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Motivation

• In the two-body problem, extracting observables from a radial action

• Generalizing to scattering conservative spinning two bodies [Gonzo, CS, PRL 2024 ]

• Understanding from quantum scattering amplitudes? Radiative effect? 



Exponential representation of S-matrix

• Starting from the exponential representation of S-matrix [Damgaard, et al, JHEP 2021]

• Consider a 2 → 2 scalar scattering, the N-matrix elements

compared to amplitudes



Exponential representation of S-matrix

• The N operator can be expanded 
[Damgaard, et al, 2021]

• Fourier transform to impact parameter 



Coherent state expansion of classical S-matrix

• In the heavy mass limit, the super-classical terms(1/ℎ�) exponentiates!

• As a coherent state expansion



Observables from classical S-matrix

• Observables in terms of semi-classical S-matrix

• The commutators are taken care of as

• e.g.:



Novel formula for conservative scattering observables

Naively, the commutator is replaced with Poisson brackets

However, Lorentz covariances introduces unphysical degree of freedom. To account for 
that, we choose to impose the constraints

These are second class constraints

[see Fei Teng’s talk]



Dirac brackets

The Dirac brackets subject to constraints �� 



Classical observables with radiative effects

• Master formula for classical observables 
up to 5PM

• Explitic results: 
• conservative + probe limit: 

[Gonzo, CS, PRL 2024]

• spin kick + angular 
momentum in all order in 
spin @ 2PM: 

conservative

LO radiative

NLO 
radiative

[for higher spin, see Alexander Ochirov’s talk]



Waveform

• The waveform up to 4PM • Checks: 
• radiative momentum: 

• radiative angular momentum: 

LO: 5-pt amplitude



Conclusion & Outlook

• Conclusion:
• coherent state expansion of the N operator
• radiative observables in Dirac brackets

• Outlook
• Direct computation of N-matrix element, free of 

superclassical term?
• Strict proof for the master formula, including 

spinning degree of freedom. 
• resummed form of the master formula




