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Classical approach to relativistic hydrodynamics

Decomposition of currents onto a four-velocity

Tr = puYu + p'ym+ qu + gum + Tr

p= TM unu
IMEgr-uPu un = 1

qu = NTdPup X2 = Div

MM =(* -apTa 9 . u = 0

upim = Mau =0

P = =[prThr XprMM = 0

jx = nuk + Jrn= j . n Tr =* j

11 of them are functions of X



Equilibrium 4 = Leg = constant

Lim Th = (Seat Peg) Mevea-Pegr himg, =0

n -> Neg

Lim ju = Reques
u + He

are the thermodynamic equilibrium functions
Seg , Peg , Reg

Seg(T,
R) Peq(T, M) negIT, M) Se + Pes = Tse + Pra

*gEg'(x) - Seq(x) = f'(x) - f(x)

T = p'(x) - Peq(x) = p'(x) - p(x)

*n = n'(x) - neg(x) = h'(x) - n(x) m disregarded for the sake of

simplicity



Derivation of constitutive equations

ds = dy - pdn = G== = G = 10)-

unGps = s = Tj = i - mi

GnT
*

= 0 => Gp(g + p)uu- pgm+ qui + qu + 7m+ πΔπ + Aguin] = 0

Contract with Ur

uMGp(y + p) + (9 + p)0 - u - u-G-p + 2. q + uru2pq+ uom+unInyM
+ 2)1gu,

= i + p + (9+ 4)8. u - p + 2 . 9 -Pr - TGu -nu + 2 . (agu)

Ar
acceleration field



= i +y+ (9+ 4)8. u -4+ 2 . q - q . A - 7 Gu -nau + 2 . (agu) = 0

=> i = - (f + p)0. u - 2 . q + q1 + 4 : bu + 48u - 2 . (agu)

Similarly

Epj4 = 0 = 2p(nuP +J) = 0 non + n + 2.j = 0 and

i = - n2. n -2. J

Altogether

Tj = - (f + p)G. u - 2 . q + q . A + 4 : 24 + 40u + yn2. u + p2.5 - 2 . (agu)

= ( - g - p +mn)2.u - 2 . q + q . 7 + 4 : 24 + 42u + p2.5 - 2 . (agu)

= -TsG . u - 2 . q + 97 + 4 : 24 + 42u + p2.5 - 2 . (agu)



j + su = -69+
+ 4+u +5-

↳ =-
0. (f) + 9 . (7) + 2+ Mi+u + 0 .(45) -5. 2()- )

I

Gusum) = - G. (7) + 9 . 8(7) + 9 . A + Mi +u + 0 .(45) -5. 2()

- 0 . (*) +n.2() il

2 . (su + q - 15 + 4eu) = q . (A +2()) + M :2 +0u -5. 6(7)
T

entropy +gu . 2(t)current Si



Constitutive equations requiring OpSP 0

E . g . q = - k(A + 2() 1) O thermal conductivity

Now :

T M [T
,
u

, m]

jPIT,
u

, 4]
-> OuTH= O

5 equations for 5 unknowns

2jr = 0

T
,

u
, (nu=1)



Two fundamental questions

1) Is it true that g + p = Ts + pn out of equilibrium (or in

different global equilibria) ?

Does Tds = dg-udn hold ?

2) How to deal with quantum observables ? Spin



DENSITY OPERATOR

- t

Y = ? ---------

TM (
,
t) = Tr(g(0)F*

(*
,t)

p

Heisenberg ↑M
(x

, t) = eit fux
,

0)e-ito fixed

Schrödinger FM Ix
,
0) fixed Plt) = e-itgig eint

Suppose that a good approximation can be found of

(to) = eintogloeinto at a suitable time to

-> evolve FM or any other fields from to



I - (2)
Zo

"local equilibrium is

achieved "

>



S =-Tr(flogy)

10 constants D
.

"

JM mean values + some charges Qo:

Each constant > Lagrange multiplier

Fig] = - Tr(plogy) -bulTr(41-4. 4) +Ear(Tr(5- Jo
*)

2

+ [3:(Tr(i) - Qo:) + ↑ (To(y) - 2)

= Solution =
Problem : prove it ② = Tr (e-b.+1 : 5 + 2

. 3:/



I approximated by The (Zo)

(2) = exp[-)dInFBe-352]/Z



Gauss theorem

/

-I - Jp
FrB + (dInFB =

-S = = da Dp(FMB- )

-E if (dI,FrB.
= 0

Ze

- [dFB = -(dIFB.
+)dRFTuB

=>(50) = texp[-(dIfFrBe-3ja)+ (dRIF"DpB--Dp3 . TY]



Linear response

5 = tet 2 = Tr(eE+E)

Kubo identity

ci+ = [i + )dze4+5) Be]et can be iterated

=> e+ B
= [i + [dzee] e linear response

5 == (1-() + [dne To



Example :

= =
-[d[F

-

B-3jr = Je(-(5) + /dzeeE
(Fn( x1) = Tr(gFix)

B = (arFmapp= 25jm

< FM(xk = (F*

(x)+ (da)FixeBee- <Frixe]]

= (F*

(x)) + (jda)FixeBe)e,

7. - Subtractionalmes

= <Fix
e
+ (dz)dR(y) <FixF9Yyzez)OBly...

Hydro approx.
O
,Brly) = G

,Br(x)

=> <Frix e + &Ba(x))! da(dr(y))FixF9Yyze ...



What about hydro equations ?

① npTM = naTre -findB(x) all we need . Depends on the foliation
&

Similar to the definition of other frames

TM Up = X ur eigenvector

How to determine Th ? ->
n ST* [B , g

,
2) = 0

↑ campo n Scelto

Il problema è che MOTRIB , g ,
n) = 0 è molto difficile da risolvere. Più facile

Op Th [B , g
,
4) = 0



& Apparently TM(x) = Tr [etrx) -> Trix) =T[
, g

,
2)

-TMIBg,) = 0 eventualy

Expand in gradients -> TRIB,B , &B
,
.... g ,

.

...,2)

Tr = aB + .



Entropy current

"S = -Tr(logq- -Tr(logi) a
E maximized

↓
constrained ignorance

2) Extensivity

Sia y(x) = zexp(-x)di B) 13 = 0
per semplicitat, 5 = (2)

Corrisponde a moltiplican la temperatura commovente / perx



↑

2(x) = Tr(exp(-X)d[F-B-]) => log
=2 Tr (exp) -x)d[F) =(exp) -x)dIFB] <-1/dIF) =

2(x)Gx

E- (dEp(Fr> Bo < Fr(x) mean value with 5(x)

Integrating between 1 andXo

jdxGlog(x) = log2(-log =d (d= (d

If to Such that log](0) = 0 avro

logz = (dImpr con pr = /d <Fer(x)e



Entrocurrent TrBe-3 but upT= T
nj = npje

S = (d[nd +TmB-3jr

= Si = qu + Th
-

B - 3jr



Entropyproduction

:) di
, V= (d5-

3vn + /dip34. v

1)-Zz = (dip-)dip ovveros)dip domain derivative = (dXPud

2) = Tr(e-S) = To (e-(dire
= c)d3* 4 . (FrB. ) (n(d5= 0

= Z - Tr(e (dz . 5 4(FmBe))
Ora divido ka I e ho

liw = Cog) = -(dI5 e pertanto

↓s (dipp" = (dz . 34 . p = - /d23 <Fr4mBu



being 3 arbitrary => D. p = - <FM
= UpBr

and
,

with current
,

D . p = - <FB + <jM)eXp3

=> D . s = D . (p + TrB1 - jr) = D. p + 4xTr B.
+Tm App-

- 4/3
- 53 . j = -T-+ j 5p3 +Tm Dyb- - 4

,
3j =

D. s =TrTE) XpB--(j-j) Pr



aumentson entropy

1) s= q+ TM B - 3jr

is it independent of I (better : the foliation ? (

No
,

because 3 (n) and &(n) .
It can be made independent only if the foliation

is fixed Or
, of course

,
at global equilibrium.

S
example : enforce n = 5

2) The relation Ts + un
= g + p is not frame-independent.

At global equilibrium B is a killing rector and entropy current is unique

Landau frame S. u
=

= p .n, + U
.e
The - 3j . n

unTHB v = un THYB - n
.>m + B+ 1] =1. un)S



So we have

S . u
,

= S
,

= p . u
. + 2713m

Te=n. To B . n = u . u
, >5

At global equilibrium with rotation we have B = (2 , ***)

a killing rector.

T= Tolman's law T== Torni?
Twip2

E
2
2



At global equilibrium with rotation we have B = (2 , ***)

a killing rector.

However

TM u = fun + Gem+Ad + Nw4 free scalar field m =o

Theatflux? No

TM un=TuT

H &

u
= = 5 ! F

. B
.,

M
. Buzzegoli,

A
.Palermo

SHEP 02 (2021) 101



PARTICLES AND SPIN

[a(p)
,
a+

(p-)) = 22834-I)

Spectrum Tr (i at(p)a(p1) = 2ad

Spin I= Qsp) Spin density mie

of a particle

Spin polarization vector

S"(p) = [D(5:es
Osrp) mip) = to (D(5: (01p1) [pz

i

j = 5((0) = exp[ - (di-3y) + (a F+4yp)
Fo

↓ ↓
local equilibrium dissipative



Tr(Folatpacps) how to expand Be in the exponent ?

SdIpFB = B.

(x)F + 1: + 13 : Ex

= (dE-Iner) = (dZF*
X + (Mar

It is necessary to have a local operator !

Covariant Wigner operator

Scalar

Dirac



General idea : re-express ata as a function of (X
, k)

↓ I

particle antiparticle Mixing

1) use field expansions in plane waves to expand

2) Show that kNGpW = 0 = (dInk"W(x, k) independent of I
I

and k on-shell !

3) Show the relation

= (dp)dppwy(x, p)
Wr(x

, p) =Tr (50)x, p)

=(do)dZpt+(x
,p



Example

W(x
, k)

k* GpWy = 0
=> (d[kW(x, k) = (cx(W+ (x

, k)

(dx + (2x(54- 4) =

(dz. kW+
(x

,
k) =2)Pk-p)(atipap = -L)lkplata

=: (ata =/de
=> d = (dk)dZkWIxk



Spin : more elaborate Derivation :

F.
B

. Lect. Not. Phys. 987

(2021) 15



Calculation at LE

Tc(0) = YelIfo) -> dissipation neglected

W(x
,
k) =Tr(FB-T(, k) =

Taylor expand
from X

= (e
-B(x +(:+ 13 :x ((x, k)

Retaining the main term

Tr(ex, KI)=PT

=(deip-p-ul



=> Ed =dpp-

Sein

We cannot stop at the leading order (0th in the gredients) but include 1st

order terms

(e-B++ 13:(
, k)

For the detailed and most up-to-date deciration

see F
.
B
.,

M . Buzzegoli, A. Palermo PLB820(2021) 136519



Two terms arise :

Also ,


