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Uniqueness

• How do we check an amplitude is correct?


• What is the minimal amount of information that fixes amplitudes?


• Traditionally, use locality, unitarity, gauge invariance, soft theorems, recursion, etc.


• In fact, these physical principles form an overdetermined system


• Not all principles are independent!



Uniqueness

Gauge 
invariance Adler zero soft 

operator
UV/BCFW 

scaling
BCJ 

relations
hidden 
zeros

YM x x x

GR x x x

Phi^3 x x x x

NLSM x x x x

DBI x x x

sGal x x x
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In all cases, unitarity is an emergent property!



Hidden zero at tree level

• Kinematic data: planar variables , , form a basis


• Useful to define non-planar vars 


•  are chords on the kinematic disk


• Feynman diagrams in Tr  are triangulations


• Data can be organized in a kinematic mesh


• Hidden zeros:   in maximal rectangles 

Xij = (ki + ki+1 + … + kj−1)2 Xi,i = Xi,i+1 = 0

cij = − ki ⋅ kj = Xij + Xi+1,j+1 − Xi,j+1 − Xi+1,j

Xij

ϕ3

cij = 0

Arkani-Hamed, Cao, Dong, Figueiredo, He 2023 



•   (when )


• Local ansatz   


• Zero fixes 

A4 =
1

p1 ⋅ p2
+

1
p1 ⋅ p4

=
1

p1 ⋅ p2
−

1
p1 ⋅ p2 + p1 ⋅ p3

→ 0 p1 ⋅ p3 = 0

B4 =
a1

p1 ⋅ p2
+

a2

p1 ⋅ p4

a1 = a2

Uniqueness from hidden zeros 

• Conjecture: hidden zeros uniquely fix Tr , NLSM amplitudesϕ3



Hidden Zero=secret BCFW scaling

• BCFW shift: 


• Fact: A linear combination of  vanishes under zeros iff it scales as  under the 
corresponding shift (eg.: a 5pt zero  )


• Implies: a homogenous function  has a zero iff it has enhanced scaling of 


• A non-homogenous function (eg. any amplitude) can be decomposed 



•  has a zero iff each function  has scaling 

̂ki → ki + zq, ̂kj → kj − zq

Xij z0

c13 = c14 = 0 ↔ ( ̂p2, ̂p5)

Bk zk−1

B = Bk + Bk−1 + Bk−2 + …

B Bi zi−1

LR,  Phys.Rev.Lett. 2024 



Uniqueness from locality

• Organize diagrams by number of “z-dependent”  
propagators. Say we impose a a zero  

, corresponding to 


• These diagrams independently satisfy  
the zero condition


• These can be further decomposed: each subset satisfies both enhanced scaling, and the zero 
condition


• Next, all elements of the subset have equal weight


• Amplitude uniqueness follows by imposing different zeros

c13 = c14 = c15 = 0 ̂p2, ̂p6



Loop level

• A major roadblock has been extending uniqueness results beyond tree level


• If locality/unitarity are emergent, this should also happen at loop level!


• Highly non-trivial, and until recently ill defined: there is no unique loop integrand


• These problems are elegantly solved by “surface kinematics”


• This gives canonical integrands, with well defined single loop cuts!

	 Arkani-Hamed, Frost, Salvatori, Plamondon Thomas, 2023



Loop disk and mesh

• Add a puncture to the disk


• Allow and   
which keeps external bubbles and tadpoles


• New kinematic mesh 


• Loop zeros:  inside “big mountains”

Xij ≠ Xji, Xii, Xi,i+1 ≠ 0

cij = 0

Backus, LR, arxiv: 2503.03805



Loop uniqueness: key steps 

• When assuming locality, a single loop cut ( ) gives a ( )-point tree amplitude


• Loop zeros act as tree zeros on such residues


• All residues are uniquely fixed (via the tree level result), and the loop integrand is fixed

Yi = 0 n + 2



The single loop cut

• A single loop cut ( ) gives a ( )-point tree amplitude
Yi = 0 n + 2



Loop zeros as tree zeros

• A loop zero on the support of a cut acts on the residue as a tree zero!


• The overlap between the region defined by the cut and the mountain zero gives precisely the 
different shapes of tree zeros



New factorization at 1 loop

• New Factorization behavior at 1 loop

• Conjecture: NLSM is uniquely fixed by this property (w/o assuming either locality or unitarity)



Summary and outlook

• Hidden zeros = secret BCFW scaling


• Proof that Locality+Zeros => Uniqueness (hence Unitarity) at tree and 1-loop


• Conjecture the same holds without assuming locality


• Conjecture that NLSM is uniquely fixed by a new factorization property


• Physical origin of zeros/factorization(/BCFW scaling)? 


• Extension to other theories?


• Color kinematic duality in surface kinematics?


