from models I and II are in good agreement with
the results reported in Refs. [20,29,32] and the value listed
by the PDG. In this work, the pole position of the ψð4040Þ is
essentially consistent with that in Ref. [29], and its width is
smaller than the value reported by the PDG, which suggests
the Breit-Winger fit may not be suitable for describing a
near-threshold state. Compared with Refs. [20,29,32], we
note that although all these studies incorporate a bare state
ψð4040Þ, Refs. [20,29,32] do not investigate whether the
pole originates from the bare state or a dynamic state. Based
on our tests, we find that within our framework, ψð4040Þ is a
dynamically generated state, and the bare state we intro-
duce is shifted to 4232.78 − 23.96i MeV for model I and
4278.21 − 21.59i MeV for model II. One possible explan-
ation for this shift is the presence of high thresholds in the
coupled-channel dynamics, which may have significantly
effect on the bare state positions.
In a short summary, our analysis indicates that the

Gð3900Þ originates from a dynamically generated pole,
consistent with the conclusions of Refs. [29,32]. Although
model II yields a slightly larger χ2=d:o:f. compared to
model I, the potential overfitting in model I caused by
additional parameters leads us to place greater emphasis on
the results of model II. This suggests that two bare states are
sufficient to describe the experimental data in the energy
region [3.7, 4.25] GeV. Additionally, we extract the differ-
ential cross section (presented in Fig. 9 of Appendix E) of
the DD̄ channel at

ffiffiffi
s

p
¼ 3.873 GeV, which is the exper-

imental mass position of the Gð3900Þ.
At last, we stress that the Dð!ÞD̄ð!Þ system with quantum

number JPC ¼ 1−− in a P-wave configuration presents
challenges within the framework of effective field theories
(EFTs). Such P-wave interactions in hadronic systems are
claimed to induce nontrivial renormalization behavior by
some authors [45,46]. Specifically, it is argued that the
implementation of consistent power counting requires the
introduction of higher-order counter terms to preserve
renormalization group invariance, particularly when deal-
ing with singular potentials characteristic of P-wave
interactions. However, this point of view is challenged in
Refs. [47–50], where it is shown that a self-consistent and
practically applicable solution to the problem of non-
perturbative renormalization is provided by the cutoff
EFT. In the present work, we intentionally circumvent this
debate by performing a phenomenological study as we
focus on pole extraction rather than pursuing a complete
renormalization procedure. The description of the data thus
relies on the choice of the cutoff as a consequence of
omitting these necessary counter terms. The phenomeno-
logical approach used in this work remains justified for
our primary objective of identifying and characterizing
possible pole structures in the complex energy plane, while
acknowledging that a more fundamental EFT treatment
would require systematic inclusion of higher-order counter
terms to achieve proper renormalization. The extracted pole

TABLE III. The pole position of the Gð3900Þ, in comparison
with other works. “Exp.” represents the experimental data from
Ref. [4] (Supplemental Materials). I and II stand for our model I
and model II results, respectively.

I 3832.6þ0.9
−0.8 − 74.5þ0.7

−2.2 i
This work II 3883.9þ0.4

−0.5 − 46.5þ1.2
−1.2 i

Reference [20] & & &
Reference [29] 3869.2þ6.7

−6.7 − 29.0þ5.2
−5.2 i

Reference [32] 3896.0þ1.4
−1.4 − 72.0þ3.9

−3.9 i
Exp. 3872.5þ14.2þ3.0

−14.2−3.0 − 89.9þ7.0þ2.5
−7.0−2.5 i

Ref. [29]

FIG. 7. The pole positions of model I (purple hollow circle) and
model II (black hollow triangle) in comparison with other works.
Blue triangle and green hollow box are the results from Refs. [32]
and [29], respectively. Red box is the experimental result [4].
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Global fit of 𝑒[𝑒\ → 𝑐 ̅𝑐 processes 
l 𝑒*𝑒$ → 𝑐 ̅𝑐 processes in 𝑠=3.75-4.7 GeV
lCoupled-channel global fit
l𝐺(3900): 𝐷𝐷∗ molecular state

suggested the possibility of undetected hadronic final states
and statistical fluctuations in the data.
On the other hand, the model of von Detten et al. [34]

reproduces the dip at
ffiffiffi
s

p
∼ 4.2 GeV. It is noted, however,

that their model is not unitary and there is no clear relation
with the inclusive R values. Furthermore, a fitting param-
eter, cmix in Eq. (44) in [34], is introduced exclusively for
eþe− → μþμ−, and it plays an important role in fitting the
data, as seen in Fig. 18 in [34] (“mixing” contribution).
However, the unitarity dictates that such mixing occurs not
only in eþe− → μþμ−, but also in all the other eþe− → cc̄
processes. As discussed in the previous paragraph, our
model and the dispersive approaches [82,83] do not have
any freedom to fit the dip, once they begin with the R
values. Thus, it is fair to say that the structures in the
eþe− → μþμ− cross-section data are not well understood.
On the experimental side, more precise data would be
highly desirable to verify the structures.

VI. POLE EXTRACTION AND RESONANCE
PROPERTIES

A. Vector-charmonium states

We analytically continue the coupled-channel amplitude
fitted to the dataset to the complex energy plane, using the
method for three-body unitary models discussed in
Refs. [84,85]. We can then find a pole location E ¼ Eψ

where det½Ḡ−1ðEψ Þ& ¼ 0 for Eq. (18). We search for vector
charmonium poles on the relevant Riemann sheets9:
unphysical sheets of the open channels and physical sheets
of the closed channels or sheets slightly deviating from
this condition; 3.75 < M < 4.7 GeV (M≡ Re½Eψ &),
and Γ≡ −2 × Im½Eψ & < 0.2 GeV.
Pole uncertainty estimates are generally difficult in global

coupled-channel analyses, and simplified methods have
been used [86,87]. For statistical uncertainty estimate, we
introduce complex parameters δmψ i

as mψ i
→ mψ i

þ δmψ i

inEq. (18).Wealso select parameters towhich pole locations
are sensitive suchas bare couplings for“ψ ; γ' →open-charm
channels” that mainly dress bare ψ states, thereby shifting
their masses and generating widths; diagonal and/or large
couplings of vs in Eq. (13) that generate hadron-molecule
states.We then vary these parameters, 85 in total, around the
default fit for the uncertainty estimate. This time, we neither
weight the data nor limit the parameter ranges as we did to
obtain the default fit. See Appendix C 1 for more details.
Regarding systematic uncertainty (model dependence) of

the poles, there are certainly many possible sources such as
the choice of form factors (cutoffs), the number of bare
states, whether parameters are constrained by the HQSS or
SU(3), etc. For a substantial model variation, which is
crucial for the systematic uncertainty estimate, finding a

solution comparable to the default fit requires considerable
effort that warrants an independent paper. We, thus, do not
go into this task here. This important issue can be addressed
when updating the model in the future by including more
data and theoretical inputs.
We find 14 states, as listed in Table III, where exper-

imental analysis results are also shown for comparison. A
graphical presentation of this table is given in Fig. 14.
Overall, the pole uncertainties from our coupled-channel
analysis are smaller than those from the experimental
single-channel analyses. This can be expected, since, in
the former, the data of the various processes constrain the
pole locations, and some data are very precise. Our analysis
finds states that can be identified with all of the vector
charmonia (M > 3.75 GeV) listed in the PDG [4].
However, there are sizable differences with the PDG
average such as the ψð4040Þ width and the ψð4415Þ mass
and width. One possible cause of the differences is thresh-
old effects, as discussed in Sec. III C, that can shift a line
shape peak position from a resonance mass. The ψð4415Þ
as well as ψð4040Þ and ψð4160Þ resonance parameters in
the PDG are basically from the BW fit to the R values [49]
without considering any thresholds and coupled channels.
The previous simple analyses might have introduced
artifacts in the extracted resonance parameters.
Moreover, several states are found close to quasithres-

holds of open-charm (HH̄0) channels. We denote these
states as xHH̄0 with x ¼ b; r; v (bound, resonant, virtual),
based on the pole locations, regardless of their internal
structures. Given the branch point of

EBP
HH̄0 ¼ ðmH þmH̄0Þ − i

2
ðΓH þ ΓH̄0Þ; ð40Þ

TABLE III. Vector charmonium poles and ψð4660Þ BW
parameters. See the text for the notations.

This work PDG(ψ) [4], BESIII [16,38,88]

M (MeV) Γ (MeV) M (MeV) Γ (MeV)

3764.2( 2.0 47.3( 2.6 3751.9( 3.8 32.8( 5.8 rDD̄
3780.2( 1.2 29.9( 2.3 3778.1( 0.7 27.5( 0.9 ψð3770Þ
3898.4( 0.9 127.5( 6.7 3872.5( 14.2 179.7( 14.1 rD'D̄
3956.1( 1.0 96.8( 10.4 ) ) ) ) ) ) rDsD̄s

4029.2( 0.4 26.3( 1.0 4039( 1 80( 10 ψð4040Þ
4052.4( 0.4 49.0( 0.3 ) ) ) ) ) ) vD'

sD̄s

4192.2( 2.2 129.3( 4.2 4191( 5 70( 10 ψð4160Þ
4216.2( 0.5 40.3( 1.0 ) ) ) ) ) ) vD'

sD̄'
s

4229.9( 0.9 46.4( 2.6 4222.5( 2.4 48( 8 ψð4230Þ
4308.1( 2.2 138.2( 4.4 4298( 12 127( 17 Yð4320Þ
4346.2( 3.8 122.8( 6.7 4374( 7 118( 12 ψð4360Þ
4390.1( 2.0 106.5( 4.1 4421( 4 62( 20 ψð4415Þ
4496.3( 3.1 16.4( 2.1 ) ) ) ) ) ) bDs1D̄s

4579.6( 1.7 −5.2( 7.6 ) ) ) ) ) ) bΛcΛ̄c

4655.9( 3.0 134.9( 5.9 4630( 6 72þ14
−12 ψð4660Þ

9See Sec. 50 in Ref. [4] for the definition of the (un)physical
sheet.
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S. X. Nakamura, X.-H. Li, H.-P. Peng, Z.-T. Sun, and X.-R. Zhou, Phys. Rev. D 112, 054027 (2025).

Another pole formation is from hadron-hadron interactions
of Eq. (13). In this case, the Rc → R0c0 partial wave
amplitude [XðRcÞls;ðR0c0Þl0s0 in Eq. (12)] include hadron-
molecule poles, and, as a consequence, so does the NR
amplitude in Eq. (1). We find such hadron-molecule poles
near most of the open-charm thresholds, as shown by the
magenta crosses in Fig. 15; vs terms in Eq. (13) play a
dominant role for these hadron-molecule formations.
The hadron-molecule poles further couple with bare ψ

states via continuum states, yielding some of the poles in
Table III. This development can be visualized in Fig. 15 as
pole trajectories (black curves). To draw the trajectories, we
multiply a common parameter λ to all of bare ψ i → Rc
couplings [Ci

ðRcÞls
in Eq. (11)] of the default model. As we

vary λ from 0 to 1, the pole locations move from the
magenta crosses to the other ends (pole locations from the
default model) following the black curves. An exception is
the trajectory connecting to ψð4360Þ, because we do not
find a practical integral path for the analytic continuation to
the pole location for λ ¼ 0. Thus, we introduced one more
parameter λ0 by which the Z terms in Eq. (13) are multiplied.
The trajectory is drawn by varying the parameters as λ ¼
0 → 1with λ0 ¼ 0 and then λ0 ¼ 0 → 1with λ ¼ 1. We note
that the trajectories shown in Fig. 15 are not unique but
dependent on how the bare ψ i → Rc couplings are turned
on; even the end points of the trajectories may change.
Previous theoretical studies [50–54] speculated that

ψð4230Þ is a D1D̄ bound state formed by short-range

interactions without coupling to charmonium states.
References [52,53] also assigned a D1D̄$ bound state to
ψð4360Þ. A HQSS model of Ref. [54] predicted a D1D̄$

virtual state, which is more consistent with our result. Our
analysis found not only such molecular poles, but also their
significant shifts due to couplings with (bare) charmonium
states. The Gð3900Þ pole was described as a p-wave D$D̄
molecule from a one-boson-exchange model in Ref. [90].
Our analysis found a similar D$D̄ molecular state that is
slightly shifted by couplings with (bare) charmonium
states. We also found a p-wave D$D̄$ molecular state that
is shifted to become ψð4040Þ, one of the well-established
vector charmonium states.

C. Compositeness

The pole trajectories shown in Fig. 15 imply that some of
the vector charmonium states from the default model may
have substantial hadron-molecule contents. To explore the
internal structure, the compositeness [59–61] might serve as
a qualitativemeasure.Whena resonance state (Gamowstate)
jψ) is normalized as ðψ jψÞ ¼ 1, a compositeness XRc is the
contribution fromacontinuum(quasi-two-body)Rc channel
to this normalization.With an elementarinessZa from a bare
state a, the sum rule

P
Rc XRc þ

P
a Za ¼ 1 is satisfied.

Here, we calculate the compositeness in a manner similar
to Ref. [60]. The formulas in Ref. [60] are for models
including bare states and two-body continuum states. Since
our coupled-channel model includes three-body channels
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FIG. 15. Pole trajectories of hadron-molecule-dominated states. The magenta crosses are the locations of poles generated by the hadron-
hadron interactions of Eq. (13), without couplings to bare ψ states. The poles move along the black curves (trajectories) as bare ψ i → Rc
couplings are gradually turned on. The other ends of the trajectories are the pole locations, listed in Table III, from the default model.
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Switch off the bare-dihdaron coupling
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Comparisions

We need:

lMore Data

lCareful investigation of 

sys. uncertainties

enhancement of the D!D̄ channel. Reference [29] uses the
one-boson-exchanged (OBE) model to connect the dynam-
ics of the S-wave hadronic molecule χc1ð3872Þ, Zcð3900Þ,
Tccð3875Þ to the P-waveGð3900Þ. The proper S-wave pole
positions indicate the existence of the P-wave hadronic
molecule Gð3900Þ. Reference [32] obtains the same con-
clusion by fitting to 18 two-body and three-body hadronic
channels, which also needs to deal with the three-body
dynamics properly.
The results obtained from both model I and model II are

in agreement with those reported in Refs. [29,32], support-
ing the interpretation of Gð3900Þ as a P-wave DD̄!=D̄D!

molecule state. While the inclusion of the bare ψð2DÞ state
in model I introduces three additional parameters, poten-
tially causing overfitting in model I. Given that χ2=d:o:f. of
model II is already satisfactory and that its residue analysis
shows better performance, we place greater emphasis on
the poles found in model II. Although both models yield
consistent conclusions regarding the dynamical origin of
the pole, we adopt the pole positions from model II due to
its good residue performance (the lower panel of Fig. 2).
Similarly, we also compare the results for ψð3770Þ and

ψð4040Þ with those reported in Refs. [20,29,32], presented
in Table IV. We note that the pole positions of the ψð3770Þ

extracted from models I and II are in good agreement with
the results reported in Refs. [20,29,32] and the value listed
by the PDG. In this work, the pole position of the ψð4040Þ is
essentially consistent with that in Ref. [29], and its width is
smaller than the value reported by the PDG, which suggests
the Breit-Winger fit may not be suitable for describing a
near-threshold state. Compared with Refs. [20,29,32], we
note that although all these studies incorporate a bare state
ψð4040Þ, Refs. [20,29,32] do not investigate whether the
pole originates from the bare state or a dynamic state. Based
on our tests, we find that within our framework, ψð4040Þ is a
dynamically generated state, and the bare state we intro-
duce is shifted to 4232.78 − 23.96i MeV for model I and
4278.21 − 21.59i MeV for model II. One possible explan-
ation for this shift is the presence of high thresholds in the
coupled-channel dynamics, which may have significantly
effect on the bare state positions.
In a short summary, our analysis indicates that the

Gð3900Þ originates from a dynamically generated pole,
consistent with the conclusions of Refs. [29,32]. Although
model II yields a slightly larger χ2=d:o:f. compared to
model I, the potential overfitting in model I caused by
additional parameters leads us to place greater emphasis on
the results of model II. This suggests that two bare states are
sufficient to describe the experimental data in the energy
region [3.7, 4.25] GeV. Additionally, we extract the differ-
ential cross section (presented in Fig. 9 of Appendix E) of
the DD̄ channel at

ffiffiffi
s

p
¼ 3.873 GeV, which is the exper-

imental mass position of the Gð3900Þ.
At last, we stress that the Dð!ÞD̄ð!Þ system with quantum

number JPC ¼ 1−− in a P-wave configuration presents
challenges within the framework of effective field theories
(EFTs). Such P-wave interactions in hadronic systems are
claimed to induce nontrivial renormalization behavior by
some authors [45,46]. Specifically, it is argued that the
implementation of consistent power counting requires the
introduction of higher-order counter terms to preserve
renormalization group invariance, particularly when deal-
ing with singular potentials characteristic of P-wave
interactions. However, this point of view is challenged in
Refs. [47–50], where it is shown that a self-consistent and
practically applicable solution to the problem of non-
perturbative renormalization is provided by the cutoff
EFT. In the present work, we intentionally circumvent this
debate by performing a phenomenological study as we
focus on pole extraction rather than pursuing a complete
renormalization procedure. The description of the data thus
relies on the choice of the cutoff as a consequence of
omitting these necessary counter terms. The phenomeno-
logical approach used in this work remains justified for
our primary objective of identifying and characterizing
possible pole structures in the complex energy plane, while
acknowledging that a more fundamental EFT treatment
would require systematic inclusion of higher-order counter
terms to achieve proper renormalization. The extracted pole

TABLE III. The pole position of the Gð3900Þ, in comparison
with other works. “Exp.” represents the experimental data from
Ref. [4] (Supplemental Materials). I and II stand for our model I
and model II results, respectively.

I 3832.6þ0.9
−0.8 − 74.5þ0.7

−2.2 i
This work II 3883.9þ0.4

−0.5 − 46.5þ1.2
−1.2 i

Reference [20] & & &
Reference [29] 3869.2þ6.7

−6.7 − 29.0þ5.2
−5.2 i

Reference [32] 3896.0þ1.4
−1.4 − 72.0þ3.9

−3.9 i
Exp. 3872.5þ14.2þ3.0

−14.2−3.0 − 89.9þ7.0þ2.5
−7.0−2.5 i

Ref. [29]

FIG. 7. The pole positions of model I (purple hollow circle) and
model II (black hollow triangle) in comparison with other works.
Blue triangle and green hollow box are the results from Refs. [32]
and [29], respectively. Red box is the experimental result [4].
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BESIII, BW

LSE-I

LSE-II

Global coupled-channel

Q. Ye, Z. Zhang, M.-L. Du, U.-G. Meißner, P.-Y. Niu, and Q. Wang,, Phys. Rev. D 112, 016015 (2025).

Out fit: K-matrix
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Predictions
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Predictions of meson-exchange model

B: bound state, V: virtual state

①

②

③ ④

① Precision measurement of 𝑒*𝑒$ → "𝐷𝐷∗ close to threshold
② Hidden charm final state: 𝜂%𝜔, 𝐽/𝜓𝜂 , 𝐽/𝜓𝜋𝜋
③ Hidden charm final state: 𝐽/𝜓𝜔, 𝜂%𝜋𝜋, 𝜒%/𝜋𝜋
④ Final state 𝐷𝐷𝜋

𝐺(3900)
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Hints from LQCD data

lLattice QCD: &𝑃' 𝐷𝐷∗ resonance pole: −0.030 − 𝑖0.031

lHadron Spectrum Collaboration: attractive interaction in &𝑃' 𝐷𝐷∗ channel

L. Meng, V. Baru, E. Epelbaum, A. A. Filin, and A. M. Gasparyan, PRD109, L071506 (2024).

T. Whyte, D. J. Wilson, and C. E. Thomas, Phys. Rev. D 111, 034511 (2025).
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M. Padmanath and S. Prelovsek, Phys. Rev. Lett. 129, 032002 (2022).



26/20/26Lu Meng (孟璐) | Opportunities for detecting  the P-wave !𝑫𝑫∗/𝑫!𝑫∗ resonances in STCF | FTCF2025@Huangshan

Summary
l𝐄xp. : An enhancement close to 3.9 GeV, 𝐺 3900
lTextbook: P-wave system

►Centrifugal barrier
►Resonance: attractive systems that are not strong enough to form a bound state.

lModel: the meson-exchange model,  "𝐷𝐷∗/𝐷"𝐷∗ &𝑃/ resonance
►Unified framework: 𝑋(3872), 𝑍%(3900), 𝑇%%(3875) and 𝐺(3900)
►Same Lagrangians for S-wave and P-wave and for particle and antiparticle

lPredictions:
► "𝐷𝐷∗ %:$/

;:' , &𝑆/; "𝐷𝐷∗ %:*/
;:' , &𝑃'; 𝐷𝐷∗ ;:', &𝑃'

►Some lattice QCD hints
lData: 

►3 independent fittings favor the existence of 𝐺 3900 pole
►Inconsistent pole positions

lSTCF: opportunities for detecting the 𝐺(3900) and its partners

Thanks for your 
attentions!
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Backup
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LSE formalism
lLippmann-Schwinger equation formalism
lCoupled channel effect
lS-matrix unitarity and analyticity
lBelle data
lA resonance close to "𝐷𝐷∗ threshold

M.L. Du, U. G.Meissner and Q. Wang, Phys.Rev.D 94 (2016) 9, 096006 
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Recent progresses
l𝑷-wave double charm di-mesons

►J.-L. Lu, M. Song, P. Wang, J.-Y. Guo, G. Li, and X. Luo,, Eur. Phys. J. C 85, 920 (2025).
►S.-D. Liu, Q. Wu, and G. Li, Phys. Rev. D 112, 074002 (2025).
►X.-X. Chen, Z.-M. Ding, and J. He, Phys. Rev. D 111, 114008 (2025).
►Z.-P. Wang, F.-L. Wang, G.-J. Wang, and X. Liu, Phys. Rev. D 110, L051501 (2024).

l𝑫-wave double charm di-mesons
►K. Chen and J.-Z. Wang, arXiv:2508.11127 [hep-ph] (2025).

lP-wave double bottom
►Z.-P. Wang, F.-L. Wang, G.-J. Wang, and X. Liu, arXiv:2505.03647 [hep-ph] (2025).
►J.-Z. Wang, Z.-Y. Lin, J.-B. Cheng, LM, and S.-L. Zhu, arXiv:2505.02742 [hep-ph] (2025).

lDibaryon
►Y.-Y. Cui, X.-M. Tang, Q. Huang, and R. Chen, arXiv:2507.12958 [hep-ph] (2025).

l𝑷-wave "𝑫𝑲∗
►J.-Z. Wang, Z.-Y. Lin, B. Wang, L. Meng, and S.-L. Zhu, Phys. Rev. D 110, 114003 (2024).

l…
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Bound state, Virtual state and Resonance
lSingle channel scattering as an example
lT-matrix: Unitary cut ⇒ multivalued function ⇒ Riemann sheets
l “States” ⇔ T-matrix poles

►Bound state: real axis  of physical sheet
►Virtual state: real axis of unphysical sheet
►Resonance: lower unphysical sheet

lLine shapes vary with processes, however, pole positions keeps the same
lObservables: bound state, 𝑇 . with 𝐸 > 0 in physical sheet
lExact pole positions: general amplitudes satisfying physical constraints 

Physical sheet unphysical sheet Analytical continuation

Mizera:2023tfe; PDG 
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Status of 𝒁𝒄(𝟑𝟗𝟎𝟎)
Refit Ex. data using amplitudes with exact unitarity. 

M. Albaladejo, F. K. Guo, C. Hidalgo-Duque and J. Nieves, PLB755 (2016), 337-342

5

MZc (MeV) ΓZc/2 (MeV) Ref. Final state
3899 ± 6 23 ± 11 [1] (BESIII) J/ω π
3895 ± 8 32 ± 18 [2] (Belle) J/ω π
3886 ± 5 19 ± 5 [3] (CLEO-c) J/ω π
3884 ± 5 12 ± 6 [4] (BESIII) D̄→D
3882 ± 3 13 ± 5 [5] (BESIII) D̄→D

3894 ± 6 ± 1 30 ± 12 ± 6 Λ = 1.0 GeV J/ω π, D̄→D
3886 ± 4 ± 1 22 ± 6 ± 4 Λ = 0.5 GeV J/ω π, D̄→D
3831 ± 26+ 7−28 virtual state Λ = 1.0 GeV J/ω π, D̄→D
3844 ± 19+12−21 virtual state Λ = 0.5 GeV J/ω π, D̄→D

TABLE II. Mass and width of the Zc resonance reported in various
experiments and in this work. The first five rows show the values ob-
tained in different experimental analyses (statistical and systematical
errors have been added in quadratures). The last four rows corre-
spond to the determinations from the different fits carried out in this
work, in the same order as shown in Table I. In the latter cases, the
first (second) error is statistical (systematic). In the last two rows,
corresponding to the case of a virtual state, we do not consider the
small imaginary part (# 8 MeV) of the pole.
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FIG. 3. Comparision of the Zc resonance pole positions determined
in this work for two values of the cutoff Λ2 with the experimental
determinations of Refs. [1–5]. The shaded areas take into account
our statistical and systematic uncertainties (added in quadratures).
The numerical values are shown in Table II.

threshold.
For the case b = 0, however, the situation is quite different.

While the description of the experimental data is still quite
good with χ2/d.o.f. ↔ [1.3, 1.4], the pole in this case is located
below threshold, with a small imaginary part (around 8 MeV),
and in the (01) Riemann sheet. If the J/ωπ channel were now
switched off (C̃ = 0), this pole would move into the real axis in
the unphysical Riemann sheet of the elastic amplitude T22. In
this sense, the obtained pole does not qualify as a resonance,
and we see it as a virtual or anti-bound DD̄→ state. It does
not correspond to a particle in the sense that its wave func-
tion, unlike that of a bound state, is not localized. However,
it produces observable effects at the DD̄→ threshold similar to

those produced by a near threshold resonance or bound state.3
Indeed, scattering experiments alone, in principle, cannot dis-
tinguish between virtual and bound states, but the difference
is not a purely academic one since they can produce different
line shapes in inelastic open channels [24]. The line shapes
of a virtual state and a near-threshold resonance are different
since the former is peaked exactly at the threshold while the
latter, in principle, is above. This can be seen in the left bottom
panel of Fig. 2 where the Jωπ− spectrum for the two fits b = 0
and b ! 0 are shown (for the case Λ2 = 0.5 GeV). Although
the two curves are different, each one would approximately lie
within the error band of the other. Clearly, very precise data
with a good energy resolution and small bin size are necessary
to distinguish among them.
Without taking sides, and given that both natures for the

Zc structure (resonance or virtual state) arise in fits of good
quality, it must be stated that the experimental information
available at this time cannot fully discriminate between both
scenarios and, hence, claims about the Zc structure should
be made with caution. Nevertheless, the resonance scenario
seems to be statistically slightly preferred. It is also clear that
more experimental information is needed to elaborate on the
nature of Zc. In particular, the spectrum of J/ωπwith narrower
bins would be highly desirable to have a good resolution on its
line shape. If it is finally shown to be a virtual state, then it
cannot be a tetraquark, since it does not correspond to a nor-
mal particle, and it can only have a hadronic molecular nature,
in the sense that it appears only because of the DD̄→ interac-
tion.
Summarizing, we have studied the two decays (Y(4260)→

J/ωπ+π−,D→−D0π+) in which the Z±c resonant-like structure is
seen. We have presented the first simultaneous study of the in-
variant mass distributions of the J/ωπ and D̄→D channels with
fully unitarized amplitudes. We find that these data sets are
well reproduced in two different scenarios. In the first one,
in which there is an energy dependence in the D̄→D → D̄→D
potential, the Zc appears as a dynamically generated D̄→D res-
onance. In the second one, however, when the aforementioned
energy dependence is not allowed, it appears as a virtual state,
with the pole located below the DD̄→ threshold. In any case, it
is demonstrated that both data sets can be reproduced with
only one Zc state, so that the two experimentally observed
structures Z±c (3900) and Z±c (3885), in different channels, are
proven to correspond to the same state. Moreover, both fits do
not allow a D̄→D bound state solution.4 Since the virtual state
can only be of hadronic-molecule type, it is really important
to discriminate between these two scenarios. For that pur-
pose, one needs a very precise measurement of the line shapes

3 For example, in the triplet 3S 1 − 3D1 nucleon-nucleon waves there appears
the deuteron, a truly bound state, with real existence (one can prepare a
target or a beam made up of this particle), while in the singlet 1S 0 wave
there is a virtual state, which has not real existence in this sense.

4 We use the term “bound state” loosely here as if all inelastic channels in-
cluding the J/ωπ are neglected.
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TABLE VI. IJPC = 11+→ D↑D̄→D↑D̄↑→J/ωε→ω↓ε→hcε→
ϑcϖ coupled-channel scattering amplitude poles (unit:MeV).
Zc(3900) and Zc(4020) are D↑D̄ and D↑D̄↑ virtual (reso-
nance) poles in this work (PDG [4]).

EThis work

Zc
MPDG

Zc
!PDG

Zc

(3837.7±7.4)+(19.4±1.6)i 3887.1± 2.6 28.4± 2.6 Zc(3900)

(3989.9±5.6)+(26.1±4.3)i 4024.1± 1.9 13± 5 Zc(4020)

D. Zc poles

Finally, Table VI presents the Zc poles in D→D̄ →

D→D̄→
→ J/ωε → ω↑ε → hcε → ϑcϖ coupled-channel scat-

tering amplitude (IJPC = 11+↓) implemented in our
three-body scattering model.10 See Appendix C 2 for the
uncertainty estimation method. One pole (the other) is
a D→D̄ (D→D̄→) virtual state, located at ↑40 MeV below
the threshold. The previous analyses fitted the MωJ/ε

and MD→D̄ lineshape data [Figs. 5(b,c,e,f)] where the
Zc(3900) signals are clearest, but not fitting the cross-
section data that can test Zc production mechanisms and
Zc-pole residues. While some analyses [90, 98–103] ob-
tained virtual poles, the others [99, 100, 104, 105] and
the experimental ones [28, 30, 46] found resonance poles
near the PDG value. Lattice QCD results [96, 106–110]
favor the virtual-state-solution, providing Zc(3900) vir-
tual poles[96]11 as shown in Fig. 16 where our result
compares fairly well. We also searched a Zc resonance
solution. The Zc amplitude in the default-fit model is
replaced by that including energy-dependent D→D̄(→) in-
teractions [99]. Then we refitted the full dataset with 201
parameters, under a constraint that the Zc amplitude has
a resonance pole above the D→D̄(→) threshold. We could
achieve ϱ2

↑ 2510 while ϱ2 = 2320 for the default model.
Compared to the default model, the invariant-mass dis-
tributions are fitted equally well, but some of the cross-
section data are not fitted comparably. Some cases are
shown in Fig. 17. This may suggest the importance of
fitting the cross-section data to discriminate between the
Zc pole locations.

VII. SUMMARY AND OUTLOOK

We performed a global coupled-channel analysis of
most of the available e+e↓ ↓ cc̄ data (20 channels)
in

↔
s = 3.75 → 4.7 GeV for the first time, consider-

ing three-body unitarity approximately and all relevant

10
Since we did not analyze data showing a Zcs(3985) structure [97],

we do not discuss a pole in our D↑
s D̄ → D̄↑Ds → J/ωK coupled-

channel amplitude.
11

The poles listed in Ref. [96] have their conjugates that are physi-

cally more relevant, as pointed out in Ref. [111]. Figure 16 shows

the conjugates.
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FIG. 16. Zc(3900) poles on the D↑D̄ unphysical sheet from
this work, PDG [4], and lattice QCD [96].

coupled-channels. Channel-couplings are caused by bare
ω-excitations, long-range particle exchanges, and short-
range contact interactions. We obtained overall reason-
able fits to both cross-section and invariant-mass distri-
bution data with ϱ2/ndf ↗ 1.6. We clarified mechanisms
that generate various structures in the data, paying spe-
cial attentions to open-charm threshold cusps enhanced
by nearby poles.
We predicted the e+e↓ ↓ µ+µ↓ cross sections using

the vacuum polarization due to light hadrons, leptons,
and charm contributions. The charm contribution was
calculated with the tails of the J/ω and ω↑, as well as
with our coupled-channel model. While our prediction is
consistent with previous calculations based on dispersion
relations, it does not reproduce the fine structure in the
data at

↔
s ↑ 4.2 GeV.

We analytically continued the coupled-channel am-
plitude to extract vector-charmonium poles. We ob-
tained not only familiar vector charmonia, but also those
near the open-charm thresholds; some of the states were
found for the first time. We examined pole trajectories
and compositeness of the poles to explore the internal
structures of the vector-charmonium states. This study
suggested that open-charm hadron-molecular structures
dominated in many states. The ω(4230) and ω(4360)
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FIG. 17. Comparison of the default model (Zc-virtual-state
solution) and Zc-resonance solution on fitting e+e→ annihila-
tion cross-section data. Data are from Refs. [20, 23].

Global coupled-channel analysis of 𝑒$𝑒' → 𝑐 ̅𝑐

S. X. Nakamura, X. H.Li, H.P.Peng, Z.T.Sun and X.R.Zhou, 
PRD112 (2025), 054027
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FIG. 7. Line shapes produced by pure triangle loops for
(a,b)D0D→↑ and (c,d)ω↑J/ε distribution at (a,c)

→
s = 4.23

and (b,d)
→
s = 4.26 GeV. Blue solid lines, orange lines

with markers, green dotted lines correspond to Fig.2(d,e),
only Fig.2(d) and only Fig.2(e), respectively, for (a,b) and
Fig.1(d), Fig.1(d) with only S-wave D1 ↑ D→ω and Fig.1(d)
with only D-wave D1 ↑ D→ω, respectively, for (c,d). The
gray dashed vertical lines indicate the threshold of DD̄→. The
peak at

→
s = 4.26 GeV is slightly narrower since it is closer

to the region where TS occurs.

RS→→→, and we examine its dependence on the cuto!
and the regularization scheme, as presented in Table II.

The identified pole is located far below DD̄↑ threshold
on RS→→→. For comparison, we list the results from other
references that report either virtual or resonant poles in
Table II. Since the pole found here is far from the thresh-
old, the Zc structure near the threshold is primarily due
to the threshold cusp e!ect rather than a resonance or
virtual bound state in our model. In Refs. [19, 25], a
pole located about 80 MeV below the threshold, which
is similar to the one found here, is observed when an
energy-independent interaction is adopted. Additionally,
the HALQCD Collaboration identifies three poles signif-
icantly below the DD̄↑ threshold on RS→→→ and sug-
gests that Zc is not a conventional resonance but rather
a cusp e!ect, based on their lattice setup [36]. Although
the value of mω used in LQCD calculations is unphysical
and further investigations are necessary, all current lat-
tice data from di!erent collaborations have so far shown
no direct evidence of a Zc resonance [31–34, 36].

V. FINITE VOLUME ENERGY LEVELS

In this section, we calculate the finite volume energy
levels using the HEFT and compare them with the spec-
tra extracted from LQCD. HEFT is a formalism that
links finite energy levels to infinite volume scattering am-
plitudes and is equivalent [54] to the standard Lüscher
formula [55–57].

Pole Position Type Scheme(!ωJ/ε)

This work

3798.72 - 1.10i

Virtual

1(1.3GeV)
3798.46 - 1.71i 1(1.5GeV)
3798.12 - 2.26i 1(1.7GeV)
3798.27 - 2.02i 2(1.5GeV)
3797.80 - 2.64i 2(1.7GeV)

Ref. [25]
3798+25

→31 Virtual

-

3902(6)↓ 38(9)i Resonance

Ref. [19]
3831+27

→38 Virtual
3894(6)↓ 30(13)i Resonance

Ref. [21] 3870 Virtual
Ref. [20] 3879 Virtual
Ref. [22] 3872 Virtual
Ref. [26] 3880(3) - 13(1)i Resonance
Ref. [30] 3884 - 22i Resonance
Ref. [27] 3840 Virtual

TABLE II. The pole found on RS↑↑↑ for di”erent schemes
and cuto”s, far away from the observed peak and therefore
has minimal impact. For comparison, the position and type
of the pole reported in other references are also shown.

We begin with a brief introduction. When the system
is confined a finite volume with imposed boundary con-
ditions, the momentum becomes discretized. The sym-
metry group is reduced from the rotational group O(3)
to either the octahedral group Oh or C2/3/4v depend-
ing on the total momentum [58–60]. Consequently, the
potential matrix must be defined in the discretized mo-
mentum basis. Using the Oh symmetry, the Hamiltonian
matrix can be block-diagonalized, allowing the extrac-
tion of finite volume energy levels corresponding to each
irreducible representation (irrep) of Oh. These energy
levels can then be compared with the lattice spectrum.
This formalism has been successfully applied to describe
various systems, such as ” → Nω[61], N↑(1440) [62, 63],
N↑(1535)/N↑(1650)[64, 65], and the positive parity Ds

states [66] on the lattice.
Given that the spin-parity JP of Zc is reported to be

1+ by BESIII, it su#cient to calculate the finite volume
energy levels for the T+

1 irrep of Oh, which is the only
representation that couples to 1+ [67]. The potential
matrix for T+

1 is given below. For a general derivation,
we refer to Ref. [68].

V̂
T+
1

L;ε,ϑ =
(2ω)3

L3

Ncut∑

N,N ↑=0

oc(T+
1 ,N)∑

F=1

oc(T+
1 ,N ↑)∑

F ↑=1

n2=N∑

n

n↑2=N ↑∑

n↑

Vεϑ (pn→ ε↓,pn ε)

(2ω)34
√

ϑε1(pn→)ϑε2(pn→)ϑϑ1(pn)ϑϑ2(pn)

X
T+
1

F (nε)X
T+
1

F ↑ (n↓ ε↓)
∣∣N ↓;T+

1 , F ↓〉 〈N ;T+
1 , F

∣∣ ,
(42)

where pn ↑ 2ω
L n and Vεϑ is the potential in infi-

nite volume. The vector
∣∣N ;T+

1 , F
〉

is orthonormal-
ized and furnishes T+

1 -irrep in the invariant subspace

𝜋/𝜋) and 𝐽/𝜓𝜋± mass spectra @ 𝑒/𝑒) → 𝐽/𝜓𝜋/𝜋)
𝐷∗𝐷∗) mass spectrum @ 𝑒/𝑒) → 𝐷∗𝐷∗) 𝜋/

4

regularized two-point scalar loop function [82],

Gi(t) =
1

16ω2

{
ai(µ) + log

m
2
i1

µ2
+

m
2
i2 →m

2
i1 + t

2t
log

m
2
i2

m
2
i1

+
qi
↑
t
log

(t+ 2qi
↑
t)2 → (m2

i1 →m
2
i2)

2

(t→ 2qi
↑
t)2 → (m2

i1 →m
2
i2)

2

}
, (12)

where q
2
i = ε(t,m2

i1,m
2
i2)/(4t) denotes the c.m. momen-

tum squared for channel i, with the Källén triangle func-
tion ε(a, b, c) = a

2+ b
2+ c

2
→2(ab+ac+ bc). A variation

of the scale µ can always be absorbed by a corresponding
change of the subtraction constants ai(µ). The values of
a1(µ = 1GeV) = →2.77 and a2(µ = 1GeV) = →3.0 are
fixed following [57].

For the process Y (pa) ↓ D
→(pb)D̄(pd)ω(pc), we con-

sider the Feynman diagrams (2a)-(2d) in Fig. 1. The
D

→
D̄ spectra is then obtained as

d!

dmD→D̄
=

NmD→D̄

128ω3M3
Y

ˆ s+

s↑

|M Y↑D→D̄ω(s, t)|2ds , (13)

where t = m
2
D→D̄

, s± are the limits of the variable
s = (pc + pd)2 for the decay, and N is an unknown
normalization factor. The explicit expression for the
amplitude of Y ↓ D

→
D̄ω is provided in the Supplemen-

tal Material.

3. Results and discussions

With the above constructed amplitudes, which ac-
count for TSs from the open-charm triangle diagrams,
the ωω-KK̄ FSI and the DD̄

→
(s)-J/ϑω(K) FSI, we fit

to the updated BESIII data. The data include both
the ω

+
ω
↓ and J/ϑω

± invariant mass distributions of
e
+
e
↓

↓ J/ϑω
+
ω
↓ [31] and the D

0
D

→↓ distribution
of e

+
e
↓

↓ D
0
D

→↓
ω
+ [29]. For e

+
e
↓

↓ J/ϑω
+
ω
↓

process, the background events from the experimental
analyse [31] are subtracted from the data. While for
the e

+
e
↓

↓ D
0
D

→↓
ω
+ process, there is little back-

ground from other processes owing to the use of the
double-D-tag technique.3 Thus, the BESIII data for
e
+
e
↓

↓ D
0
D

→↓
ω
+ [29] are fitted without any back-

ground subtraction. As in [31, 38], we consider the mea-
surements at E = 4.23GeV and 4.26GeV (which have
152 and 160 data points, respectively) as independent,
and thus the couplings related to the source Y (y, gY P1,
gY P2, and gY P3) at these two energy points are inde-
pendent fit parameters. The same holds for the seven
subtraction parameters mentioned above. Both energies,
however, share the same J/ϑω–DD̄

→ coupled-channel T -
matrix. In total, there are 27 free parameters: y, gY P1,

3 Although the non-Zc(3900) contribution was denoted as “back-
ground” and was added incoherently in the BESIII analysis [29],
it is not from misidentified particles and thus not a genuine back-
ground.

gY P2, gY P3, N and seven subtraction parameters for each
e
+
e
↓ c.m. energy, and common parameters C12, C1Z and

b for the J/ϑω-DD̄
→ scattering T -matrix. Fits were per-

formed using MINUIT [83–85]. We do not consider the
convolution of the distributions with the energy resolu-
tion of the BESIII data since the latter is much more
precise than the bin widths of the fitted invariant mass
distributions. The best fit can well describe all the BE-
SIII data (see Fig. 2), with ϖ

2
/d.o.f. = 1.66. The pa-

rameter values and a few other fits with sizeably worse
quality are provided in the Supplemental Material.

Since the triangle diagrams have logarithmic singu-
larities near the DD̄

→ threshold, it is a priori unclear
whether a Zc pole is needed to explain the data. The
(ϱ1ϱ2) Riemann sheet (RS) of the J/ϑω-DD̄

→
T -matrix

can be accessed by analytically continue the Gi function
in Eq. (12):

Gi(t) ↓ Gi(t) + ϱi2iςi(t) (14)

where ςi(t) = ε
1/2(t,m2

i1,m
2
i2)/(16ωt) is the two-body

phase space in channel i (i = 1, 2). In this convention,
the physical sheet is denoted as RS-I=(00), and the other
three RSs are labeled as RS-II=(10), RS-III=(11), and
RS-IV=(01).

To obtain the statistical uncertainties, we generate 109

parameter sets following a multivariate normal distri-
bution taking into account the parameter correlations.
Among them 320 sets are within 1φ, which are selected by
requiring the corresponding Mahalanobis distance from
the best fit to be ↔ 1. We get C12 = →0.006+0.006

↓0.013 fm2,

C1Z = (→0.21±0.01) fm2, and b = →0.34+0.04
↓0.05 fm

3. With
these 1φ parameter sets, there is always a pole on RS-III
in the J/ϑω–DD̄

→ coupled-channel T -matrix above the
DD̄

→ threshold, which is identified as a resonance corre-
sponding to the Zc(3900)±. Consequently, the Zc pole is
precisely determined as

(3880.7± 1.7± 22.4)→ i(17.9± 0.7± 7.7) MeV . (15)

Here the first error is statistically propagated from the
data, and the corresponding pole distribution is shown as
the green dots in Fig. 3, where the mass and half width of
Zc are identified as the real and imaginary parts of the
pole. The second error is systematic and estimated in
the following way: We take the list of various sources of
systematic errors in the BESIII analysis of the J/ϑω+

ω
↓

data from Table II in Ref. [31], and subtract out those
that have been under control by using the dispersive ap-
proach, i.e., those involving the light scalar resonances
and the nonresonant part for ωω, as well as the one cor-
responding to the Zc parameterization with a constant
Breit-Wigner width. These systematic errors are added
in quadrature, and the resulting values are taken as the
systematic uncertainties. The so-obtained systematic er-
ror for the mass MZc is then scaled by the ratio of the
systematic errors of the pole mass and MZc , which is
a Flatté parameter, in the BESIII analysis (52.7 and

Y.H.Chen, M.L.Du and F.K.Guo,
, Sci.China Phys.Mech.Astron. 67 (2024) 9, 291011

solution I: resonance 
Solution II: virtual state

Below thresh. 30-40 MeV Virtual state: below thresh. 30-40 MeV

Three-coupled-channel analysis: 𝐷5𝐷∗, ⁄𝐽 𝜓 𝜋, and 𝜌𝜂0

resonance:

31
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FIG. 2. Fit result for Model 1. Left: e+e→ → D0D̄0. Right: e+e→ → D+D→. Open data points are the Born cross section
values based on observed cross sections, as reported in Ref. [18]; closed data points are from Ref. [1].
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N. Hüsken, R. F. Lebed, R. E. Mitchell, E. S. Swanson, Y.-Q. Wang, and C.-Z. Yuan, Phys. Rev. D 109, 
114010 (2024).
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Global fit

short-range potentials vs either, and, in this case, the direct-
decay contributions are the same as the full calculations. In
Figs. 3(g) and 4(d)–4(g), the direct-decay and the PD decay
contributions are the same. This is because the final quasi-
two-body channels4 do not directly couple with vs. In
Fig. 4(h), direct-decay mechanisms are absent.
We also show our fit results for invariant-mass and

angular distributions in Figs. 5–8. The various contribu-
tions discussed above are also shown. The red histograms
are obtained by averaging the differential cross sections in

each of the bins. In each panel of the figures, the histogram
is normalized so that the total event number from the
histogram equals that of the data (central value). The same
normalization factor is also multiplied to the other curves in
the same panel.

C. Remarks on reaction mechanisms

We begin with general remarks that are common to
several processes.

(i) The coherent sum of the PD decay and PD single-
triangle rescattering contributions mostly saturates
the full calculation. An exception is eþe− → ρηcπ
[Fig. 4(h)], for which direct decays are absent and
double-triangle mechanisms [one-order higher than
Fig. 2(b2)] give a sizable contribution.
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FIG. 3. Cross sections (unit:picobarn), as functions of the total energy
ffiffiffi
s

p
, for eþe− annihilations into open-charm final states such as:

(a) DþD−; (b)D"þD−; (c) D"þD"−; (d)Dþ
s D−

s ; (e) D"þ
s D−

s ; (f) D"þ
s D"−

s ; (g) πþD0D−; (h) πþD0D"−; (i) πþD"0D"−; charge-conjugates
included. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. Various contributions are shown
such as direct decays of Fig. 2(a1) (blue dashed line), single-triangle rescattering of Fig. 2(a2) (magenta dotted line), partially dressed
decays of Fig. 2(b1) (cyan short-dashed line), partially dressed single-triangle rescattering of Fig. 2(b2) (brown dash-two-dotted line),
and nonresonant mechanisms (green dash-dotted line). The BESIII (Belle ISR) data are shown by the black circles (purple bars) with
error bars, and they are from Refs. [38,71] in (a); [39] (black) and [72] (purple) in (b) and (c); [40] (black and purple) in (d); [73] in (e);
[41] in (f); [74] in (g); [23] in (h); and [35] in (i). The experimental uncertainties include statistical and systematic ones. In (e) and (g), the
calculated cross sections have been averaged within each bin to compare with the ISR data.

4Final quasi-two-body channels directly decay to a final three-
body state. For example, f0J=ψ , f2J=ψ , and Zcπ are, among
those listed in Table I, possible final quasi-two-body channels for
eþe− → J=ψππ.

NAKAMURA, LI, PENG, SUN, and ZHOU PHYS. REV. D 112, 054027 (2025)

054027-8

pbarn

𝐷*𝐷$ 𝐷∗*𝐷$+c.c. 𝐷∗*𝐷∗$
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LSE fit

FIG. 2. The line shapes of model I (solid curve) and model II (dashed curve) in comparison with the experimental data. The DD̄
data is from both BESIII [4,36] and Belle [1] collaborations. Panels (a)–(f) show the line shapes of the channels
eþe− → DþD−; D0 D̄0 ; DþD∗−; Dþ

s D−
s ; D∗þD∗− and D∗þ

s D∗−
s , respectively. The experimental data in the DD̄" and D"D̄"

channels are from BESIII [5] and Belle [37] Collaborations. The Dþ
s D−

s data are from BESIII [33] and BABAR [34] Collaborations.
The data in the D"þ

s D"−
s are from BESIII collaboration [6]. The blue and the purple region denote the 99% confidence levels for model I

and model II, respectively. The six vertical gray dashed lines represent the DD̄, DD̄", Dþ
s D−

s , D"D̄", Dþ
s D"−

s , and D"þ
s D"−

s thresholds
from left to right, respectively. The lower panel of each figure is the standardized residual plot, where the orange and green points
represent the standard residuals of model I and model II, respectively.

RESONANCE PARAMETERS OF THE VECTOR CHARMONIUMLIKE … PHYS. REV. D 112, 016015 (2025)

016015-9
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and Q. Wang, Phys. Rev. D 112, 016015 (2025).
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K-matrix formalism
l In principle, K-matrix formalism could meet the requirement of the analyticity and unitarity

lThree defects of K-matrix formalism in  [arXiv: 2404.03896]
►Analyticity is not kept: ℳ 𝑠 = ℳ 𝑘/, 𝑘., … , e.g. For M<7/

. < 𝑠 < 𝑀<7.
. , 𝑘. is set to zero

►Subtraction dependence / regularization dependence for P-wave
►Did not search the pole in the unphysical sheets below the thresholds

Thresh. 1 Thresh. 2

𝑘/ > 0 𝑘. > 0

Different with that in PDG
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K-matrix formalism
lThe unitarity:

lK-matrix parameterization
►K is real, e.g. 

►𝐶(𝑠) determined by once-subtracted dispersion relation

►The subtraction-dependence is absorbed by the 𝐾
lP-wave and higher partial wave: threshold effect

►PDG:

►Swanson et al:  

lCM function VS one-loop diagram
►Subtraction ⇔ regularization
►In BSE, absorbed by the Kernal or coupling constant
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K-matrix formalism
lThe unitarity:

lS-wave: K-matrix
►K is real, e.g. 

►𝐶(𝑠) determined by once-subtracted dispersion relation

►The subtraction-dependence is absorbed by the 𝐾
Set 𝑔 = 0, 𝐶(𝑠%) can be absorbed by 𝑓

lP-wave and higher partial wave: threshold effect
►PDG:

for P-wave, the 𝐶1 𝑠% can be absorbed by 𝑓
Note: introducing the regulator, the once subtract. Is enough

►Swanson et al:  
Set 𝑔 = 0, 𝐶% 𝑠% cannot be absorbed by 𝑓𝑝'.1
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