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Introduction

» Can all EFTs be UV completed?

» Dispersion relations of forward elastic amplitudes suggest that certain
operator coefficients can only be positive.
> Assuming the UV physics is consistent with the fundamental principles of
QFT (analyticity, locality, unitarity, Lorentz invariance).
>  [hep-th/0602178] Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi
... many papers ...

» These positivity bounds only exist for certain Dimension-8 (or
higher) operators (without additional model assumptions)!

d2 a a
@A(ab — ab)tﬁo >0.

» Two important implications:
» Assuming UV physics is described by QFT =- we can rule out a large region
in the EFT parameter space.

> Or we can test the fundamental principles of QFT if we measure these dim-8
coefficients well enough.
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Dispersion relations

» Consider a forward (t — 0) elastic amplitude
(s+t+u= 4m2)

Aap(s ch(s—so)”

a a

1 ds Aab(s)

s=50

Cn:

» Applying the fundamental principles of QFT
> Analyticity (Cauchy’s theorem applies)

> Locality (poles from tree-level factorization,
branch cuts from loops, Froissart Bound)

> Unitarity (Optical theorem, ImA ~ otot)
> Lorentz invariance (Crossing symmetry)

Re(s)

» Dispersion relation tells us that

4m2 ¢7t oab
ch = ot 1 tot coo’
" Amz 7 \/ <(s — sp)Mt1 + (=" (s —4m?2 + sp)n+1 +6n
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Sum rules and positivity bounds

» Assuming so is real and 0 < sy < 4n17°,

4m2 oé ab
Cch = 1— tot 1 Ttot c° ,
" Amz ™ \/ ((s — 5p)nt1 + (=" (5 —4m? + sp)n+1 +Cn

> Froissart bound: A < const - slog?s = ¢5° =0forn> 1.
» For even n, the two terms with cross sections are both positive, so ¢, > 0.

» At tree level, consider the limit m*, sy < A? (massless EFT).

(6) (8)

c; c;

Csmmrr = L + 32 G50 430 4
i )

A(S)|t=0 = ¢co + c1s + s + ...

» Cn=1 < dimension-6 (no positivity bounds, boundary can be nonzero),
Ch—z < dimension-8 (or d6%) (has positivity bounds!),

» Many generalizations and modified versions...

> |Improved positivity bounds [1710.09611] de Rham et al. (see also
[1710.02539] Bellazzini et al.), Arc variable [2011.00037] Bellazzini et al.,
[2012.15849] Arkani-Hamed, Huang, Huang, ... (See also talks by Qing,
Yongjun and Shi-Lin.)

in Gu Fudan University

y Bounds at one-loop level



Does positivity still hold at loop level? [2408.10318] Yunxiao Ye, Bin He, JG

» The kinematic dependence becomes more complicated at loop level due
to the log terms.

» What'’s the impact of RG running on positivity bounds (and vice versa)?

» Some interesting observations have been found in previous studies.
> IR effects can be important. [2011.00037, 2112.12561] Bellazzini et al.

> The naive tree-level positivity bound could appear to be violated.
[2110.01624] Chala, Santiago

» Some of the RG mixing of dim-8 coefficients are subject to positivity bounds.
[2301.09995] Chala, [2309.16611] Chala, Li

» Our main message: To each fixed loop order in the UV model,
“something” is positive, but that something can have a lot of
contributions and each contribution is not necessarily positive!
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Two different scenarios

» An “asymmetric” one-loop diagram of the forward elastic amplitude
corresponds to the interference term of a cross section and can take

either sign!
PO O PN
Optical Theorem

> A “symmetric” one-loop diagram corresponds to a squared contribution
to the cross section and could be subject to a positivity bound (which can
have several contributions in the EFT).

2
/K\ j::( Optical Theorem
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A (counter) example

» Consider a model with 2 real light scalars ¢1,> and a real heavy scalar ®,

1 1 1 1
L= (0"20,@ — M) +50" $10u1+50" $20u 02— gM P12 — T AB1 3 ,

» At low energy we can integrate out ® and match it to the EFT with ¢ .

» A positivity bound can be
obtained from the forward
elastic amplitude ¢1¢1 — ¢1¢1
(or 1+ 2).

» For )\ >> ¢°, the new physics
contributions are proportional
to A\g?, which can obviously
take either sign.

» What’s wrong?
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are not shown here.
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Back to the dispersion relation

» Two different scales:

> sy labels the position of the pole in the comples s plane.
(often denoted as 2, which we will avoid doing...)

> . is the renormalization scale (in MS).

» Due to the cross symmetry of ¢1¢1 — ¢161,
we can consider the massless case (which

makes life much easier) and use a modified L
version of the dispersion relation. .
[2011.11652] Herrero-Valea, Santos-Garcia, Tokareva ! ‘o

E‘( g+ ¢ )5’;, Sl s

\ N
s=isy ~ s=—isp

oo a4 N
_2 [T S
™ Jo (s> +s2) -

» This holds for any real so, but sy < A? is required for the EFT validity.

» Dim-10 contributions are further suppressed by a factor of sy/A?.

> With loops, we don’t want to let so — 0 in which case ¥ may diverge.
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The 2-scalar EFT

= A(¢116161) Az = A(dad2¢2¢2) A1z = A(d1920192)
TR g 2T 2 2T =
o6 A — o A A = 0

ps AP =l p?) Al =P 2y Al =P P 2

A o
L —*6/4‘1513”(}51 + 8,,(;528”(1)2 + 7¢1 + Ld)Q + 12 163 + Cis (Oud1) (0" p2) d1d2

[8] (8]
+ =5 (Bud1) (8%61) (Buér) (8% ¢1) + % (Oud2) (0" d2) (Oud2) (8" 2)

+ 2012,su (Opd1) (0" ¢2) (Ov 1) (0" d2) + C[ISQ]J(a#(bl) (0¥ 1) (Ov2) (8" p2) ,

» The Wilson coefficients in the massless scalar EFT can be conveniently
parameterized in terms of tree level on-shell amplitudes.

» (Note: We've absorbed A in the definition of couplings.)
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A(p1010101) at the 1 loop level

321#2 ((c[14]>2 + (0[142]>2) (— log g —log ;—; —log ;—QU +6) ,
AT = 161”2 (0[14210[12]) (—slog ;—28 — tlog ;—; — ulog ;—2“) .

AP = o (8 4 £ 0P

=2 (4 ()" 2 il el )
()" 3 el 2l 5 1]

+ (s+—=t) + (s+—u).

[8],1—Ioop: 1 32
A 1672

» MS scheme. ;. is the renormalization scale at which the couplings are
defined.

» Amplitudes are independent of n (which gives RG equations).
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Positivity bound at the 1-loop level

The X (> 0) for ¢1¢p1 — @11 in the EFT up to 1-loop and dim-8 is

8 1 1 47\ 2 4 1 137 3 So 8
2_20[]+647r2s—g<(c[1]) +(c[12]) )+167r2s 3 C[12]C[12]+<Z+|09E) ,BU

6 2 26 4 4 62 8
+167r2 (2(0[12]) +§C[]012su+4c[]c121+jc[1] ¢’ )
where
dc’?! 1 (4 10 2
8] _ 4] [8 4] [8 8 6
B = B — — o (§ il + 2l + P ol + (1))

» 3 is independent of ;. just like the amplitude. Requiring [L%E = 0 gives
us the $ function!
» By changing ¢ we don't really change the positivity bound! We just change
the definition of ¢!/,

» ¥ does dependon sp. X > Oisvalidaslongas 0 < s, < A%
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Positivity bound at the 1-loop level

1 [4] [4] 2 1 1 3mw [4] [6] 3 So (8]
X =2c 2<C 02) +]_67T2S 8012012+ 4+|09E B
226 62
167T2 (2( [12]) + 9 ngclzsu+4cl41012[+jc[l] [8])

> If 0[18] is generated at one loop, while the other coefficients are generated

at the tree level, then c[18] and the 1-loop contribution of tree-level
coefficients are at the same loop order.

(8]

> The tree level bound ¢;” > 0 does not necessarily hold at loop level!

» Dim-4 and dim-6 contributions are important at the one-loop level
(because of the log s terms)!

» If ¢1 is a NGB, the positivity bound 0[18] > (0 is robust.

> In general 6%8] can take either sign.
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Back to the ®¢; ¢ model

1
2

(8]
017 (Oupr) (0" p1) (Du 1) (0”1 ) is only generated at one-loop level.

1 1 1
L= (0"POu® — MD®) + 0" $10u 1 + 50" 320,02 — GMO P12 — 7 A$163 ,

> 0[18] needs to be matched to the one-loop level, which is (at matching
scale M):

vy = ! Ag44 41 (55X — 166g°%)

» Other coefficients are matched to the tree level
8l

2
dim =2g -, dim=-Z. &Ym=,
» Plug them in %, run ¢! down to 1 ...
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Back to the ®¢; ¢ model

» This gives (the dependence on x cancels as intended)
RS Y 1, 3n 1 51 41 so)
T 64n2s2 1672\ s2 8 MPsp  9ME T 3MA T MR

g4(1 3r 1 47 1 111|so)

1672 \s2 4 MPsp 20M 3 Mt

s2 4 MPsy 20 M4 3 w0 e

s*[o(prd1—d202)+0(d1 01— PD)]
(52+53)‘

> It can be verified by calculating 2 [~ ds at
tree level and expand to O(M™%).

» The beta function is now

s 1 (4,\g2 1194)

3 M 3 M

U7 ten2 \3 M 3 M
» Consider the limit \ > g, obviously 5{8] can take either sign in this case!

» In the opposite limit A — 0, it seems that the positivity bound is violated
when sy ~ M, but when s, ~ Mthe EFT expansion breaks down and we
cannot truncate ¥ at O(M™%)...
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Scalar QED EFT current work with Xiao Cao, Yuhang Wu, Yunxiao Ye

» The situation is quite different if external photons (gauge bosons) are
involved!
> Gauge invariance imposes strong constraints on the form of the UV
completion.

» For simplicity, we focus on scalar QED EFT here, where the only light
d.o.f. are a complex (charge 1) scalar and a photon.

» We assume heavy particles have spin < 1.
> No tree-level BSM contribution to ¢ — ¢~ and vy — .

> At one loop, SM and BSM contributions are separately positive. Only SM
contributes to o(SM — SM). (By SM | mean scalar QED...)
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Scalar QED EFT

Lloja == 1P Fuv + (0"9) (Du6) = (8102,

Lo A% =040 2 (616)° + 0p2 4361 6(D,0) D"+ G 261 6P Fi

Lo A =cd) 2 g P FOF 7 Foo + 0(2)—(FWF“”)(F F7)
+c¢s%(¢> ¢)* +cD2¢sZ(¢*¢) (Du)'D"6
+ 05 1 (Dud)2(DL0)? + 6,61 6(D D) (DD )
+ cm¢4i<¢*¢>2F S

+ Ol g2 7 (D) (D)7, + 6 o 7 (D) (D) Fu PP

» Tree level positivity bounds:

Chla +26500 >0, e <0, ¢ >0, o) +2¢7 >0.
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oy — ¢y

Jiayin Gu
P

» Consider v in the helicity basis, now ¢ is a complex scalar. However, the
charge conjugation symmetry in (scalar) QED ensures the amplitude still
has a s <+ usymmetry.

» Repeating what we did in the scalar case, we find

et 1 L1

T8n2 2 A5 D292

L (e (1 Lo (—t)+1|02<—t> 1()
- o S -t = o1t
A4 19272 P2p2g2 2 ¢ 09 u? 2% u? 22

—t
+ &% (e + 2050 4 + 965, o + 90 +1267)) (f log <F) + 2)

(1) 3
(3e cF2D2¢2 +cFQ¢2) (—5 _2|OQ<H >+4>]

2 (1)

! 2 <2>
— = |7é%¢ 14e
t is2m2ad [ piga t

- 36670} + 200 5 + 6%, 252 — 4Se2cg)D2¢2:| .

» No t-channel simple pole in this case.

» IR divergence may exist for fixed order amplitudes (but here we only
need to worry about the leading order contribution of cg)D%Q)

» log fcan be regulated by giving ¢ a small mass m.
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» We can subtract the SM contribution by requiring at least one final state
heavy particle in oot (¢y).

Y =% — Sgy > 0.

» Only c&)& and ¢

iyt Can be generated at the tree level (under our
assumptions).

» Up to one loop in the UV, we have (omitting O(m?) corrections)

o2
A4 19272

L1 1 19¢?
A 8°P0202 T AT 15002

Ko 4

(generated at one loop)

=

(e, +262,,) -

m2
CD4¢4 ( ) el + 20(024)¢4) log ﬁ
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» Up to one loop in the UV, we have

11 (1 1 19¢? ey e? (Y

PO (2)
o D“¢4+20 ¢4) A4 19272 ¢

n
A1 30202 T KA 115202 Digs +20piga) 109 2

» Here ¥’ has no s, dependence (because only t enters these loops) ...

» The leading order g function for cg)D%g is (which can also be obtained
by requiring ;%" = 0)

( g)D2¢2) =

(1) 2)
12#2 (cD4¢4 +20D4¢4) .

> cfﬂ)DQ 2 does not necessarily obey the tree-level bound (cf:é)D2 62 < 0).
> Taking the limit m — 0, ¥’ is dominated by the log term, which seems to
imply a bound on $ (which drives (:I(EQ)D%2 in the same direction as the
tree-level bound in IR).

> |s this always the case if we have symmetric diagrams?
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UV models

» A heavy scalar ¢ with charge 2
L—— iF“”FW + (D) (Dud) + (0"®)T (D, @) — MPoTa
- M6 = (@ 0)? — xBT@6T6 — (CgMT 6o+ ho).

Tree level matching: ¢ =407, C,(324)¢4 =0.

» One loop matching (and running):

o 125, I
g = 15,239 © (9+4'°9 (W ’

Tree-level positivity bound “violated” for p = 0.3M. W%f’
(1) |

Note: \; does not contribute to ¢, D22’ (Otherwise we can get a
violation of positivity bound.)

¥ is given by (with g, e defined at the matching scale M)

2 ~2 2
s — 572% (11—12Iog (mm)) >0.
s

v

v

v

v
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VY =Y

» Orthogonal linear polarization (v, yx — Yy7x)

(1)
1 [ Cm 1 1 S0 —t
s o= | e2cl) ( + 2o ( >+2Io ( )—s)
A4{ 4 38an2° CP2D292 9 u? 9 n2

T 2
57672 CF2D292

» Same linear polarization (y,yy — vyy)

3 S
DL — SR rCH (77 — 2] (—) 4)
[ (Cpy + 204y )+642F2¢2 5 00 2 +
1 3 S —t
B By (-5 200 (53) ~200 () +3)
384‘rr2e F2D2 2 ( 2 9 n2 9 u2 *

(2E>cl|__2 2 42 + 72011:2024>2 ):|

" 576m2

» |f all operators above are generated at one-loop level, the contributions

from ¢, ci2 and ¢, are two-loop effects from the UV model.
> If cgl)& or 02724)& are generated at tree level, their contribution to the
above equations are also at the two-loop level from the UV model.
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Conclusion

» The interpretation of positivity bounds are more subtle at the loop level.

» Something is positive, but that something can have several
contributions!
> |t is important to include all contributions to each fixed loop order in the UV
model.
> Dim-4 and dim-6 contributions can be important.
» Contributions that correspond to the interference term of the cross section
are not necessarily positive!

» In scalar theories, we’ve found examples where the 1-loop generated
dim-8 coefficient and the corresponding /3 function are not subject to the
tree-level positivity bounds.

» For ¢y — ¢y and vy — ~+ scatterings in scalar QED (EFT), the
one-loop diagrams are “symmetrical” and the g-functions always tend to
make the coefficient more “positive” at IR.

» Accidental? (Does it hold beyond 1-loop level?)

» Other more practical one loop cases?
> 2f = 2f, fy — fy, .7
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