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1. Introduction

General Relativity: Black Hole

A black hole is a region of spacetime where gravity is so strong that nothing-
no particles or even electromagnetic radiation such as light-can escape from it.



The first black hole solution： Schwarzschild (1916)

Two fundamental features: event horizon and singularity

1. Introduction



Black Hole: Intersection of Fundamental Physics, Astrophysics, 
and Cosmology



The black holes of nature are the most perfect macroscopic
objects there are in the universe: the only elements in their
construction are our concepts of space and time.

--Subrahmanyan Chandrasekhar



The black holes of nature are the most perfect macroscopic
objects there are in the universe: the only elements in their
construction are our concepts of space and time.

--Subrahmanyan Chandrasekhar

The Universality : black holes could be the thermodynamic limit of underlying 
quantum gravitational degrees of freedom.



✢ Significant obstacle for QG: 

✢ The only test

The understanding of the fundamental laws of black hole
mechanics could be a necessary (if not sufficient) constraint
on the theory of QG.

Absence of any experimental or observational result！

The theoretical and mathematical consistency！

Classical and semi-classical properties of black holes are expected to provide 
important clues about the nature of quantum gravity (QG).



➢ Four laws of black hole mechanics

J.M.Bardeen, B.Carter and S.W.Hawking, Commun.Math.Phys.31, 161 (1973)



Quantum effect: black hole is a thermodynamic system

wBlack hole thermodynamics: a very deep and fundamental relationship 
between gravitation, thermodynamics and quantum theory！

wTo unify GR and quantum mechanism is one of the greatest challenges of 
modern Physics !   

Area Law: The black hole entropy is proportional to the area of its event horizon
divided by a quarter of Planck area  ~

𝑺𝑩𝑯 =
𝒌𝑩𝒄𝟑

𝟒ℏ𝑮 𝑨

Quantum Gravity



semi-classical   approximation

𝒕𝑬~𝒕𝑬 + 𝟏/𝑻

Quantum gravity defined by path integral [Gibbons and Hawking, 1977]



semi-classical   approximation
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A standard framework for discussing the thermodynamics of black holes in textbooks.
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semi-classical   approximation

𝑾 = −𝑻 𝒍𝒏 𝒁 = 𝑻 𝑺𝑬

𝒕𝑬~𝒕𝑬 + 𝟏/𝑻

Quantum statistical relation (QSR)

A standard framework for discussing the thermodynamics of black holes in textbooks.

Schwarzschild BH: 𝑾 =
𝑴
𝟐𝑮

=
𝟏

𝟏𝟔𝝅𝑻
𝑺 = −𝝏𝑻𝑾 =

𝟏
𝟏𝟔𝝅𝑻𝟐

=
𝑨
𝟒𝑮

𝑬 = 𝑾+ 𝑻𝑺 = 𝟏
𝟖𝝅𝑻 = 𝑴

Significant applications: Hawking-Page transition, PV criticality, applied holography…

Quantum gravity defined by path integral [Gibbons and Hawking, 1977]



QSR yields thermodynamic potential consistent with the laws of thermodynamics is 
remarkable and by no means obvious, particularly for gravitational systems involving 
matter fields.



Two universal theories: Thermodynamics and Hydrodynamics  

“[Thermodynamics is] the only physical theory of universal content 
concerning which I am convinced that, within the framework of the 
applicability of its basic concepts, it will never be overthrown.”

Hydrodynamics is an effective long-distance description for a given system at
non-zero temperature. It provides a celebrated and appealing framework for
capturing the collective dynamics of interacting systems (microscopic details
only enter through equation of state and transport coefficients).

QSR yields thermodynamic potential consistent with the laws of thermodynamics is 
remarkable and by no means obvious, particularly for gravitational systems involving 
matter fields.



Thermodynamics of 
dyonic black holes in 
EMCS Theory

𝑨 ∧ 𝑭 ∧ 𝑭



• The CS term appears naturally in supergravity and shows 
numerous intriguing phenomena.

• BHs in this theory and their rich properties have attracted 
substantial interests, including black hole in G¨odel universe, 
rotating black holes, dipole black rings.

• EMCS theory describes holographically quantum field theory with 
chiral anomaly in the strongly interacting regime.

• It holographically gives magnetic-field-driven quantum phase 
transition and the chiral magnetic effect

• …

Motivations
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Boundary QPT with chiral 
anomalous: 𝝏𝝁 𝑱𝝁~𝒌 𝑬 7 𝑩

a consistent truncation of Type IIB supergravity or M-theory 
[Buchel and Liu 2007; Gauntlett, Colgain and Varela 2007]𝒌 = 𝒌𝒔𝒖𝒔𝒚 =

𝟐
√𝟑

Einstein-Maxwell-Chern-Simons theory [D’Hoker and Kraus, 2012]



Dyonic black holes

Einstein-Maxwell-Chern-Simons theory [D’Hoker and Kraus, 2012]

Boundary QPT with chiral 
anomalous: 𝝏𝝁 𝑱𝝁~𝒌 𝑬 7 𝑩

a consistent truncation of Type IIB supergravity or M-theory 
[Buchel and Liu 2007; Gauntlett, Colgain and Varela 2007]𝒌 = 𝒌𝒔𝒖𝒔𝒚 =

𝟐
√𝟑



At asymptotically 𝑨𝒅𝑺𝟓 as 𝒓 → 𝟎: At event horizon 𝒓 = 𝒓𝒉:

The temperature and entropy density are given



At asymptotically 𝑨𝒅𝑺𝟓 as 𝒓 → 𝟎: At event horizon 𝒓 = 𝒓𝒉:

The temperature and entropy density are given

𝒌𝒔𝒖𝒔𝒚 =
𝟐
√𝟑, 𝑩𝒄 = 𝟏. 𝟑𝟎𝟐 𝑨𝒅𝑺𝟐 𝑨𝒅𝑺𝟑



Free energy density from QSR: 

Other thermodynamic quantities

𝑾 = 𝑻 𝑺𝑬



What do we know for a system with finite change and magnetic field?  

➢ Standard thermodynamic first law [Landau, Lifshitz and Pitaevskii, 1995]

𝒘 =
𝑾
𝑽
, 𝝐 = 𝒘 + 𝑻𝒔 + 𝝁𝝆

➢ Magnetic susceptibility from hydrodynamics [Kovtun, 2016] 



Numerical tests of the first law of thermodynamics for dyonic black holes 
obtained by QCR

Significant deviation from first law and hydrodynamics !

T=0.005B=0.33



How to address this issue? 



How to address this issue? 

☆ variation of Euclidean on-shell action

☆ Iyer-Wald formalism



☆ variation of Euclidean on-shell action

In Euclidean signature, BH horizon is smooth when Euclidean time 𝜏 = 𝑖𝑡
is periodic, with a period given by

The non-local term 𝑄!" arises from the CS interaction

and 𝑀# is defined as

(𝒌 𝑨 ∧ 𝑭 ∧ 𝑭)



☆ variation of Euclidean on-shell action

∆𝝉 fixed

[Donos and Gauntlett, 2013]

deviation from standard form of first law is attributed to the bulk integration 𝑸𝒄𝒔

𝑾 = 𝑻 𝑺𝑬



☆ variation of Euclidean on-shell action

∆𝝉 fixed

[Donos and Gauntlett, 2013]

deviation from standard form of first law is attributed to the bulk integration 𝑸𝒄𝒔

Perform the transformation

standard thermodynamic relation !



☆ Iyer-Wald formalism

A powerful framework for studying BH thermodynamics [Iyer, Wald, 1994]

✤The general variation of the Lagrangian 5-form L = Lε can be expressed as

Θ: symplectic potential form
𝝓 = (𝒈𝒂𝒃, 𝑨𝒂) dynamical fields

✤ Consider an infinitesimal diffeomorphism variation 𝛿$𝑥 = 𝜉% 𝑥 and define a 
Noether current 4-form

There exists a Noether charge 3-form Q satisfying J = dQ once E(φ).

✤ The variation of J gives the fundamental identity

which holds if

𝝎: symplectic current



☆ Iyer-Wald formalism

Choose 𝜉2 to be the time-like Killing vector 𝜉2 = (𝜕𝑡)2 which vanishes at event 
horizon 𝑟 = 𝑟3. Let Σ be a t =constant hypersurface having the horizon as its interior 
boundary.

Integrate the fundamental identity over Σ 𝑟 = 𝑟3

𝑟 = 0



☆ Iyer-Wald formalism



☆ Iyer-Wald formalism

✤ One also has

when E(φ) and 𝑳𝝃𝝓 = 𝟎. Integrate over  Σ and apply Stokes’s theorem

Prove the results from variation 
of Euclidean on-shell action !



Numerical verification

B=0.33 T=0.005

Recover magnetic susceptibility from hydrodynamics
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●In a 5D top-down EMCS theory, the “first-principle” computation of BH thermodynamic 
quantities break down applying the QSR.

● Using two independent methods, we solve this issue and establish the standard first 
law of thermodynamics.

● We explicitly demonstrate that free energy should be expressed as V𝑤 = 𝑤 + 𝑘𝑄56, rather 
than 𝑤 derived from the on-shell action.

● 𝑄56 is a non-local bulk integration that cannot be eliminated by adding any local 
boundary term when computing the on-shell Euclidean action.

Summary

It highlights the necessity for a deeper understanding of black hole thermodynamics.

𝑾 = 𝑻 𝑺𝑬



Is this a coincidence, or is there a deeper mechanism?
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Summary

It highlights the necessity for a deeper understanding of black hole thermodynamics.

𝑾 = 𝑻 𝑺𝑬



Similar phenomena appear in plenty of BHs with CS interaction

✥5D Helical black holes

,𝑤 = 𝑤 + 𝑘𝑄$%

source for helical current

geometry possessing Bianchi VII0 symmetry



✥7D black holes

Dyonic black holes

tow different magnetic fields: B1 and B2

Extend to 𝑨𝑭𝒏

Similar phenomena appear in plenty of BHs with CS interaction



➢The classical part is found by evaluating the on-shell action 
of the geometry.

QSR

➢ The quantum part is obtained by computing the partition function of 
the quantum effects on this geometry.

The partition function

𝑾 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍

𝑾 = −𝑻 𝒍𝒏 𝒁 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 − 𝑻𝒍𝒏(𝒁𝒒𝒖𝒂𝒏𝒕𝒖𝒎)
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the quantum effects on this geometry.

The partition function

𝑾 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍

,𝑤 = 𝑤 + 𝑘𝑄+,
Quantum correction
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Quantum Hall effect

ballistic transport

𝝆𝒙𝒚 =
ℎ
𝑛𝑒#

(2+1)D CS theory



➢The classical part is found by evaluating the on-shell action 
of the geometry.

QSR

➢ The quantum part is obtained by computing the partition function of 
the quantum effects on this geometry.

The partition function

𝑾 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍

,𝑤 = 𝑤 + 𝑘𝑄+,
Quantum correction

𝑾 = −𝑻 𝒍𝒏 𝒁 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 − 𝑻𝒍𝒏(𝒁𝒒𝒖𝒂𝒏𝒕𝒖𝒎)

量子霍尔效应:电阻不与具体材料有关, 只与电子本身所具有性质有关

QSR:𝑾 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 Hall effect

𝑄$% Quantum Hall effect



➢The classical part is found by evaluating the on-shell action 
of the geometry.

QSR

➢ The quantum part is obtained by computing the partition function of 
the quantum effects on this geometry.

The partition function

𝑾 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍

,𝑤 = 𝑤 + 𝑘𝑄+,
Quantum correction

𝑾 = −𝑻 𝒍𝒏 𝒁 = 𝑻 𝑰𝒄𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 − 𝑻𝒍𝒏(𝒁𝒒𝒖𝒂𝒏𝒕𝒖𝒎)

The topological nature of CS term allows to compute 
Quantum correction 

through the 
theoretical and mathematical consistency!   

量子霍尔效应:电阻不与具体材料有关, 只与电子本身所具有性质有关



The form of quantum correction 𝑸𝒄𝒔 should not be sensitive to 
the theory details.

,𝑤 = 𝑤 + 𝑘𝑄$%

Add scalar hair



The form of quantum correction 𝑸𝒄𝒔 should not be sensitive to 
the theory details.

,𝑤 = 𝑤 + 𝑘𝑄$%

Add scalar hair

More cases and microscopic interpretation from both the supergravity
perspective and dual boundary QFT?



Thank you！


