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Interactions by Particle Exchange

If the Hamiltonian can be perturbation expanded 
(i.e. superposition of smaller and smaller terms)

 → Fermi’s Golden rule: 
transitions between states

Scattering in a 
potential

Scattering via 
particle exchange

Particles generate 
potentials, other 

particles scatter with 
potential. 

Unsatisfactory!

Particles interact vie 
exchange of particles → 
no action at ’distance’

In this lecture
• How particles interact via exchange of 

particles
• Introduction to QED
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Time Ordered Feynman Diagrams
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Study reaction 𝑎 + 𝑏 → 𝑐 + 𝑑.

• Exchange of particle 𝑋;
• Two possible time orderings.

First case:
| ⟩𝑖 	𝑖𝑛𝑖𝑡𝑖𝑎𝑙	𝑠𝑡𝑎𝑡𝑒	𝑎 + 𝑏
| ⟩𝑗 	𝑖𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖𝑎𝑡𝑒	𝑠𝑡𝑎𝑡𝑒	𝑐 + 𝑏 + 𝑋
| ⟩𝑓 	𝑓𝑖𝑛𝑎𝑙	𝑠𝑡𝑎𝑡𝑒	𝑐 + 𝑑

→	𝑎	(electron) emits 𝑋(a photon) that is 
absorbed by 𝑏 (a second electron) later

Note: the intermediate state | ⟩𝑗  has an energy larger than 
in the initial state: possible for a short period of time 
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Further Analysis -1 

The interaction contains two vertices
• Emission of 𝑋;
• Absorption of 𝑋.

𝑉!" non-invariant matrix element
ℳ!" Lorentz invariant matrix element

All particles included in the vertex

Let’s assume that ℳ#→%&' is the simplest we can think of: a simple scalar 
𝑔! 

That measures the strength of the interaction

Same for the second vertex: 𝑔( 
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Further Analysis -2

The final result is then

2𝐸) = 2𝐸) < 2𝐸)

The Lorentz invariant matrix element ℳ!" 	for 
𝑎 + 𝑏 → 𝑐 + 𝑑 

Is related to the transition matrix element (not LI !) 𝑇*"#( 	by

Similar expression for 
the 2nd time-ordering
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Further Analysis -3

The probability for a given process is the sum of all 
probabilities of how that process can occur 

If we take into account energy conservation 𝐸# + 𝐸( = 𝐸% + 𝐸+ → 𝐸( − 𝐸+ = 𝐸% − 𝐸#

We observe that:
𝐸), = 𝑝', + 𝑚'

,

And that at the 1st vertex 
𝑝' = (𝑝# − 𝑝%) 

and for the 2nd vertex 
𝑝' = 𝑝( − 𝑝+ = 𝑝# − 𝑝%

⇒𝐸), = 𝑝', + 𝑚'
, = (𝑝# − 𝑝%), + 𝑚'

, But since 
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Feynman Diagrams
Sum of all possible time orderings, is Lorentz invariant → a frame independent matrix element.

• Momentum conserved at vertices
• Energy not conserved at vertices
• Exchanged particle “on mass shell”

𝐸', − |𝑝'|, = 𝑚'
,

• Momentum AND energy conserved at 
interaction vertices

• Exchanged particle “off mass shell”

𝐸', − |𝑝'|, ≠ 𝑚'
,

Low energy description of ‘scattering of non-relativistic electrons in a potential’: the potential V(r) that reproduces 
low energy data is the Yukawa potential:

𝑉 𝑟 = 𝑔# < 𝑔(< 𝑒-.//𝑟

For the exchange of a 𝑚 = 0	particle (a photon) → familiar ⁄0 1 Coulomb potential.

→ Virtual Particle
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Quantum Electrodynamics (QED)

QED is theory of EM interactions.

3 parts:
• The strength of the interaction at each vertex

𝜓%|𝑉|𝜓#
1

𝑞, − 𝑚'
, 𝜓+|𝑉|𝜓(

• The propagator

In the simplest choice of a LI matrix element, we have 
chosen a scalar interaction

𝜓%|𝑉|𝜓# ∝ 𝑔#
𝜓+|𝑉|𝜓( ∝ 𝑔(

In a realistic treatment of EM interactions, we 
have to consider that the 

photon is a spin 1 particle

→ we need to account for polarisation states

Free photon wavefunction: plane wave + 4-
vector for the polarisation:
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Interaction Fermion (Charge q) and EM Field

𝜀2: 4 vector indicating polarisation

A photon propagating along the z direction has 2 orthogonal polarisation states

Interaction between a fermion with charge q and an EM field 𝐴2 𝜙, 𝑨

The same substitution we 
studied for Dirac particles
𝐴2 = 𝜙, 𝑨 , 𝜕2 = ( ⁄𝜕 𝜕𝑡, +𝜵)

Free Dirac equation

Derive Hamiltonian:

1. Multiply all terms by 𝛾3	(𝛾3 𝛾3 = 1)

2. Remember -Hamiltonian

𝑒U𝜏U → 𝑒U𝜏U
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The Hamiltonian Interaction EM

Free particle 
Hamiltonian

Interaction EM 
field with Dirac 
particle

𝑒-(𝑝4) 𝑒-(𝑝0) 𝑒-(𝑝0)𝑒-(𝑝4)

𝜇 vertex

𝜈 vertex

𝜏!(𝑝") 𝜏!(𝑝#)

𝑒U𝜏U → 𝑒U𝜏U

4-component 
spinor
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𝑒!𝜏! → 𝑒!𝜏!

Sum over polarisation 
states of the photon

Use 

Transition matrix

𝑒U𝜏U → 𝑒U𝜏U

Define currents

Rewrite in compact form
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Feynman Rules for QED

Three items in Feynman Diagrams

1. Dirac spinors for external fermions (initial and final 
state particles)

2. A propagator representing the virtual photon

For each item one term, the product of these terms give
−𝑖ℳ

There is no QED vertex connecting more than 
three particles: 1 photon + 2 charged fermions


