
1

Holographic Schwinger-Keldysh effective field 
theories including a non-hydrodynamic mode

2025.04.28

吴昕蒙 (Xin-Meng Wu ) 
@杭州

Based on 2411.16306 
Collaborated with: Yan Liu and Ya-Wen Sun



2

Outline

Hydrodynamics Schwinger-Keldysh for hydro

Quasi-HydroSchwinger-Keldysh for quasi-hydro

Summary
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Hydrodynamics: basic ideas

• long time, long distance

• excitations relax quickly 

• local equilibrium
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Hydrodynamics: basic ideas

• long time, long distance

• excitations relax quickly

• local equilibrium

• hydrodynamic variables

• conserved equations

• constitutive equations(dissipation)
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Hydro and holography

• minimal viscosity: 
QGP

QGP dissipates like a hdyro, whlie not a kinetic system 

Davison, Schalm, Zaanen 1311.2451
Policastro, Son, Starinets, hep-th/0104066
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Hydro and holography

• minimal viscosity: 
QGP

• linear T resistivity

ρFL = a ⋅ T2 + b ⋅ T3 + . . .

ρSM = a ⋅ T

QGP dissipates like a hdyro, whlie not a kinetic system 

Strange metal phase <=> quantum critical region
Particle picture not works

rapid hydrodynamization + minimal viscosity
Davison, Schalm, Zaanen 1311.2451

Policastro, Son, Starinets, hep-th/0104066
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Hydro and holography

Quantum criticality and the minimal viscosity 

Deriving the Navier–Stokes fluid from the bulk 
dynamical gravity (fluid/gravity) 

Hydrodynamics and quantum anomalies
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Hydro and holography

Quantum criticality and the minimal viscosity 

Deriving the Navier–Stokes fluid from the bulk 
dynamical gravity (fluid/gravity) 

Hydrodynamics and quantum anomalies

Many many others…

On exotic phases, e.g., charge density wave phases
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Hydrodynamics: EOM is not enough

Reasons
D. Nickel, D. T. Son, J. de Boer, M. P. Heller, N. Pinzani-Fokeeva…….
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Hydrodynamics: EOM is not enough

Hydrodynamics is based on conserved equations + constitutive equations, it cannot capture 
effects of fluctuations, which is important in 

equilibrium time correlation functions(e.g. in liquid diffusion becomes long-time tail); 
dynamical critical phenomena; 
quantum phase transitions

Reasons
D. Nickel, D. T. Son, J. de Boer, M. P. Heller, N. Pinzani-Fokeeva…….
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Hydrodynamics: EOM is not enough

Hydrodynamics is based on conserved equations + constitutive equations, it cannot capture 
effects of fluctuations, which is important in 

equilibrium time correlation functions(e.g. in liquid diffusion becomes long-time tail); 
dynamical critical phenomena; 
quantum phase transitions

Reasons

Currents (constitutive equations) are formulated phenomenologically, not from the generating 
functions. 

D. Nickel, D. T. Son, J. de Boer, M. P. Heller, N. Pinzani-Fokeeva…….
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Hydrodynamics: Effective action

Use Schwinger-Keldysh formalism to define generating 
function around the equilibrium.

Integrate out the high-energy variables, and only focus on 
low-energy variables, i.e. gapless mode in hydrodynamics. 

Impose constraints in the effective action, such as symmetry, 
KMS, unitary and locality conditions. 

U(1) diffusion as example

For conserved current
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Hydrodynamics: Effective action

Use Schwinger-Keldysh formalism to define generating 
function around the equilibrium.

Integrate out the high-frequency variables, and only focus on 
low-energy variables, i.e. gapless mode in hydrodynamics. 

Impose constraints in the effective action, such as symmetry, 
KMS, unitary and locality conditions. 

U(1) diffusion as example

For conserved current
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Hydrodynamics: Effective action

Use Schwinger-Keldysh formalism to define generating 
function around the equilibrium.

Integrate out the high-frequency variables, and only focus on 
low-energy variables, i.e. gapless mode in hydrodynamics. 

Impose constraints in the effective action, such as symmetry, 
KMS, unitary and locality conditions. 

U(1) diffusion as example

For conserved current



15

Hydro EFT from holography

U(1) diffusion

Basic idea:  
1. Complexify the radial coordinate in the bulk; 
2. Compute the on-shell action along the closed loop.



16

Hydro EFT from holography

U(1) diffusion

It has been used in many physics, (pseudo-)Goldstone(e.g 2304.14173), chiral anomalous 
MHD(2412.02361), and generalized to open systems with non-Gaussian interactions(e.g. 
2004.02888…)

Basic idea:  
1. Complexify the radial coordinate in the bulk; 
2. Compute the on-shell action along the closed loop.
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Quasi-hydro: beyond hydrodynamics

Quasi-hydrodynamics picture

Grozdanov, Lucas, Poovuttikul, 1810.10016

Examples:

MHD(charge relaxation)
Charge density wave(weak momentum relaxation)
Elasticity(higher form current)
Negative magneto-resistivity(Axial U(1))
……..

Symmetries are weakly broken
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Our question: EFT of quasi-hydro?

Properties we expect
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Our question: EFT of quasi-hydro?

Properties we expect

SK action: Unitary + Local + KMS
The action generates the correct conserved equation + constitutive equation
Include two modes, one is the gapless and another is gapped, from retarded 
Green’s function

Difficulty
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Our question: EFT of quasi-hydro?

Properties we expect

SK action: Unitary + Local + KMS
The action generates the correct conserved equation + constitutive equation
Include two modes, one is the gapless and another is gapped, from the retarded 
Green’s function

Difficulty

How to introduce a gapped mode, if we do not include more matter field?
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U(1) diffusion in conformal to AdS2

Our Model
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U(1) diffusion in conformal to AdS2

Our Model

AdS4conformal to      AdS2

ds2 → λ−1ds2
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U(1) diffusion in conformal to AdS2

Our Model

AdS4conformal to      AdS2

ds2 → λ−1ds2

This is a famous model to study holographic strange metal, together with the linear-T resistivity, 
see for example,  1311.2451, 2211.05492
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U(1) diffusion in conformal to AdS2

Dispersion of gapless and gapped modes

Diffusion-sound crossover

ω ≪ T ≪ m
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U(1) diffusion in conformal to AdS2

Dispersion of gapless and gapped modes

The charge diffusive mode is natural, because it comes from the 
conservation law of the U(1) charge.  
However, the gapped mode means it is a relaxed mode, relaxation of what?

Diffusion-sound crossover

ω ≪ T ≪ m
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Maxwell-Cattaneo model

Thermodynamics

Constitutive equations
0th order 1st order

Conserved equations

Dispersion

U(1) diffusion with a relaxed spatial current

Akash Jain and Pavel Kovtun 2309.00511

vi

relax with time
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MC model from holography: idea
To obtain the SK action, we compute the on-shell action along the contour in the 
complex radial coordinate. 
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MC model from holography: idea
To obtain the SK action, we compute the on-shell action along the contour in the 
complex radial coordinate. 

Diffusive d.o.f

Spatial vector d.o.f
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Our result

The effective action
(up to 1st order derivative in time)
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Our result

The effective action
(up to 1st order derivative in time)

Recover Maxwell-Cattaneo
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Our result

The effective action
(up to 1st order derivative in time)

Recover Maxwell-Cattaneo

KMS

Green’s functions



32

Summary

We construct SK EFT for a quasi-hydrodynamics, which recovers MC model
In parallel, we construct SK EFT for a semi-holographic system(I didn’t show). 

We go further from the holographic SK method, by introducing an IR cutoff in 
the contour and assign a IR vector field there. 

We expect this approach is universal to construct SK EFT beyond hydro limit. 
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Thank you！
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Semi-holographic case

Gapless mode + gapped mode from IR CFT ×ω ∼ T ≪ m
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Semi-holographic case

Gapless mode + gapped mode from IR CFT

Energy diffusion Quantum Critical 
Points, 2011.12301; 

Crystal diffusion, 2102.05810…

×ω ∼ T ≪ m
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Semi-holographic case

Gapless mode + gapped mode from IR CFT

Energy diffusion Quantum Critical 
Points, 2011.12301; 

Crystal diffusion, 2102.05810…

0907.2694, 1009.3094, 1001.5049

×ω ∼ T ≪ m
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Semi-holographic case: method

Action, dispersion, KMS

𝒢IR
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Semi-holographic case: Result

Green’s functions 
& dispersions

KMS


