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Introduction to The Standard Model

Matter

quarks leptons
Interactions
long range short range
force force
electromagnetic strong, weak

Force carriers

massless Mmasssive
gluon, photon W+, w-,Z
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Standard Model of Elementary Particles

three generations of matter interactions / force carriers

(fermions) (bosons)
| Il 1]
mass «22 eVicE =128 GeVic® «1731 GeVic= 0 «12497 GeVic=
chasge ) " 0 0
sph % u i c L3 t 1 & 0 H
up charm top gluon higgs
“«d 7 eVicE «96 MeVic= «318 GeVic= 0
-3 - - 0
@ |t W |
down strange bottom photon

«0 511 MeVic= «106 56 MeVic= «1.77%8 GeVic® «9119 GeVic=
-1 -1 -1 0
e e L3 u L3 T 1 ;

electron muon tau Z boson
<22 eViE D17 MeVicE <182 MeVic= «8039 GeVic=
0 0 0 2l
« O « Ol « O v W

electron muon tau

neurino neutrino neutrino W boson

massless gluon carries short range
force due to quark confinement 3/85
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Gauge invariance AEIERLY Yy

Symmetry
Discrete Continuous
Parity Time Charge Space time Internal
reversal ~ conjugate (Lorentz Symmetry) (Gauge Symmetry)
Rotation Boost Local Global
Can be violated Strict symmetry

(weak interaction violate CP)
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Gauge Invariance

® Equation of motion for a field is determined by Euler Lagrange eqguation

“\a(a.)) 9

® The theory has a symmetry if Lagrangian is invariant under some special type of

variation
» example

L= (0,$)(@"d*) — m*do*,
b - e, b > e
¢ = Py +id;
L= (0,0)(@"d") —m*dd*.
® The equation of motion is

9, 0" +m?)d =0, (0,0"+ m?)p*=0.
p p

6/85



Gauge Invariance

z
Lesdt sy
PEKING UNIVERSITY

Noether’s theorem: ]fa Lagrangian has a continuous symmetry then there exists a current associated with that symmetry that is

conserved when the equations of motion are saﬁsﬁed

® Consider the case that a can be infinitesimal thus the symmetry is continuous

8L oL oL |8y, oL 8,
PS5 zn{ Gl O 0(0,dn)| S Hla(8,p,) Sa ”
=0

o oL 8, &b . 8T

Ju = —i($0,¢" — ¢*0,¢) and o " = —i($p0, 0 d* — $*0,0"$)=0
® J, is known as Noether current and 9, /*=0 Is called the conserved current
0= jd3x]° and 9,0 = 0
® () is the total charge and is conserved
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Gauge Invariance

® Free electric Lagrangian
L= Jj(iyuau - m)qu
® Lagrangian is invariant under U(1) transformation
Plx) = ' (x) = ePPlx), W) - P'(x) =eOPx)
® Noether current
JH = =yt
® Conserved charge
> YTy is particle density
Q= [y = - [exyty

8/85
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Gauge Invariance

Baryon U(1)g _1 " 1 PEw v/| Strict
Number B ~ 3 qvq 3 a'q (No observed violation)
q= u,d,c,s,t,b q= u,d,c,s,t,b
epion UL =Tyttt virtve = en (14l A ppprosimate
Number ‘ l (Flavor mixing via neutrino oscillations)
Isospin  SU(2); u _ = yla 4=123 j +Ta 3 /A Approximate
- )&y d
Jra = qY 2 XA ) 17 qdx (Broken by m,, # my)

Flavor SU(3)E

Symmetry

Ora J Ag y J Ag X Broken

T 3
1 qux (mg > my q )

9/85
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Gauge Invariance

® Free electric Lagrangian is not invariant under local U(1) transformation
L= Jj(iyuau - m)qu
P(x) = §'(x) = POy (),
P(x) = P'(x) = e POP(x)
L= L+ e(d, 0(x)byHY
® Introduce covariant derivative D,, and gauge field 4, (known as photon), so that £
keeps invariant under local U(1) transformation
O, - Dy = (9, + ied,)y |
P(x) = W' (x) = ey (),
Plx) = ' (x) = e“e(")lb(xl)
Au () > A, () = 4,(0) — = 9,0(x)
ei@(x)Dullj

10/85
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Gauge Invariance

® The new Iintroduced gauge field A, need a kinetic energy term which must be invariant
under local U(1) transformation

Faw = iy = 0,(A, — 3,6(0)) — 8, (A, — 8,0(x)) = Ry, Fuy = 0,4, — 3,4,

® QED Lagrangian is invariant under local U(1) transformation

= 1 = . . . 1
Logp = l/)(l)/”D“ — m)t/) — ZFquW: Y (L)/“aH + leAu)l/) — Yymy — ZFWF‘“’

> 1/7ieAu1p IS the interaction term of photon and electric.
» Mass term of photon violate the gauge invariance.

1 1
S mAAL AL - o m] (AMA“ — 24,0"0(x) + aue(x)aue(x))
» In gauge field theory, gauge boson must be massless.

» Photon has No self-coupling.
11/85



Gauge invariance NPT Yy

® | agrangian for Dirac multiplet

_ 1 _ 1
L =y(iy*D, — m)y — ETr(FM";,T“ FbmvThy = g(iy*a, — y*gALT* — m)y — ZFH%,F“'“",
Ef% = 0,47 — 0,A% + gf*Pc AL A

® | agrangian is invariant under SU(N) transformation

U(x) = e®“®T" € sy(n)

Px) = U (x)
D, » U(x)D,UT(x)

F&T* -» UX)ELTUT(x) |
A2()T*> U)AL()T*UT (x) — é (0, Ux)UT (%)

-
» (Gauge boson is massless. constants

> Lagrangian contains cubic and quartic terms in AZ. SU(2) T%=1%a=1.3) fabc - eabc
> In Abelian case f%°=0. SU(3) TA=)3(a=1.8)  fabe
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Spontaneous symmetry breaking

® Spontaneous symmetry breaking in magnet

~ /NS
f— 1NN

S e T
b\

Condition: T>T(Curie point)
Symmetry: SO(3)

® Spontaneous symmetry breaking in QFT

2 UN P »
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I

//ﬁ
//f
//ﬂ
/

SN
S .
S .

Condition: T<T
Symmetry: SO(2)

» Vacuum (ground state) is invariant (unique): system is symmetric

» Vacuum (ground state) is not invariant (unique):

1. Lagrangian is invariant: spontaneous symmetry breaking
2. Lagrangian is not invariant: explicit symmetry breaking

14/85
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Spontaneous symmetry breaking

® Lagrangian of scalar ¢* theory

1 , 1 A m?= —p?> 0 1 , 1 A
L:E(aud)) _Em2¢2__q)4 R Lzz(auq)) +EHZ¢Z_E¢4

4!

> Lagrangian has a discrete symmetry: Z '¢p(x)Z= —¢(x), ZT =21 =Z
® Minima of potential

1 A
V@) =, mig + V@) = 14+ ¢

y (0 —]pl0 =) = —v = —u 6/
V (0l¢|0) =0

_ __ \ 0+|p|0+) = +v = pn/6/A
LL ¢ m2 > 0 e E— ¢ m? < 0

0) Vacuum is invariant 10 —) 0+) Z|04+)=10—),Z|0—)=0+) 1585
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Spontaneous symmetry breaking

oV(p) = —%uzcl)z + %qﬁ has two vacuums

» Vacuums are degenerate
» Physical state are the excitation near the vacuum

d(x) = v+ o(x), (0 +]|o(x)|0+) =0
A 2 A
V(d)) =ﬁ((v+a)2 —UZ) —ﬁv“

A A
2 2 4
=22 (0° + 20v) %

24 1
4 3 2..2 4
= +40°v+40°v°) ——v
%4(0 10 j ) /124
- — 2 ;2 — 3 4 4
6/1170 +6Ava +24a —2412

> Mg = §Av2
> ¢(x) » —¢(x) symmetry is broken due to ¢ term

16/85
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Spontaneous symmetry breaking NSy

® Lagrangian of complex ¢* theory

L= 04910, — m2oTe — - (¢10)°

> Lagrangian is invariant under global U(1) transformation: ¢ — e~“¢

® Minima of potential

()  £(¥) | m? < 0
L i v .
2> 0 ~~o x) = —e'
¢T=¢=0 ' v = —4m2/2A
Im¢¥ _ Im¢¥
— — 2
- (0110} = 0 o=

1% .
0lgl) = —=e'
. . V2
Vacuum Is Invariant Vacuums |8) are degenerate 17/85



Spontaneous symmetry breaking

o V(d) =m?PpTd + % (cl)Tcl))Z has infinite number of vacuums

» select 8 = 0 as the physical vacuum
1. parameterization: ¢(x) = \/—15 (v + a(x) + ib(x))

1 1 1 A
L= E(aﬂa)z + E(aﬂb)z — E,uzlv + a(x) +ib(x)|? — e lv +a(x) + ib(x)|*
1 1 2 A
=3 (8,0)" + f(a“b)z — % [(v + a)? + b?] - el + a)? + b?)?
_1 2, 1 2 _ A 4aay_ A 2 4 12 A o a2
—Z(OMa) +2(0ub) 16(4va) 16(4va(a +b)) 16(a + b*)

Vi
2
Physical particle a: m, = 2u?, unphysical goldstone b: m;, = 0

1 1 p
== (8,a)° + E(aﬂb)2 — u2a? ——=a(a? +b?) - = (a? + b?)*

2. parameterization: ¢(x) = \/—15 (v + a(x))e—in(x)/v

1 > 1 o\ 2 2 Vau A
L = EE(}zuCT) -+-EE(G1.+-;;) (éhift) '-'llZCTZ -'—?Z—'CT3 -'125674

Physical particle a: m, = 2u?, unphysical goldstone 7: m, = 0

ez h ¥

PEKING UNIVERSITY
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Spontaneous symmetry breaking

® | agrangian the Linear Sigma Model (real scalar)
_1 2_1 22_& 2
L=5 (0ub:) Smed; — 7 (didi)
- (I)l
> Real scalar field ¢ = < :::)

bn

» Lagrangian is invariant under transformation gl_S - Rq_5

aa N(N -1
R=¢e"%"t" a=1,.. (2 ), RTR=1,|R| =1
0 —i 0 0 0 —i 0 0 O
tl=(i 0o o0],t2={0 0 0 ],t3={0 0 —i]forN=3 t* =t%andt?" =t
0 0 0 i 0 0 0 i 0

> If m2=—u2<0, Minima of potential located at &(x) =3, |#| =v = \/_MX Vacuum is not invariant

19/85
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Spontaneous symmetry breaking NSy

® Select v = (0, ...,0,v)"as the physical vacuum
» For the infinitesimal transformation 64 « 1

U - v+i0%tU or v; - v; + 0% v, = vy + 0%t

» Thereare N —1t%lead to tv # 0 (t{, # 0).
1. Vacuum is shifted by these t¢
2. N — 1 symmetry is broken
» There are (N —1)(N —2)/2t%lead to t*v = 0 (t3 = 0).
1. Vacuum is invariant under transformation t¢
2. The remaining symmetry is SO(N-1)

® Defined(x) = (1,(x), .., my_1 (), v + o(x))"

1 1 A A A
L= > (aunk)z +3 (6u6)2 — 20?2 —Vpo3d — 164 — VApTy T, 0 — Enknkcz ~2 (1t 1t5,) 2
> Goldstone particle w, m; = 0 and m, = 2p?
» Number of m = Number of broken symmetry
» Goldstone respect SO(N-1) symmetry

20/85
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Spontaneous symmetry breaking

Goldstone’s theorem: Spon’caneous Ioreaking of continuous g[oloal symmetries imp[ies the existence of massless parﬁc[es

® Prove 1:
> Potential is invariant under transformation

raara .
& = (19°7), by = by + 10%¢,

V(p) =V(p) =V <(eieaTa)ij(|)j> = ViedH ieat?fq)f%

l 0% is arbitrary

4 aV
d ( aV d d 0%V
— | t{ Pr ) = —— (tixdx) + ti bk =0
a lk a a _ ik a _ lk a a _
®) g 0 il 199/ =0
l ;—V = 0 since ¥ minimizes V
Cilx)=v 21/85
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Spontaneous symmetry breaking NSy

® Prove 1:

ALY
tikDr <0€I>j0(|)i>

» Broken symmetry t®¥ # 0 (t, # 0) » M7 =0
» Remaining symmetry t%v = 0 (t{}, = 0) - trivial case
» Expanding V respectto v

o (x)=0

= 1 04V
V(CID) ~ V(@) +5 (i - v) (b —v)) Ty
d(x)=v
2
> M= aq?-avqy IS a symmetric matrix whose eigenvalues give the masses of the fields
FEI (=7

22/85



Spontaneous symmetry breaking

® Prove 2:
» Lagrangian is invariant under transformation

» Corresponding Noether current and conserved charge is

na — 0 a a — 3,4 700Q. wa —
J t“d, Q dxJ°% 0, JH" =0,

» Spontaneous symmetry breaking case

<o|q§|0) =3
» Equal time commutation relation

048] =t & (0l[0c, B]10)= —t4

TN P »
< \* at - ’
7y At 7 2
7508

dQ“

dt

1. Broken symmetry (0|[Qa, $]|0): —t*v # 0, which is the case we concern

2. Remaining symmetry (0|[Q“, $]|0): —t%v = 0. Trival case.

PEKING UNIVERSITY

=0
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Spontaneous symmetry breaking NSy

® Prove 2:

I, 810) = 3" [ @ Yol mimnlgolo) - (0]gGaln)nl ™ GloN

translation invariance: J%¢(y) = e='¥J0%2(0)elPy
eV |0)=|0) and e’V |n) = e'PnY |n)

= [ @ y[ e @in (n]Fe00) P> — (o] Fcoln) tnisoe @) 0geien

j d3y ePn =0 = (2m)383 (py)
Equal t|me Xo = Yo
p1l:ll = (My, pn)
= > 83@ [017°2(0)In) (n|#(0)]0) e1¥” — conj| = 0
n
1. §3(p,): Momentum is conserved and the momentum of the intermediate state |n) is zero

2. eMn¥’: The evolution of the intermediate state depends on its mass M,,
3. Exist at least one intermediate state |n) satisfied (0|/°%(0)|n) <n|q'_5(0)|0> # 0 24/85
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Spontaneous symmetry breaking

® Prove 2:
9,0001[@%, $()|10) = [ d®y a0 (0 | 12, $00]| o)
0,J04 = v - Ja
= [ &y (0][v-/*®), ]| o)
= [@y7,-{o[*w. ][0} = ¢ as-{o][Fe), Geo]|o) = 0
9,0001[0%, )10 = 8,0 (0 83 @) [0 (] () [0) €7n5” — coni]
= 50 85 @My [(01°2 (@) ) (| 6(0)]0) " + (0] B(0D | Iy 0Dl 0y~ ¥n>° | = 0

> Remember that there exist |n) satisfied (0[/°%(0)|n) <n‘$(0)‘0> #+ 0. Consider the case p,,=0, we have
M, = 0. Thus the particle associate to state |n) must be massless.

25/85
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Gauge theories with
spontaneous symmetry breaking

recall
1 2 t 2t + X (bt dr)? /
L= _Z(Fuv) + (Du(l) )(DM(I)) —V(d);, V(p) =m dTd +Z(¢ (I)) ;  Dy=0,—1igAy
» Lagrangian is invariant under local U(1) transformation

: 1
d(x) = e“Mopx), A,(x) - A,(x0) + Eaua(x)

> Consider the case m? = —p? < 0, ¢ has nonzero vacuum expectation value

v |
Olp(I0) ==, v = / ;

28/85



Gauge theories with ANEIERE D"y

spontaneous symmetry breaking

> Parameterization 1

() = % (v + HGO + G (0)

1 1 2\
V(p) = ZAvZHZ + ZMJH(HZ +G?) + 1—6(H2 + G?)2

(D) (DH) = %[(auﬂ)z +(0,6)" + g2 A A (W + H)? + g2A,AG?| + gAH(8,6) (v + H) — gA*(8,H)G

N

Higgs is massive my = /1/2v

Goldstone is massless

Term gvA“(auG) means the transformation (interaction) between field A and G.

The Goldstone boson supplies exactly the right pole to make the vacuum polarization amplitude properly

transverse

—W—*—f\/\._.\.f\/\

i
k = imig"’ + (muk") 2 (—mykY)

= igv(—ik") = muk" TR,
= im} <g”" T > 29/85
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Gauge theories with
spontaneous symmetry breaking

» Parameterization 2
1

—in(x)/v
73 (v + H(x))e

$(x) =

» Unitary gauge a(x) = i

v

1 1 A
= —Av?H? + —\vH3 + —H*
V(o) 4}\1; +47\v + Te

1 2 1 1
(DuT)(DVP) = 2 (8,H)" + 5 g*v2 Ay A + g?vHA, A + = g H2 Ay A

1. Goldstone disappeared, unphysical!
2. Gauge boson obtain mass m, = gv

30/85
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Gauge theories with
spontaneous symmetry breaking

Higgs mechanism: spontaneous symmetry breaking generates a mass for a gauge boson

® Goldstone is massless and unphysical, thus can be eliminated by Unitary
gauge
® Massless boson has two transvers degree of freedom

® Massive boson has two transvers degree of freedom and one longitudinal
degree of freedom

® gauge boson acquired its extra degree of freedom by “eating” the
Goldstone boson

® degree of freedom in the theorem remains the same (2+1 —3)

31/85
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Gauge theories with
spontaneous symmetry breaking

» Complex scale field ¢ under the Gauge group G, covariant derivative is

Duq) = au(l) - igAﬁt}%(I)
» vacuum expectation value
1%
V2
.|.
Lyin = (Duo ) (D¥¢)

.l.
(% 1%
keep only Vv's ~(—igA“tf{ _> <—igA”bt}§ _>
contributions , V2 V2

g

= — AAMP (pTteedy
9 b b
= IASA“ (vT{tg, )

_1 2 b b
= 97 vi{tg, tr}iv; ApAY

(0[¢p(x)|0) =

> Kinetic term

32/85



Gauge theories with ANERERLS Y

spontaneous symmetry breaking

» Mass of gauge boson

(mz)ab = %gzvi {tg' tlg}ijvj
1. Broken symmetry t%v # 0 (t{}, # 0) (chosen a special direction)
2. Remaining symmetry t%v = 0 (t{ = 0)
3. Only for Broken generator, the gauge boson obtain mass

33/85
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Gauge theories with
spontaneous symmetry breaking

® ¢ belongs to the R; X R representation in G; x G, group
Duq) — aud) — i91Aﬁltgll¢ — inggztgjd)
» g, and g, are the coupling constants of G;and G,
> Ay and A;? are the gauge field of Giand G, (a; = 1, ..., dg,) (az = 1, ..., dg,)
> tp! and tp? are the generator in the R; x R, representation of G; x G, group
> &0, dr, X dp,

® VEV
<O|(I)l1'l2|0> — vil!iZ
2
® Gauge boson mass Limass = v1 (G140 t0) + g,Bt3? ) v
1 2..% 1 T
(M=) qp = 1 1

§g1gsz{tR2; tr, Jv Eg%vf{tRz' tr,}V 34785
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Gauge theories with
spontaneous symmetry breaking

® SU(2) example
> ¢ belongs to the fundamental representation (complex spinor representation) in SU(2)

Group
0
(01¢bol0) = (1
V2
2 a b b -a
(m?),, = 97(0 v/V?2) (TZ TZ + TZ TZ ) (E)
V2
g2v2

=2 §%° — Three massive gauge boson

35/85



Gauge theories with ANERERLS Y

spontaneous symmetry breaking

® SU(2) example
> ¢ belongs to the adjoint representation (real vector representation ) in SU(2) Group

(trY)ij = —ig®; (Du¢)a = Oypa + ggaiintqu

/0 0 0 /0 0 -1 /0 1.0
e=1o o 1|, €Y=(0 0 0], €Y=|-1 0 0
0 -1 0/ 1 0 0/ 0 0 0/

Lj

0 g2v? 4,
(0[¢pol0) = <0> = m? = g2v?
v 0 '

1. Broken symmetry €'/ and €2*/, two gauge boson obtain mass ~
2. Remaining symmetry U(1) €3¥, one gauge boson remain massless j

9

36/85
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Gauge theories with
spontaneous symmetry breaking

® SU(N) example
> ¢ belongs to the fundamental representation (complex spinor representation) in SU(N)

Group
0
(0]¢pol0) =1 ...
v
1
oty . (7 ] . et = 8
B VA N VA Tr(tf)=0
0
Numlber of generators N(N —1)/2 NN —-1)/2 (N—-1)
Numlber of broken N — 1) N - 1) 1
generators
N-1
Mass of gauge boson my 97 e gv

2 2 2N 37/85



Gauge theories with
spontaneous symmetry breaking
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® SU(N) example
> ¢ belongs to the adjoint representation (real vector representation ) in SU(N) Group

Duq)a = auq)a + gfabcAﬁq)c

. ~b.b ac .

l (I)a - (ele tA) (I)C; (t,fll)bc — _lfabc; q): (I)atg
Do = d ¢ -1 Aa[ta (I)] E | (033 cost)  sind 0
Yy Yl g UwL*F» xample SU2: (e ) = —s(1)n9 coOsQ (1)

> VEV is a matrix,
(0|9]0) = (0|Pp|0)T = v; Tr(0|¢p|0) = 0

l SU(N) transformation

v =diag{vy,..., V1, Vs o, U o, Un}, L V;N; =0

38/85
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Gauge theories with
spontaneous symmetry breaking

® SU(N) example
» Gauge boson Mass

Lrin = %Tr((Duv)T(D“v))

1
= Engr([tﬁ, v] [t,’?, v])AﬁA”b

!

m2, = —g?Tr([tg, v][tE, v])

. unbroken symmetry: [tF,v] =0
2. Broken symmetry: [t§, v] # 0, the masses of gauge boson are determined by v

v =diag{vy,..., V1, V3 o, Vg o, Un}, L V;N; =0

39/85
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Gauge theories with
spontaneous symmetry breaking

® SU(N) example
» Remaining symmetry
1. SU(N;)*xSU(N,)x---xSU(N,,)

_ 0 0 .
te =i SUWN) i [ty%v] =0
0 0
2. u()r-t
t 2ot ~diag{1, L= =0 0}
N2 Nz ltdiag,i ] 0
diag,2 _ . Ny Ny F -
te d|ag{0, 0,1,..,1, N TN }

40/85
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Gauge theories with
spontaneous symmetry breaking

® SU(5) example

. v v v v
v=diag{—2,—7,— 2.5

N<

}

> SU(5)- su(3)xsu(2)xu(1) (sm)

1/ A 0
1,a a 3X2
F 2 (02><3 02><2> (a )

1/0 0

2,a 3X3 3X2
t = — , =1,2,3
F 2(02><3 Ta ) (a )

diag,1 1 . N

tp =70 diag{2,2,2,-3,-3}

41/85
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Quantization of spontaneously broken gauge
theories

® Unitary gauge
» Without un-physical goldstone
» Renormalizability
® R: gauge
» With un-physical goldstone
» Renormalizability

{J X X K

43/85
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Quantization of spontaneously broken gauge
theories

® Lagrangian

1 1 .
L= _Z(Fuv)z + |Du¢|2 -V(d);, ¢= \/—i(v + H)e~tm/v

® In Unitary gauge: m(x) = 0

1

1 1
= —Z(Fuv)z +§|0M(v +H)+igA,(v+ H)|2 + .-
1 1
= —Z(Fuv)z FoMEALAR 4 -
mA: gv

® Path Integral with gauge fixing term §(m(x))

j DADO Do §(m(x)) e™S
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> variable substitution: ¢, $T — H, T and ghost field ¢

DX = Dy det [ XY
- “\ oy

] =de t( P (I)) e det(l + %) x ch DEe"iméhfd“xc_(”%)c

OH om

1. Ghost field is an un-physical field introduced to compensate for gauge multiplicity degrees of freedom
2. Ghost-ghost-Higgs vertex: —m—‘fz’hc‘cH

3. Gauge boson propagator: D"V (k) = (g”" k:j)

4. Ghost propagator: D8host — m;él

5. Ghost mass mg, Is arbitrary
» Renormalizability
1. For k = oo(UV), D¥ () — —, D8host m12 . Loop integral contains [ dk
A

gh
2. UV divergence for any external legs 45/85



Quantization of spontaneously broken gauge @ 2¢#7 % ¥y I
theories

® |agrangian
1
£= =7 (Fw) +[2:8]" - V@)

® In R; gauge gauge: p(x) = 715 (v+ H(x) +iG(x))

1 2 1 . . . .
L= —Z(Fw) +§(6u—lgAu)(v+H+LG)(0”+lgA”)(v+H—lG)

1 1
=— (Fw)” + = (0H +10,6 — igvA, — igAH + gA,G)(Q"H — i0"G + igvA¥ + igA"H + gAVG)
1 2 1 2 1 2 1
=-2 (Fw)” + > (0,H)" + > (0,G)" + > 9P AAY — guAta,G

1
+gA*(GoH — HO,G) + g*vHA, A" + Egz(HZ + G2 A A" — V()
® Gauge fixing condition

G(A) =0"A, +EgvG =0
1. & is unphysical and arbitrary 46/85
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® Gauge fixing Lagrangian
1 /. 2 1 2 3
_ _ u _ U _ 2 A2,:,2n2
Lop==5 (Gw) 7 (014,)" = gvGora, =5 g*v’G
1. —gvGo*A, In L r and —gvA*0,,G in L can be written as total derivative, thus can be discarded. No

gauge boson-gold stone mixing.
2. Goldstone mass mg = £g%v? = ¢m}

® Faddeev-Popov ghost Lagrangian

8§G(A%Y)
ox

Lgh=C_' C
A, - A, — o, ¢ ¢P—iga
H-H+gaG, G- G- ga(+ H)

G(A%) = o*(A, — 9,a) + Egv(G — ga(v + H))

—

H
= 5(—62 — Eg?v? <1 + ;)) c=—c0%c —&g?v?cc — §g*vHcc

1. Ghost mass m?

gh = £g2v? = tm5=m% (not2Eg?v?) 47/85
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® Feyman rules

» Ghost-ghost-Higgs vetex ,

m
o 2 — gh
iEg-v i—
> Gauge boson propagator
—i W kY kY —i&  kMkV
k? —m? 9~ +k2— m2 k2
A A

1. The first term corresponds to physical transvers polarization
2. The second item is the non-physical item which depends on gauge
3. The second item + goldstone contribution — physical result

» Goldstone and Ghost propagator
[
k2 —tm2

» & =0 -Landau gauge; ¢ = 1 -»Feyman gauge; £ = co - Unitary gauge (goldstone, ghost decouple)
48/85
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® SU(N) c SO(2N)

&1 ;
(I) — (I)Z € CN b = b:l E RZN
oY

(I)] =a]-+ib]-, aj,b]- € R

¢ - U,
U=A+iB e SU(N), P - My,
A,B € RN*N My = (A —B) c R2ZNx2N
UtU=1=>ATA+B™B=1ATB=BTA B A

AT BT) (A —B) _ ( ATA+ BB —-A"B+ BTA)
—BTA+ A" B BB+ ATA

My € SO(2N) 49785
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® |agrangian

1 1
L=—2(F8) +5(0u0) — V(@)  Dub = 0,0 — igaAfit®d;

» t%is the generator of SO(N), antisymmetric hermitian matrix (pure imaginary)
> ga is the coupling constant corresponding to the different generators

® \VEV
(0];|0) = v;; bi(x) = v; + x;(x)

® Higgs mass
» Mass of x; (Higgs or goldstone) given by V(¢)
a2V
0P;0d;
:0dy],
> Broken generator: tj;v; # 0 » massless goldstone

» Un-broken generator: tv; = 0 » (mg);;(t* v);

(mp)ij =

50/85
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® Gauge boson mass
» Define: T? = igata; Fia = Tf}vj; Taij — —Taji €ER

(Dud), = 0uxi — igaAfitli(v + 00 = uxi — AG(F® + T,

1 1
E(DMI))Z -5 (FF)ARAY +

(mﬁ)ab — FiaFib — (FFT)ab

51/85
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® Goldstone mass
» The mass of a Goldstone particle is derived from the gauge fixing term

G%(A) = 0*AL + EF(x;

1
Lgr=— 2_5 (6 uAﬁ)Z — (a”Aﬁ)FiaXi - ;FiaﬂaXin

¥

(mg);; = EFFF* = §(FTF);

» Mass of y; is given by
m? = m§ + mé

(mi)ij(mg) ji = (M) (T) jEF = (mf);;(igat®v) ;$F¢ =0

1. Two mass matrix can be orthogonalized separately, and the result after orthogonalization is
m% — Higgs mass (physical)

mZ — Goldstone mass (unphysical)
2. mi=¢(F'F); m5= (F'F), similar to U(1) 52/85
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® Ghost mass
» Gauge transformation

¢ ¢ —a’Tep, AL —> AL —DPa’
» Ghost Lagrangian

§G4/5aPl = —0#DZP — EFATS (v + x); = —0HDEP — EFFFP — fFiaT'l}Xj

[ 'ij l

Lyn = E“(—O“Dﬁb)cb — &E(m3)*P¢%cb — fFiaTi’j-)(jc'“cb

2 _ 2
Mmgp = fmA

53/85
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® Gauge boson at its rest frame k" = (my,, 0, 0, 0)
en(k) = (1, 0, 0, 0) scalar polarization, unphysical
ET(") = 715(0, 1, i, 0)  transverse polarization,  physical
e;‘(k) = \/—15(0, 1, — i, 0) transverse polarization,  physical

ex(k) = (0, 0, 0, 1) longitudinal polarization, physical
» For physical polarization
kpea(k) =0, A=123, (k) -€k) =—

A=1
» For unphysical polarization \

el ey =(1,0,0, 0" (1, 0,0, O)V_(mA,o,o,o)u (M 0,0,0)  KHKY
Ley =

mg my m5

54/85
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® Gauge boson at its rest frame k" = (my,, 0, 0, 0)

» Cancelation between scalar polarization and goldstone

—g””=2physical pol EKEX(k) — unphysical pol

» In Feynman-"t Hooft gauge

- f\/ ’ +@9‘(% _ rJ'z

H_v
€, € (k)
physical pol

55/85
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® Gauge boson at high energy limit
» Boost kM = (my, 0, 0, 0) to k* = (E, 0, 0, k,)

U E k uw__ [k E
s =(—, 0, 0, —); & =(22,0,0 =
my mgy ma ma

» high energy limit: E » my

E?—k2=mi=>E=k,
0 w_ k¥

€E3=—€ =

Al e

* longitudinal gauge bosons become precisely those of their associated Goldstone bosons c6/85
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® 1896: Spontaneous radioactive decay (Becquerel).

® 1897: 3 decay (Thomson): N; - Nf + e~

® 1914: Discovery of the continuous 3 energy spectrum (Chadwick). (Energy not conserved?
Non-two-body decay?)

® 1930: Neutrino hypothesis (Pauli):N; - Nr + e~ + ¥

® 1932: Discovery of the neutron (Chadwick)n » p+e~ + v

® 1934: Four-fermion interaction theory:

L=~ GF/\/E (Llj_p Yu wn)(ﬁyuwv) +h.c.

» Gg Is the Fermi constant. Successful experimentally but non-renormalizable theoretically. This
theory violates unitarity: at Vs = 500 GeV, P(ve™ — ve™) > 1
» Modern view: low-energy effective theory
® 1950: 6 — t puzzle
> ttont+nt+ 1,07 -t + 1
> 17 and 6% have identical physical properties except for parity
» 0 and t are same patrticle, but with different decay mode 58/85
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® 1956: Parity violation in weak interactions (Lee-Yang)
® 1957: Experimental verification of parity violation (Wu)

® 1957: Intermediate vector boson theory (IVB, Schwinger),
> still non-renormalizable and violates unitarity: at Vs > 500 GeV, P(e~e* - W W) > 1

® Glashow model: SU(2) x U(1) gauge theory with four bosons W*,Z°,y
» cannot explain mass origin
® Higgs mechanism: Explains the origin of gauge boson masses

® Weinberg-Salam model: SU(2) x U(1) + Higgs

® 1971: EW renormalizability proved

® 1973: Discovery of weak neutral currents

® 1983: Discovery of W, Z% bosons of EW theory (CERN, SPS)
® 2012: Discovery of Higgs (CERN, LHC)

59/85



. SOUN‘V% z 3)’
The Glashow-Weinberg-Salam electroweak & z":M“ﬁ'l-
theory

(0[gpol0)£0
® Gauge group of SM: SU, (2) x Uy(1) > Up (1)

7

> SU;(2) is the Weak Isospin group, and “L” indicates that this symmetry applies to the left-handed
particle (fermion)

» Uy (1) is the hypercharge group
> U, (1) is the electromagnetic gauge group

® The representation of Higgs field in SU,(2) x Uy (1) is (2' %)

» 2 means the Higgs is a doublet in SU;(2)

> % means the Higgs has hypercharge Y = %

d(x) - ela®t? oiB(X)/2 p(x): t2= 12/2 is Pauli matrix divide by 2

. 1,
D¢ = (E)M — igA;t® — (59 Bu)

Vi) = —pu2dtd + A(dt )
(O0lgpo|0) = %(O), v = ”72

60/85
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® Gauge boson mass
1 1, \ (o
Lmass = E(O' V) gAuT + Eg Bu 1

aa L o 1(gAi+g'By  g(4y—iA})
gAllT t59 BH — 14 722 3 /
2 2 g(Au + lAu) —gA; + g'B,

1 p?

= o7 |97(40)" + *(43)" + (943 - 9'B,)’]

» There is mixing between Aﬁ and By,

61/85
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® Redefine gauge field Aj; and B,

_9A— 9B, _ g4+ gb,
VP +g? " " g+ g7
g , C€o0s0,, g
i+ g7
Z _(Cw T Sw A3
<A>_(SW cw)<3>

Z,Cow +A,S
1<gA3+g’B g(AL - 1A2)> YR

1
Wit = T_(Al FiA2); Z,

9,, = tan! (%) s,, = sin®,,, ¢, = cos®,, sinb,,

1
gAiTt* +-g'B, ==g Cw
2 1 2Y _ 43 2
g(A + iA ) gant+4g 'B ’_ZWM_ —ZCony — AySo

> Limass =

» Aisthe remmlng Uem(l) gauge fleld massless photon
» W boson:m,, = gv/2

62/85
» Zboson:m, = m,,/c,
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® Parameters in SM
» The generator for any field under SU;(2) X Uy (1) is (t%,Y)

D, =0, —igAiT* —ig'B,Y

Z /
=9, — i%(W;W + W, T™) —i L (92T — g'?Y) — i—22 A, (T3 +7Y)

V2 Vg2 +g” Vg2 +g”

=Q
unbroken generator

!/

g9

:\/ - - = gsin®,; o=e?/(4m) =V2G,mZ sw?/n
g-tyg

e

» The parameters of the standard model are conventionally chosen as Gz, m,,, m,
m; = 91.1876 +0.0021 GeV, my, = 80.379 + 0.012 GeV, Gr= (1.1663787 + 0.0000006) x 1075 GeV ~2

» 0, depends on renormalization scheme
miy

2
my

sin?09%> =1 — 0.223 £+ 0.001; sin” OF(mZ) = 0.231 £ 0.0001 63/85
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® Gauge boson self coupling
» SU,(2) Gauge boson tensor: E% = 9,49 — 0,A} + ge®P Al A
» Uy(1) Gauge boson tensor: B, = 9,B, — d,B,

> Uem(1) Gauge boson tensor: F,, = 0,4, — 9,4,

1 1
Lkin = _ZFawFu% - ZBMVBIJV
1 1 1 S 1pv S nPATAY, 3uv 3
= =7 (2 %5 (Fy — iRR)(F™W +iF?W) + FAWER,

1
1 -3 (0*BY — 0vB*)(9,B, — 0,B,)

\/% (R —iF%) = \/% (0,48 — 143) — 0,(AL — iA2) — ig (43(A} — 143) — A3(AL — iA2))| = D4 — D W
% (Fi + iF3) = DWWy~ — DWW,

D, =0, — igA;, = 0, — ieA, — ig cos 8, Z,

Wi = = (4} ¥ i45)

1 1
= 2 (0~ D) DRW Y — D W) — L (pvgg, 4 )

64/85
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A} = cosbyZ, + sin6y,A,; B,= —sinb,Z, + cosb,A,
B"B,, = sin®0,,Z,,Z" — 2sin6,, cos 0, Z,,,F*" + cos? 6,,F,, F*"Y
F3E}, = cos?6,,Z"Z,, + sin®6,,F*VE,, + 2cos0,,sinb,,Z*"E,,
+(29/1)(cos0,,ZH + sinb, FFV)Y (W, Wyt — WW,) — 292 (WA W HWTW =Y — WHW VW, W —+)

= —1/4FWE,, — 1/4ZFZ,, — D,W,* DFW ™Y + D, Wt DVWH + ieFY W Wy~ + igcosB, ZE W Wy
_ 1/2 gz(W_I_MVVM_W-H/VVv_ _ W+HVV/,L+W_VVVV_)

> 3 gauge boson coupling:AW*W —; ZWTW ™

> 4 gauge boson couplingW W -"W*W =, ZZW*W ~; AAW W ~—; AZW W ~
» No AZ coupling

65/85
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® Higgs potential term

o=—[ 26t
V2\v+H +iG°
l Unitary gauge

A
(v 0 ); V(¢)=Av2H2+AvH3+ZH4

» Higgs mass: mf; = 2Av?
» Feynman rules

3m,21

1. HHH coupling: —i

v
3mj
2

2. HHHH coupling: —i

v

66/85
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® Kinetic term

2H H2>

1 1

> Vertices Feynmcm rules
2
1. WWH coupllng % gy = IgMy Gy

2

2. ZZHcoupImg gu\,— ﬁngw

3. WWHHcoupllngz gu\,

4. ZZHH coupling: i oiz 5 I

® In R; gauge: goldstones have interaction with W,ZA and H

67/85
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® Representation of leptons, electron as an example

\Y
» Left handed electron and neutrino [} = ( ;LL> is the SU, (2) doublet and with Uy (1)

hypercharge Y = %

» Right handed electron ey, is the SU,(2) singlet and with hypercharge Uy (1) Y =1
» There is no right handed neutrino in SM

® Mass of electron
> me(eLeg + égey) violate gauge invariance
> Introduce Yukawa coupling: —y,[; ¢per + h.c. is gauge invariant

lspontaneous symmetry breaking
1 — 1 _
7 YeVeLer + ﬁyeheLeR + h.c.

1
> me = \/_EYev |
> H-e-e vertex Feynman rule: ~mg~ m,

» no right handed neutrino— neutrino is massless e
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® Interaction between leptons and gauge bosons

. L 1
Dp.lL = aulL — lgAﬁTalL —lg <— E) BulL
D,egr = 0,eg —ig'(—1)B,eg
Liep = lL(l]/ “)lL + @(iy’“‘Dﬂ)eR — (yequbeR + h.c.)
= I (iy*o )l + eg(iv*o,)er + -+ g(Wi i, + WTIh + Zu0y) + eAuiy

1
» ]]l;1ll+ — \/_Eve LyVer, ]W — _eLtueL

1 1 U
> ];=m[ Ve YH ()V L+eLy”(——+sm 0 )eL+eRy”51n26WeR]

> ]ELM = ey*(—1e = e y*(—1)e, + egy*(—1)ep

69/85
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® Vertices Feynman rules
> e —-e~Zandeg-ep-Z: Ley? (—% + sin? GW) and Y"___ in2 0,

sin 0,, cos 0,, cos 9, sin 0,,

ieyH

1
» Vo1~ Ve1=Z: - =
eL Vel sin0,, cos 6,, 2

iey"
> Vv, —e-W:
el *L V2 sin 0,,

1. Electroweak interaction do not mix leptons of different generation
2. Low energy limit s < m,,, W propagator ~ constant

S5 e X

62

8 sin2 0, M2, ————>

70/85
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® Representation of quarks under SU.(3) x SU.(2) x Uy (1)

> Left handed quarks q; = (Zii) = (Zi) (gﬁ) ; (22) (3, 2%)
® has 3 colors; doublet of SU,(2); hypercharge % is in order to satisfy the charge of quarks

> Right handed quarks qz = u;; d; g U; g= Ug; Cr; LR : (3, 1%) d; r=dg; Sg; bg: (3, 1, —%)
® has 3 colors; singlet of SU, (2); hypercharge % and —% is in order to satisfy the charge of quarks

® Charge of quarks: Q =T* +7Y

1
UiL 1 /1 O Ui, “Ujp
3 I _ 2 ] 3., _ 733 _
T dl,L - 2 (O _1) dl,L - _l . ) T ul,R T dl,R 0
zdl,L
1 2
g;

Yul',L = Ydi,L =

> Qu;;, = Qu;r =
> Qdi,L — Qdi,R =

| winN
W | =

71/85
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u
® Quark masses for first generation q; = (di) s Up; dp

L =q.(iy*Dy,)q. + Wr(iv*Dy Jug + dp(iv*D,)dr — (WuGrpur + yaLddr + h.c.)

> €*P: SU,(2) antisymmetric tensor
> qLd = qu 2 = e“BqLach is SU, (2) invariant

> my = Yu\/—' yd\/—

72/85
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. ui,L uj, C tL
® Quark masses for 3 generationg, = (di,L) = <dL);(Si);<bL> Ui = Ug; Cg; tg dig=dpg; Sg; bg
L= u_il,(iyuau)uiL + W(W”au)um + d_il,(iyuau)diL + E(iyuau)dm
+g(Wi o™ + Wil +ZuJy) + eAyJpy

v v
— [(}’u)ij \/_iuiLujR + (Yd)ijﬁdiLde + h. C-]

1

> T = Saytdy
—_ 1 —
> Jw = \/_gdiLyuuiL o ) L 1
> b= — [u_iLY” (E — Esin2 Gw) u;, + wpy™ (— 5 sin? GW) Uip + dj y" (— S+3 sin? GW) d;, + dipy* (5 sin? GW) diR]

> Jpw = WyH (+§) w; + diy! (— %) d;
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» Diagonalization of mass matrix

= [m 0 0

di di 2 U
Yu = u,LyulagUJRr yulag » 0O m:. O
0 0 my

\/i mgy 0 0
}’d—UdLydlagU;R» yg“‘g—— 0 mg O

Yo 0 m,

Ui, = (UuL) ij _]L’ lL_ (UdL) ]L’ Uip = (UuR) ij ]R’ diR: (Ud’R)ijd],'R’ U is UnitCII’y mCItI’iX

» Lagrangian of mass term

Lmass

\/— ]L(UT u)]k< dlag) (WT )klulR \/— ]L(U-I-Ud)]k< dlag) k(WdTWd)kleR]

d1a dia 1
= L/— g iLULulR +\/§(3’d g)ii dif iR]
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ut _

T . = _ T
7% —ﬁuiLV “Vijdi: Jw _T—diLY Vu jL

= (Ut UdL)

1. Right handed quark gz do not port|C|pc1te in Chorged current weak interactions
2. neutral current remains the same

® Cabibbo-Kobayashi-Maskawa (CKM) matrix

Vud Vus Vub
V= Vcd Vcs Vcb
Via Vis Vi

» Unitary matrix with 9 degree of freedom
» Absorb unphysical degree of freedom into definition of quark field

o ,lag ! [
ul, = e'%iLyy, di, =ePid;

» Degree of freedom becomes 9-6+1=4

75/85
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> In lepton sector, <d'L> - ( e, > Uy, can be arbitrary due to massless v, EEp VP =
L
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1 0 0\/c¢ s O\/1 1 0 0
V= 0 Co —So <_Sl C1 0) ( 1 ) 0 C3 S3
O SZ CZ 0 0 1 ei8 0 _S3 C3

C1 S1C3 5183
o)

S

—CyS1 (€1CpC3 + szs3ei8 C1C2S3 — Szc3ei
—S1S; C€1S,C3 — C2$3€i8 15,53 + Cc3€t
1. ¢;=cosB;, sj=-sinb;
2. & is the source of CP violation
3. 0, is the Cabibbo Angle

» Other format of parametrization

A2 )
i8 1—— A AN (p—i
C12€13 S12C13 S13€ 2 (p n)
S12€23 — €12523513€ C12€23 — 512523513€ 523C13 —A 1-= AMN? + 0(A%)
i8 i8
512523 — €12€23513€ —C12523 7 512€23513€ (23013 A3 —p—in) —AA2 1

Standard: 8,3 < 0,3 K 8;, < 1 by experiment Wolfenstein parametrizgtion
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® Flavor-changing neutral current(FCNC)
Jr = & (e + Vi )v; + @ (- uy + di(+-)d;
» FCNC is forbidden at tree level
» FCNC is suppressed by loop: K°(sd) -» pfu~

Au,c t Y
d —» e VAYA Y — i
Ww-

2
1. Glashow-lliopoulos-Maiani suppressing: Decay width is small V,,;V,;; + VsV = A(l — %) —

x(1—%2)=0(7\4)z0 l

must introduce c quark
77/85
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® The interaction of Z-bosons violate C and P but keeps CP
® The interaction of Z-bosons violate C, P and CP

¢ ol
e J L F
A <

P(KO - K% # P(K® - K9)

® Yukawa coupling, f-f-Higgs: —i%mf
® Flavor puzzle
me K m, K my

m, < m, < my;  my K mg <K m,
613 < 623 K 612 K1 78/85
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® Solar Neutrino Problem
» Detected Solar Neutrino is less than expected
> Explanation: Neutrino Oscillation, v, — v, ..., require neutrino mass

» Right handed neutrino v; r with representation (1,1,0)
® v, ; does not participate in the strong/weak/electromatic interaction

® Dirac Neutrino

Lpirac = — IYVEO(BI_OLCI)EVR + h. C-]
» mp = ij_z
> vy, ~10711 : unnatural
® Majorana Neutrino
1
LMajorana = —EMvng + h.c.
> Vgis in the representation (1,1,0), M can be very big
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@® Seesaw mechanism: combine Dirac mass and Majorana mass

1, (0 mp
Lmass = _E (VL V}Cg) (mlq; M ) (VEVR) + h.c.
» diagonalize mass matrix: mp<< M

0 mp _, (Mvtight 0
mp M 0 my, heavy

2
~ ~ " ~ mD .

> Mass eigenstate: Vijgne ™ vp + =2 Vg,  Vheavy = Vg + 52 Vi

® Generalization to 3 generation of Neutrino

v, Vel (Vr1)© 1— (0 mp
¥= ((VR)C> v =(VuL ], (V)¢ = (Vr2)© Lmass = _ELPT< T M ) ¥ +h.c
VTL (VRS)C R 6X6
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® Optical theorem

(FITHTIY = D" J dPS, (FITHRIGITI) = ) [ dPS,(2m*64) (pg = p) (2105 (ps = pIM (£ MG = )

1=Sts=(1—-iTHA+i") > i(Tt-T) =TT
(FITI)) = 2m)*8™ (p; — ps )M (i > f)
(Fli(TT = T)|i) = i@m*6W (p; — pp)IM*(f > D) = M > f)]

M= ) =M = D] = ) [dPS @D (o = p)M(f = 0 = )

l iy = If

2ImM (i - i) = z deSX (2m)*8™ (p; — p) IM (i - x)|?
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® Restriction on cross section

2S
ImM(@G-i) = szc(iex)

X

6i - x) = — [ aps, 24— 91 2r*6 (b — b

> 1 are two massless particles

Im M (p1p2 = p1P2) =S Z o(p1p2 — kiky)

o(p1pz = kik;)
1 d*k,  d%k,
=55 ) @nP2E, @zE, @8 Bt P2 — ki — k) IM(pipz = kaka) I

Jdcos® dd |M(p;p, = kiky)|? > = |M(p1p2 - p1p2)|*

642

Im M (p1p, = p1P2) = CIM (p1p, = p1p2)|?
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l | M| = ImM

1 1
|IM (p1p2 = p1P2)| < E; zﬁ(i - X) < Cs

I

X

constant

» Unitary require: o(i — f) <

S
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® Example 1: vw - W W~ V -
> Diagram 1 T
/’6 V\f\a-"‘ WL
[0
g 1=vPiy*(pr— kg tmeig 1-v° , ,
M, = v(Pz)ﬁVV 2 (o — kl)lz img eﬁy“ S u(pr)eq(ki)e; (kez)
Kkt Kk
High energy limit: €} (k) = m—;/, eh(ky) =~ m—;/
. 2
Lg 1 _
~ 7(p2)y-k2(1 =y (v - (p1 — k1)) y- k1 (1 — y*)ulp,)

- 8mz, (p1 — k1)?

—(y*(p1 — k1)a)2u(P1)
—(py — k1)2U(P1)

l V(1 — kD)) (YPk1g)u(py)

;2 5
1g° _ 1—vy
2mZ, U(pz)yukzuTu(pl) 84/85
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_ S
> Diagram 2 VWM
.,> _
v AT B
~ igy, 1—7v° —i
M = v(p3) 5 COS% 5 U(P1) u(k1)€v(k2) X igcos®, [gh(k, — k)P + -]
w
. 2 5
s»>m 1ge _ 1—vy 1rs
o V@Yo~ () [5 (ks = )|
.2 5
lg= _ 1-vy
= — K
Zmﬁ, v(p2)Y kzu 5 u(p,)

. ) s>m
» Diagram 1 + Diagram2 — 0
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® Example 2:2W,"W; - Z, Z;

Wi : I s>m S

i 7 — =

,><2 W 2 V2
Wi L W :21._ L L

_+_
2.
Wj < s>m S S
- o > T2 2
U
1
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