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Introduction
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From BESIII to STCF



BESIII as vector-charmonium factory

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋"

𝑒!𝑒" → 𝜋!𝐷#𝐷∗"

à

ß Y(4220)

ß Y(4320)

Y(4220) à

Y(4390) à
Y(4220) à

Y(4390) 
↓

𝜓(4040)

𝑒!𝑒" → 𝐽/𝜓	𝜂
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PRL 118, 092001 (2017)

PRL 122, 102002 (2019)
PRD 102, 031101 (2020)

High-precision study of exotic Y states 

Advantage of direct production

compared to ISR method



Our combined analysis of BESIII and Belle data for various 𝑒!𝑒" → 𝑐 ̅𝑐 processes  over 3.75 ≤ 𝑠 	≤ 4.7 GeV 

𝑒!𝑒" → 𝐷(∗),𝐷(∗), 𝐷&
(∗),𝐷&

(∗), 𝐽/𝜓	𝜂('), 𝜒()𝜔, Λ(,Λ(     (10  two-body final states)

             𝑒!𝑒" → 𝜋𝐷(∗),𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ(𝜋𝜋, 𝐽/𝜓𝐾,𝐾    ( 7   three-body final states)

             𝑒!𝑒" → 𝜂(𝜌𝜋 (𝜌 → 𝜋𝜋)                                                  ( 1   four-body final states)

à Coupled-channel analysis for determining vector charmonium poles
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• Approximate three-body unitarity model

• Fit both cross secNons and invariant mass distribuNons

• Extract  vector charmonium and Zc  poles

• Compositeness  à  idenNfy hadron-molecule-dominated states

BESIII accumulated high-precision cross-section data for various final states



• Wider 𝑠  coverage     à    discovery potential of heavier (vector) charmonium states

• Higher ℒ       --  more precise data   

                                  à more precise determinations of charmonium poles and residues (statistical improvement)

                               --  more detailed data (Dalitz plots and angle distribution at each 𝑠, etc. ) 

                                  à less model-dependent charmonium poles and residues (systematics improvement) 

                                  à more detailed charmonium properties: branching ratios, compositeness

STCF will significantly advance coupled-channel analysis
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BESIII              à                  STCF

𝑠  (charmonium region) 3—5 GeV 3—7 GeV

ℒ (Luminosity) ~50	× ℒ (BESIII) 



This talk
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• (short) review of our coupled-channel analysis of BESIII 𝑒*𝑒+ → 𝑐 ̅𝑐 data

      -- Theoretical framework

      -- Result on fit

      -- Result on vector charmonium poles, compositeness

• Along with the analysis result, expected improvements with STCF data will be discussed



MODEL
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Full amplitude for 𝑒*𝑒+ →	three-body final states

𝛾∗

𝑒!

𝑒"

𝜋𝐷(∗),𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ'𝜋𝜋, 𝜂'𝜌𝜋, 𝐽/𝜓𝐾,𝐾

Non-resonant mechanisms are also included (no y excitations)

𝛾∗

𝑒!

𝑒"

Dressed vertices (propagator) : bare vertices (propagator) dressed by hadron scattering

𝜓 production,   propagation,    decay   

Unitarity requirement
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(quasi) two-body channels included;  𝐽() = 1"" 2
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

Coupled-channels

𝜓 , 𝐷&*(2536),𝐷&
𝜔𝜒'#

𝐷*(2430),𝐷(∗),

,  𝐷&
(∗),𝐷&

(∗), Λ(,Λ(, 𝐷)∗ 2300 ,𝐷∗, 𝑓)	𝐽/𝜓, 	𝑍(𝜋,	 … etc.

These channels couple with each other through:

• Charmonium excitations

• (potentially on-shell) particle-exchange mechanisms

• Short-range mechanisms

a

b

c

𝜓



Three-body decays of  𝝍

𝜓
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= +

dressed decay vertex bare vertex rescattering terms (final-state interactions)

= 𝑉 + 𝑉 𝑉 + 𝑉 𝑉 𝑉 + …

𝑉 =

+

(on-shell) particle-exchange mechanisms à three-body unitarity

Short-range mechanisms among open-charm channels (E-independent)

(until infinite loops)

∝
1

𝐸 − 𝐸! − 𝐸" − 𝐸#
a

b

c

𝐷*,𝐷 and 𝐷*,𝐷∗ molecule states included
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Charmonium poles from non-perturbaNve couplings between bare ψ and 𝐷*,𝐷 , 𝑓) 𝐽/𝜓	,		…

=
bare 𝜓*

+

&𝐷

𝐷$
𝐷∗

𝜋𝜓*

+

𝜋

𝜋

𝐽/𝜓

𝑓#𝑓#
+ + Infinite loops

Unitary coupled-channel model : resonance pole (mass, width) and decay dynamics are explicitly related.

                                                            (unitarity requirement)

Breit-Wigner model :  decay dynamics are simulated by BW mass and width parameters

𝝍 propagator

𝜓+

𝐷$

𝜓* 𝜓+ 𝜓,

(𝐷∗𝜋-loop is replaced by 𝐷- BW)

+

&𝐷

𝐷$
𝐷∗

𝜋𝜓* 𝜓+
&𝐷&∗

(we do not use BW)

dressed 𝜓

poles



Selected fit results
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] for J/ ⇡+⇡� (black) and [15] for
J/ ⇡0⇡0 (purple, doubled) in (m); [18] for J/ K+K� (black) and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20]

in (p). The experimental uncertainties include statistical and systematic ones.

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) data require threshold enhance-

ments. Thus we consider moderately attractive D(⇤)
(s)D̄

(⇤)
(s)

contact interactions for additional elastic final state inter-
actions; D⇤D̄ ! DD̄ term is included perturbatively to
gain the D⇤D̄ threshold enhancement for the DD̄ data.
This enhances the blue dashed curves to red solid ones
for e+e� ! D(⇤)

(s)D̄
(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and Rc
channels (Table I), we have 177 fitting parameters in to-
tal from: m i ; real coupling constants in �µ

cR, i
, �µ

cR,�⇤ ,

� i,�⇤ , Zc amplitude, and D(⇤)
(s)D̄

(⇤)
(s) contact interactions;

 (4660) BW mass, width, and complex decay couplings
to f0 0. Cuto↵s of dipole form factors in �µ

cR, i
and

�µ
cR,�⇤ are mostly fixed to 1 GeV. However, cuto↵s in

�µ
cR,�⇤ with Rc = D(⇤)

(s)D̄
(⇤)
(s) are adjusted to control the

energy dependences of the NR contributions in Figs. 2(a-
f).

Remarks are in order. As a consequence of the
coupled-channel fit, our model creates common struc-
tures in di↵erent processes, even if not necessarily re-
quired by the data. For example,  (4040) peaks ap-
pear in D⇤D̄ [Fig. 2(b)] and DsD̄s [Fig. 2(d)] to fit the
data, and they also appear in others [Fig. 2(j,m,o,p)] for
which data at the peak are lacking. In Figs. 2(m,o,p),
the single-triangle contributions show enhancements atp
s ⇠ 4.28 GeV due to the D1(2420)D̄ threshold cusp

enhanced by a TS. This TS-induced enhancement in
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𝑒*𝑒+ → 𝐽/𝜓	𝜋*𝜋+, 𝐽/𝜓	𝜋7𝜋7

BESIII 𝐽/𝜓	𝜋!𝜋" 

• Peaking structure at 𝑠 ~ 4 GeV is from y(4040) 

      à consequence of the combined fit

Our fit

BESIII 𝐽/𝜓	𝜋#𝜋#×2

Data: BESIII, 
PRD 106, 072001 (2022) 
PRD 102, 012009 (2020) 

Can be confirmed by STCF

Dip due to X(3872) ?  Baru et al. PRD (2024)
à The dip can be confirmed by STCF



STCF : extensive study on 𝑠-dependence of the lineshape

à Disentangle TS and 𝐷∗,𝐷 cusp effects

à More constraints on Zc pole location, 𝜓 4230 → 𝐷*,𝐷 coupling,

     𝐷*,𝐷 molecule contents in 𝜓 4230 14

𝑒*𝑒+ → 𝐽/𝜓	𝜋*𝜋+
Zc(3900)Zc(3900)

1-loop causes 𝐷∗,𝐷 thres. cusp enhanced by Zc pole

,𝐷

𝐷-
𝐷∗

𝜋

𝜋

𝐽/𝜓

𝜓

Zc amplitude
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direct decay

Data: BESIII, PRL 119, 072001 (2017)
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triangle singularity (TS) occurs at 𝑠	~	4.28 GeV (Γ+' = 30 MeV)
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] for J/ ⇡+⇡� (black) and [15] for
J/ ⇡0⇡0 (purple, doubled) in (m); [18] for J/ K+K� (black) and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20]

in (p). The experimental uncertainties include statistical and systematic ones.

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) data require threshold enhance-

ments. Thus we consider moderately attractive D(⇤)
(s)D̄

(⇤)
(s)

contact interactions for additional elastic final state inter-
actions; D⇤D̄ ! DD̄ term is included perturbatively to
gain the D⇤D̄ threshold enhancement for the DD̄ data.
This enhances the blue dashed curves to red solid ones
for e+e� ! D(⇤)

(s)D̄
(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and Rc
channels (Table I), we have 177 fitting parameters in to-
tal from: m i ; real coupling constants in �µ

cR, i
, �µ

cR,�⇤ ,

� i,�⇤ , Zc amplitude, and D(⇤)
(s)D̄

(⇤)
(s) contact interactions;

 (4660) BW mass, width, and complex decay couplings
to f0 0. Cuto↵s of dipole form factors in �µ

cR, i
and

�µ
cR,�⇤ are mostly fixed to 1 GeV. However, cuto↵s in

�µ
cR,�⇤ with Rc = D(⇤)

(s)D̄
(⇤)
(s) are adjusted to control the

energy dependences of the NR contributions in Figs. 2(a-
f).

Remarks are in order. As a consequence of the
coupled-channel fit, our model creates common struc-
tures in di↵erent processes, even if not necessarily re-
quired by the data. For example,  (4040) peaks ap-
pear in D⇤D̄ [Fig. 2(b)] and DsD̄s [Fig. 2(d)] to fit the
data, and they also appear in others [Fig. 2(j,m,o,p)] for
which data at the peak are lacking. In Figs. 2(m,o,p),
the single-triangle contributions show enhancements atp
s ⇠ 4.28 GeV due to the D1(2420)D̄ threshold cusp

enhanced by a TS. This TS-induced enhancement in
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FIG. 3. (a) Continued from Fig. 2; ⇢ ! ⇡⇡ is considered.
(b),(d)-(j) Selected invariant mass distributions (unit: events
per bin) in e+e� annihilations; the final state and

p
s are

indicated in each panel. (c) Angle between ⇡ and the beam
direction in the total CM frame (unit: fractional yield). The
data, from which backgrounds have been subtracted, are from
[40] in (a) and (j); [41] in (b) and (c); [35] in (d); [52] in (e);
[42] in (f) and (g); [25] in (h); [43] in (i). See Fig. 2 for other
features.

e+e� ! J/ ⇡⇡ was attributed to Y (4320) in the experi-
mental analyses [16, 24]. The J/ K+K� data [Fig. 2(n)]
show an enhancement suggesting Y (4500) [18]. However,
our model does not fit it since the data are rather fluctu-
ating in this region, and the J/ KSKS data does not in-

dicate the same enhancement. For ⇡D⇤D̄⇤ [Fig. 2(i)], the
higher energy region is not well fitted, even if a  (4660)
BW contribution is included. Describing  (4660) in the
coupled-channel framework might be important for a rea-
sonable fit. The ⇡+ recoil mass distribution [Fig. 3(d)]
is not well fitted. However, the data extend only up to
4.09 GeV while the actual kinematical end is ⇠ 4.12 GeV.
This implies a significant e�ciency correction to this line-
shape.
We analytically continue the coupled-channel ampli-

tude [59] fitted to the dataset, and find vector char-
monium poles E that satisfy det[Ḡ�1(E )] = 0; see
Eq. (5). Pole uncertainty estimates are generally di�-
cult in global coupled-channel analyses, and simplified
methods have been used [60, 61]. Here we estimate the
uncertainties by introducing complex parameters �m i

as m i ! m i + �m i in Eq. (5), and varying �m i and
 (4660) BW parameters around the default fit; see the
Supplemental Material.
Seven states in Table II are found for five bare states.

The bare states coupled with hadronic continuums (Ta-
ble I) can generate resonances more than themselves.
A similar finding is in nucleon resonances [62]. There
exist two poles on the same Riemann sheet (RS) at
M ⇠ 4.23 GeV with di↵erent widths; the situation is sim-
ilar at M ⇠ 4.38 GeV. This observation hints a solution
to the Y -width problem. If the two poles have di↵er-
ent process-dependences in branching fractions, bumps
at

p
s ⇠ 4.23 and 4.38 GeV would have di↵erent widths

for di↵erent processes. We will address this [45].
Compared with PDG [4],  (4040) width is significantly

narrower, and the well-established  (4160) does not ex-
ist. This (also Ref. [32]) might suggest assigning  (4230)
to the  (2D) quark-model state. Since the  (4040),
 (4160), and  (4415) properties in PDG are mainly from
a simple BW fit to the R value [44], artifacts might hap-
pen to cause the above di↵erences.
Finally, Table III presents the Zc poles. The uncer-

tainties are estimated by varying couplings in �⇤ !  i,
 i(�⇤) ! D1(2420)D̄(⇤), and the Zc amplitude. One pole
(the other) is found at ⇠ 40 MeV below the D⇤D̄ (D⇤D̄⇤)
threshold, on the unphysical sheets of this channels 3.
They are D⇤D̄ and D⇤D̄⇤ virtual states, respectively.
Our result is di↵erent from experimental [41, 42, 63] and
most phenomenological analyses [64–68] that found poles
near the PDG values. We make two points to support
our result. First, our model has been more extensively
tested by the data. While most analysis models fit the
M⇡J/ andMD⇤D̄ lineshape data where the Zc(3900) sig-
nals are clearest, only our model also fits the cross section
data that can test Zc production mechanisms and Zc-
pole residues. The ratio �(e+e� ! J/ ⇡⇡)/�(e+e� !

3
Section 50 in Ref. [4] defines (un)physical sheet.

1-triangle
direct decay

NR

Data: BESIII, 
PRL 120, 132001 (2018)
PRL 131, 191901 (2023)
PRL 130, 121901 (2023)
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into open-charm final states (indicated in each panel; charge-conjugates
included) as functions of the total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for

guiding eyes. Various contributions are shown such as direct decays of Fig. 4(a1) (blue dashed), single-triangle rescattering
of Fig. 4(a2) (magenta dotted), partially dressed decays of Fig. 4(b1) (cyan short-dashed), partially dressed single-triangle
rescattering of Fig. 4(b2) (brown dash-two-dotted), and nonresonant mechanisms (green dash-dotted). The BESIII (Belle ISR)
data are shown by the black circles (purple bars) with error bars, and they are from Ref. [38, 71] in the panel (a); [39] (black)
and [72] (purple) in (b) and (c); [40] in (d); [73] in (e); [41] in (f); [74] in (g); [23] in (h); [35] in (i). The experimental
uncertainties include statistical and systematic ones. In the panels (e) and (g), the calculated cross sections have been averaged
within each bin to compare with the ISR data.

of Eq. (10) using Eqs. (12) and (13) as

X

c0R0R00l0s0

Z
q2dqZ c̄

(Rc)ls,(R00c0)l0s0
(pc, q;E)

⇥ ⌧R00,R0(q, E � Ec0)F(R0c0)l0s0 , i
(q). (28)

The “partially dressed (PD)” decay mechanisms
[Fig. 4(b1); cyan short-dashed] are obtained from the
dressed vertex of Eq. (10) by removing all terms that
end with particle-exchange mechanisms (Z-diagrams);
see Fig. 4(c1,c2). This subset of the mechanisms encom-
passes all rescattering terms that involve the short-range
potentials vs in Eq. (13). Finally, the PD single-triangle
rescattering mechanisms [Fig. 4(b2); brown dash-two-
dotted] is obtained from Eq. (28) by replacing the bare
form factor F with the above-defined PD decay ampli-

tude.

Let us explain why some theoretical curves appear to
be missing in Figs. 2 and 3. In Figs. 2(d-f) and 3(a-c,i),
(PD) single-triangle rescattering contributions do not ex-
ist, and the PD decay contributions are the same as the
full calculations This is because the final two-body chan-
nels for the processes belong to Table I(B) that do not di-
rectly couple with the Z diagrams. Furthermore, J/ ⌘(0)

and !�c0 channels do not directly couple with the short-
range potentials vs either and, in this case, the direct-
decay contributions are the same as the full calculations.
In Figs. 2(g) and 3(d-g), the direct-decay and the PD de-
cay contributions are the same. This is because the final
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FIG. 6. (a) cos ✓⇡ distribution (fractional yield) where ✓⇡ is the ⇡ angle from the beam direction in the CM frame; (b) ⇡�

recoil mass spectrum (events per bin); (c) D⇡ invariant mass distribution (events per bin). The final state and
p
s are indicated

in each panel. The data, from which backgrounds have been subtracted, are from [30] in (a); [31] in (b); [74] in (c).

• For understanding lineshapes of the three-body
open-charm final states, shown in Figs. 2(g-i), it is
essential to consider the openings of the final quasi-
two-body channels at their quasi-thresholds 4. The
threshold e↵ects can significantly alter lineshapes
caused by vector charmonium resonances. This
can be seen in Fig. 10 where the final D1D̄(⇤)

and D2D̄(⇤) contributions to e+e� ! ⇡D⇤D̄ and
⇡D⇤D̄⇤ rapidly grow around their quasi-thresholds
but are strongly suppressed below them. For
e+e� ! ⇡DD̄ in Fig. 2(g), the final d-wave D2D̄
contribution is the full calculation. In Ref. [36],
the cross-section data are fitted with the squared
charmonium (BW) propagators multiplied by the
three-body phase space, missing threshold e↵ects.
This prescription cannot be justified since the line-
shapes of Figs. 5(c,f) are very di↵erent from the
phase-space shape.

• Various final quasi-two-body contributions are
shown in Fig. 10. Their sums are constrained by the
cross-section data and, in the  (4230) region, by
the invariant-mass distribution data of Figs. 5(c,f)
and 6(b). Thus, individual Rc contributions would
be uncertain. For better understanding of vector
charmonium properties, detailed experimental in-
formation such as invariant mass distributions or
Dalitz plots need to be analyzed when they become
available.

• To examine resonance contributions and under-
stand the process-dependent Y -lineshapes, we need
to construct resonance amplitudes with poles and

4
For a given quasi-two-body channel, its quasi-threshold is the

sum of the channel-particle nominal masses. Because of finite

widths of quasi-two-body channels, their exact thresholds do not

exist.

residues extracted from the coupled-channel ampli-
tudes. This study will be done in the future.

• The NR contributions (green dash-dotted curves)
to some processes exhibit resonant structures, e.g.,
near D1D̄ threshold (4289 MeV) in Figs. 2(h) and
3(d,f-h). The structures are mainly caused by
hadron-molecule poles generated by the interac-
tions of Eq. (13) without coupling to bare  states;
see Fig. 16. In a unitary model like what we use,
these molecule poles in the NR amplitude [second
term in the square bracket of Eq. (1)] are canceled
in the full amplitude of Eq. (1). This point is well
discussed in Ref. [76].

In the following, remarks are made about process-
specific reaction mechanisms.

1. e+e� ! ⇡D⇤D̄

Various final Rc states contribute to this process as
seen in Fig. 10(a). The final D1D̄ contribution is en-
hanced at ⇠ 4230 MeV even below its quasi-threshold,
and rapidly grow above its quasi-threshold. This indi-
cates thatD1D̄ is an important decay channel of  (4230).
In the  (4230) region, the contribution from the broad
D0

1
D̄ and D0D̄⇤ channels are comparable to the D1D̄

contribution, while the Zc⇡ contribution is rather small.
We note that the D0D̄⇤ and Zc⇡ contributions arise from
triangle mechanisms of Fig. 4(b2), which is a consequence
of the coupled-channel unitarity, and the model has no
bare  i ! D0D̄⇤, Zc⇡ couplings.
Compared to the reaction mechanisms in Fig. 15 of

Ref. [34], their “Tree-level” and “Triangle” contribu-
tions are similar to our counterparts (D1D̄ and Zc⇡) in
magnitude. They have large contributions from contact
 (4160, 4230) ! Zc⇡ mechanisms that they argued to
be from  (4160, 4230) ! D0

1
D̄ � loop ! Zc⇡. How-

ever, in our analysis, such mechanisms are included in

reflection
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into open-charm final states (indicated in each panel; charge-conjugates
included) as functions of the total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for

guiding eyes. Various contributions are shown such as direct decays of Fig. 4(a1) (blue dashed), single-triangle rescattering
of Fig. 4(a2) (magenta dotted), partially dressed decays of Fig. 4(b1) (cyan short-dashed), partially dressed single-triangle
rescattering of Fig. 4(b2) (brown dash-two-dotted), and nonresonant mechanisms (green dash-dotted). The BESIII (Belle ISR)
data are shown by the black circles (purple bars) with error bars, and they are from Ref. [38, 71] in the panel (a); [39] (black)
and [72] (purple) in (b) and (c); [40] in (d); [73] in (e); [41] in (f); [74] in (g); [23] in (h); [35] in (i). The experimental
uncertainties include statistical and systematic ones. In the panels (e) and (g), the calculated cross sections have been averaged
within each bin to compare with the ISR data.

of Eq. (10) using Eqs. (12) and (13) as

X

c0R0R00l0s0

Z
q2dqZ c̄

(Rc)ls,(R00c0)l0s0
(pc, q;E)

⇥ ⌧R00,R0(q, E � Ec0)F(R0c0)l0s0 , i
(q). (28)

The “partially dressed (PD)” decay mechanisms
[Fig. 4(b1); cyan short-dashed] are obtained from the
dressed vertex of Eq. (10) by removing all terms that
end with particle-exchange mechanisms (Z-diagrams);
see Fig. 4(c1,c2). This subset of the mechanisms encom-
passes all rescattering terms that involve the short-range
potentials vs in Eq. (13). Finally, the PD single-triangle
rescattering mechanisms [Fig. 4(b2); brown dash-two-
dotted] is obtained from Eq. (28) by replacing the bare
form factor F with the above-defined PD decay ampli-

tude.

Let us explain why some theoretical curves appear to
be missing in Figs. 2 and 3. In Figs. 2(d-f) and 3(a-c,i),
(PD) single-triangle rescattering contributions do not ex-
ist, and the PD decay contributions are the same as the
full calculations This is because the final two-body chan-
nels for the processes belong to Table I(B) that do not di-
rectly couple with the Z diagrams. Furthermore, J/ ⌘(0)

and !�c0 channels do not directly couple with the short-
range potentials vs either and, in this case, the direct-
decay contributions are the same as the full calculations.
In Figs. 2(g) and 3(d-g), the direct-decay and the PD de-
cay contributions are the same. This is because the final
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in each panel. The data, from which backgrounds have been subtracted, are from [30] in (a); [31] in (b); [74] in (c).

• For understanding lineshapes of the three-body
open-charm final states, shown in Figs. 2(g-i), it is
essential to consider the openings of the final quasi-
two-body channels at their quasi-thresholds 4. The
threshold e↵ects can significantly alter lineshapes
caused by vector charmonium resonances. This
can be seen in Fig. 10 where the final D1D̄(⇤)

and D2D̄(⇤) contributions to e+e� ! ⇡D⇤D̄ and
⇡D⇤D̄⇤ rapidly grow around their quasi-thresholds
but are strongly suppressed below them. For
e+e� ! ⇡DD̄ in Fig. 2(g), the final d-wave D2D̄
contribution is the full calculation. In Ref. [36],
the cross-section data are fitted with the squared
charmonium (BW) propagators multiplied by the
three-body phase space, missing threshold e↵ects.
This prescription cannot be justified since the line-
shapes of Figs. 5(c,f) are very di↵erent from the
phase-space shape.

• Various final quasi-two-body contributions are
shown in Fig. 10. Their sums are constrained by the
cross-section data and, in the  (4230) region, by
the invariant-mass distribution data of Figs. 5(c,f)
and 6(b). Thus, individual Rc contributions would
be uncertain. For better understanding of vector
charmonium properties, detailed experimental in-
formation such as invariant mass distributions or
Dalitz plots need to be analyzed when they become
available.

• To examine resonance contributions and under-
stand the process-dependent Y -lineshapes, we need
to construct resonance amplitudes with poles and

4
For a given quasi-two-body channel, its quasi-threshold is the

sum of the channel-particle nominal masses. Because of finite

widths of quasi-two-body channels, their exact thresholds do not

exist.

residues extracted from the coupled-channel ampli-
tudes. This study will be done in the future.

• The NR contributions (green dash-dotted curves)
to some processes exhibit resonant structures, e.g.,
near D1D̄ threshold (4289 MeV) in Figs. 2(h) and
3(d,f-h). The structures are mainly caused by
hadron-molecule poles generated by the interac-
tions of Eq. (13) without coupling to bare  states;
see Fig. 16. In a unitary model like what we use,
these molecule poles in the NR amplitude [second
term in the square bracket of Eq. (1)] are canceled
in the full amplitude of Eq. (1). This point is well
discussed in Ref. [76].

In the following, remarks are made about process-
specific reaction mechanisms.

1. e+e� ! ⇡D⇤D̄

Various final Rc states contribute to this process as
seen in Fig. 10(a). The final D1D̄ contribution is en-
hanced at ⇠ 4230 MeV even below its quasi-threshold,
and rapidly grow above its quasi-threshold. This indi-
cates thatD1D̄ is an important decay channel of  (4230).
In the  (4230) region, the contribution from the broad
D0

1
D̄ and D0D̄⇤ channels are comparable to the D1D̄

contribution, while the Zc⇡ contribution is rather small.
We note that the D0D̄⇤ and Zc⇡ contributions arise from
triangle mechanisms of Fig. 4(b2), which is a consequence
of the coupled-channel unitarity, and the model has no
bare  i ! D0D̄⇤, Zc⇡ couplings.
Compared to the reaction mechanisms in Fig. 15 of

Ref. [34], their “Tree-level” and “Triangle” contribu-
tions are similar to our counterparts (D1D̄ and Zc⇡) in
magnitude. They have large contributions from contact
 (4160, 4230) ! Zc⇡ mechanisms that they argued to
be from  (4160, 4230) ! D0

1
D̄ � loop ! Zc⇡. How-

ever, in our analysis, such mechanisms are included in

reflection

𝑠 =𝐷,∗,𝐷

𝜎(pb)
𝑒!𝑒" → 𝜋!𝐷)𝐷" 𝑒!𝑒" → 𝜋!𝐷)𝐷"

4420 MeV
↓

𝑀(!)" (GeV)

,𝐷.∗(2460)

𝐷.∗(2460)

𝑠 = 4.42 GeV

reflecXon

• This process is strongly suppressed below 𝐷,∗,𝐷 threshold  (Γ+*~47 MeV)

• 𝐷,∗,𝐷 channel is d-wave à centrifugal barrier suppression near threshold

• Peak position is shifted from pole position (𝑀-./0=4390 MeV) by  ~30 MeV to higher 𝑠 

• Fit cross-section (𝜎) data with  𝐴12 ,× (𝜋𝐷,𝐷 phase-space) is not justified   (𝑀34=4420 MeV ß artifact)

𝑀(#)" (GeV)
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Importance of  threshold effects to understand charmonium mass

• Peak positions (lineshape) can be shifted from pole locations by threshold effects

• Fit cross-section data (𝜎) with  𝐴12 ,× (phase-space) is not justified

• Dalitz-plot data is important to constrain 𝐷5∗,𝐷(∗) contributions 

      and correctly find pole locations   à   STCF can provide detailed data
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FIG. 9. Invariant mass distributions (unit: events per bin).
The final state and

p
s are indicated in each panel. The

data, from which backgrounds have been subtracted, are from
Ref. [47] in (a) and [32] in (b). See the caption of Fig. 2 for
other features.

the final Zc⇡ contribution and thus small. On the other
hand, they do not consider tree-level  (4160, 4230) !

D0
1
D̄ ! ⇡D⇤D̄ contributions, which is inconsistent with

the above argument for the contact Zc mechanisms. They
also do not consider the D0D̄⇤ contribution required by
the unitarity. In addition, in Ref. [34], the interference
between overlapping  (4160) and  (4230) is not con-
strained by the unitarity. Thus, the above comparison
with the model of Ref. [34] clarifies the crucial importance
of unitarity in describing this coupled-channel system.

The enhanced lineshapes near the D0D⇤� threshold in
Figs. 5(c,f) are largely caused by the final D1D̄ contri-
bution. However, in Ref. [30], the BESIII analysis found
that the D1D̄ contribution is very small. More experi-
mental information (Dalitz plots, amplitude analysis re-
sults) is necessary to further test our model and examine
the BESIII’s finding.

2. e+e� ! ⇡D⇤D̄⇤

In the  (4230) region, the final D0
1
D̄⇤ contribution

dominates, as seen in Fig. 10(b). Since the D0
1
width is

broad (314 MeV), no significant kinematical suppression
happens even if the D0

1
D̄⇤ quasi-threshold is ⇠ 210 MeV

above. On the other hand, the other open-charm chan-
nels D1D̄⇤ and D2D̄⇤ are kinematically much suppressed
due to their narrow widths. The Zc⇡ contribution is
also small, but its interference with other mechanisms
is not so small (at most ⇠ 20% at

p
s ⇠ 4.3 GeV). As

seen in Fig. 2(i), the final D0
1
D̄⇤ contribution is compara-

bly from the direct-decay [Fig. 4(a1)] and single-triangle-
rescattering [Fig. 4(a2)] mechanisms. This is possibly be-
cause the D0

1
! D⇤⇡ coupling is large. The resummed

vs enhancement is small because the D0
1
D̄⇤ channel does

not directly couple to vs.
The recoil pion spectrum peak in Fig. 6(b) does not

seem to be well fitted. This problem might be due to
a significant detection e�ciency e↵ect not considered in
our fit. Indeed, while the kinematical endpoint is ⇠

4.12 GeV, the data extends only up to ⇠ 4.09 GeV, sug-
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FIG. 10. Contributions from various final quasi two-body
channels. The quasi thresholds are at 4289 MeV for D1D̄,
4328 MeV for D2D̄, 4431 MeV for D1D̄

⇤, and 4470 MeV for
D2D̄

⇤, with the widths of �D1 = 31 MeV and �D2 = 47 MeV.

gesting considerable loss of low-momentum pion events.
E�ciency-corrected data is highly desirable for analyzing
this and also other data overall.

3. e+e� ! J/ ⇡+⇡�, J/ ⇡0⇡0

An issue is to understand the asymmetric lineshape of
the  (4230) in the cross-section data. The BESIII in-
troduced  (4320) in addition to  (4230) [16]. However,
 (4320) is not necessary to fit other processes, which
casts a doubt about its existence. In Ref. [34], a D1D̄D⇤

triangle diagram and box diagrams get enhanced at the
D1D̄ threshold (4289 MeV), causing the asymmetric line-
shape; Y (4320) is unnecessary. Our coupled-channel
model has a similar triangle mechanism of Fig. 4(a2).
However, the box diagrams are absorbed by the bare
 i ! f0(2)J/ vertices, losing the ability to cause the
threshold enhancement. Possibly due to this partial lack
of the threshold enhancement, we find a Y (4320) pole
in our coupled-channel amplitude; see Sec. VIA. In the
future, we will introduce direct couplings between the
hidden-charm and open-charm channels via vs to account
for the threshold e↵ects, as done in Ref. [34] via box dia-
grams, and examine if Y (4320) still exists. Also, this de-
velopment might reduce the number of bare  states by
one. It is also unclear whether the conclusion of Ref. [34]
remains valid after they include a dataset as comprehen-
sive as ours.

The J/ ⇡ invariant mass distributions are well
fitted in Figs. 5(b,e). The figures show that
the Zc(3900) peak is caused by the (PD) single-
triangle rescattering [Fig. 4(b2)] that mainly includes

D(0)
1
D̄D⇤ triangle loop ! Zc⇡. The triangle loops causes

the D⇤D̄ threshold cusp that is further enhanced by a
pole in the Zc amplitude. While the D1D̄D⇤ triangle
singularity also occurs near the D1D̄ quasi-threshold,

p
s

for Figs. 5(b,e) are somewhat lower, and the enhancement
due to the triangle singularity would be marginal.

,𝐷/∗

𝐷(∗)

𝜋!
,𝐷(∗)

𝜓

Sub-process

• Each sub-process is suppressed 

       below 𝐷5∗,𝐷(∗) threshold  

      (if	Γ++  is narrow)
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FIG. 15. Vector charmonium poles (E ) with uncertainties. Red points indicate resonance poles (located on unphysical sheets
of open channels), while blue and green points indicate bound and virtual poles, respectively, of the nearest-threshold channels.
Black poles are  states listed in PDG [4], R(3760) [88], G(3900) [38], and Y (4320) [16]. Open circles and accompanying
vertical lines are branch points (thresholds) and cuts, respectively, for open-charm channels indicated at the bottom.

We find 14 states, as listed in Table III where exper-
imental analysis results are also shown for comparison.
A graphical presentation of this table is given in Fig. 15.
Overall, the pole uncertainties from our coupled-channel
analysis are smaller than those from the experimental
single-channel analyses. This can be expected since, in
the former, the data of the various processes constrain
the pole locations. Also, some data are very precise.
Our analysis finds states that can be identified with all
of the vector charmonia (M > 3.75 GeV) listed in the
PDG [4]. However, there are sizable di↵erences with the
PDG average such as the  (4040) width and the  (4415)
mass and width. One possible cause of the di↵erences is
threshold e↵ects. For example, in our analysis, the open-
ing of the d-wave D2D̄ channel at

p
s = 4328 MeV shifts

the  (4415) resonance peak position in e+e� ! ⇡DD̄
[Fig. 2(g)] to higher energy by ⇠ 30 MeV. On the other
hand, the  (4415) as well as  (4040) and  (4160) reso-
nance parameters in the PDG are basically from the BW
fit to the R values [50] without considering any thresh-
olds and coupled channels. The previous simple analysis
might have caused artifacts in the resonance parameters.

Moreover, several states are found close to the open-
charm (HH̄ 0) thresholds and, depending on the pole lo-
cation (irrespective of its internal structure), we denote
them as xHH̄ 0 with x = b, r, v (bound, resonant, virtual):

bHH̄ 0 is located on the physical sheet of the HH̄ 0 chan-
nel; r(v)HH̄ 0 is located on the unphysical sheet of the
HH̄ 0 channel, and above (below) the HH̄ 0 threshold.

The rDD̄ state from our analysis is similar to R(3760)
claimed by the BESIII’s analyses of e+e� ! hadrons [88]
and e+e� ! non-open charm hadrons [89]. The BE-
SIII also found R(3810) with M ⇠ 3805 MeV and
� ⇠ 10 MeV in Refs. [88, 89]. Our analysis does not find
R(3810) because our dataset does not show any struc-
ture associated with it. We find a rD⇤D̄ state similar to
G(3900) from the BESIII analysis on e+e� ! DD̄ [38].
Coupled-channel K-matrix analyses were done for the
e+e� ! D(⇤)D̄(⇤) cross section data [Fig. 2(a-c)] and
inclusive data for

p
s < 4.2 GeV [71, 90]. A G(3900)

pole was found at (3869.2 ± 6.7) � (29.0 ± 5.2)i MeV
in Ref. [90] but not in Ref. [71]. A similar analysis of
older data was done in Ref. [91] using a HQSS-based
coupled-channel model, and G(3900) was claimed at
3879� 35i MeV. The G(3900) widths from Refs. [90, 91]
are significantly narrower than our result. These the-
oretical analyses [71, 90, 91] did not find R(3760) and
R(3810). A ⇤c⇤̄c bound state was claimed at ⇠ 38 MeV
below the threshold from a single-channel analysis of the
e+e� ! ⇤c⇤̄c data [92]. Our analysis found a similar
pole but located above the threshold due to a coupled-
channel e↵ect. A Ds1D̄s bound state predicted with a

20

Pole locations

---   PDG, BESIII
--- resonance
--- virtual state
--- bound state

include counterparts of all PDG and BESIII states
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FIG. 15. Vector charmonium poles (E ) with uncertainties. Red points indicate resonance poles (located on unphysical sheets
of open channels), while blue and green points indicate bound and virtual poles, respectively, of the nearest-threshold channels.
Black poles are  states listed in PDG [4], R(3760) [88], G(3900) [38], and Y (4320) [16]. Open circles and accompanying
vertical lines are branch points (thresholds) and cuts, respectively, for open-charm channels indicated at the bottom.

We find 14 states, as listed in Table III where exper-
imental analysis results are also shown for comparison.
A graphical presentation of this table is given in Fig. 15.
Overall, the pole uncertainties from our coupled-channel
analysis are smaller than those from the experimental
single-channel analyses. This can be expected since, in
the former, the data of the various processes constrain
the pole locations. Also, some data are very precise.
Our analysis finds states that can be identified with all
of the vector charmonia (M > 3.75 GeV) listed in the
PDG [4]. However, there are sizable di↵erences with the
PDG average such as the  (4040) width and the  (4415)
mass and width. One possible cause of the di↵erences is
threshold e↵ects. For example, in our analysis, the open-
ing of the d-wave D2D̄ channel at

p
s = 4328 MeV shifts

the  (4415) resonance peak position in e+e� ! ⇡DD̄
[Fig. 2(g)] to higher energy by ⇠ 30 MeV. On the other
hand, the  (4415) as well as  (4040) and  (4160) reso-
nance parameters in the PDG are basically from the BW
fit to the R values [50] without considering any thresh-
olds and coupled channels. The previous simple analysis
might have caused artifacts in the resonance parameters.

Moreover, several states are found close to the open-
charm (HH̄ 0) thresholds and, depending on the pole lo-
cation (irrespective of its internal structure), we denote
them as xHH̄ 0 with x = b, r, v (bound, resonant, virtual):

bHH̄ 0 is located on the physical sheet of the HH̄ 0 chan-
nel; r(v)HH̄ 0 is located on the unphysical sheet of the
HH̄ 0 channel, and above (below) the HH̄ 0 threshold.

The rDD̄ state from our analysis is similar to R(3760)
claimed by the BESIII’s analyses of e+e� ! hadrons [88]
and e+e� ! non-open charm hadrons [89]. The BE-
SIII also found R(3810) with M ⇠ 3805 MeV and
� ⇠ 10 MeV in Refs. [88, 89]. Our analysis does not find
R(3810) because our dataset does not show any struc-
ture associated with it. We find a rD⇤D̄ state similar to
G(3900) from the BESIII analysis on e+e� ! DD̄ [38].
Coupled-channel K-matrix analyses were done for the
e+e� ! D(⇤)D̄(⇤) cross section data [Fig. 2(a-c)] and
inclusive data for

p
s < 4.2 GeV [71, 90]. A G(3900)

pole was found at (3869.2 ± 6.7) � (29.0 ± 5.2)i MeV
in Ref. [90] but not in Ref. [71]. A similar analysis of
older data was done in Ref. [91] using a HQSS-based
coupled-channel model, and G(3900) was claimed at
3879� 35i MeV. The G(3900) widths from Refs. [90, 91]
are significantly narrower than our result. These the-
oretical analyses [71, 90, 91] did not find R(3760) and
R(3810). A ⇤c⇤̄c bound state was claimed at ⇠ 38 MeV
below the threshold from a single-channel analysis of the
e+e� ! ⇤c⇤̄c data [92]. Our analysis found a similar
pole but located above the threshold due to a coupled-
channel e↵ect. A Ds1D̄s bound state predicted with a
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Pole locations

---   PDG, BESIII
--- resonance
--- virtual state
--- bound state

include counterparts of all PDG and BESIII states

STCF will improve both staGsGcal precision and systemaGcs (accuracy)
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Compositeness

𝐷$&𝐷 = 0.18 + 0.13𝑖

𝐷$&𝐷∗ = 0.09 + 0.05𝑖

𝐷,∗&𝐷,∗ = 0.35 − 0.27𝑖

𝐷$&𝐷 = 0.31 − 0.06𝑖

𝐷$&𝐷∗ = 0.29 − 0.16𝑖

𝐷∗&𝐷∗ = 0.86 + 0.22𝑖

Λ#&Λ# = 0.97 + 0.01𝑖

𝐷,$&𝐷, = 0.99 − 0.00𝑖

𝐷&𝐷 = 1.7 + 0.4𝑖

𝐷∗&𝐷 = 1.1 + 0.0𝑖

𝐷,&𝐷, = 1.0 + 0.0𝑖

𝐷,∗&𝐷, = 0.91 − 0.10𝑖

𝐷∗&𝐷∗ = 0.06 + 0.12𝑖

𝐷,∗&𝐷,∗ = 0.50 + 0.25𝑖	
𝐷,∗&𝐷, = 0.04 + 0.05𝑖	

𝐷$&𝐷 = 0.23 − 0.12𝑖 
𝜓 4040 	

Many hadron-molecule-dominated states!

𝐺 3900 	

Hadron-molecule content in vector charmonium states

Might be improved by STCF. Theoretical development also important 
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Reconsideration of  quark model ?

Exp. (exotic)

Quark model
(Godfrey Isgur)

55
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FIG. 65 The current status of the charmonium-like spectrum. The dashed (red) horizontal lines indicate the expected states and their
masses based on recent calculations (39) based on the Godfrey-Isgur relativized potential model (40), supplemented by the calculations
in ref. (332) for high radial excitations of the P-wave states. The solid (black) horizontal lines indicate the experimentally established
charmonium states, with masses and spin-parity (JPC) quantum number assignments taken from ref. (9), and labeled by their spectroscopic
assignment. The open-flavor decay channel thresholds are shown with longer solid (brown) horizontal lines. The candidates for exotic
charmonium-like states are also shown with shorter solid (blue or magenta) horizontal lines with labels reflecting their most commonly
used names. All states are organized according to their quantum numbers given on horizontal axis. The last column includes states with
unknown quantum numbers, the two pentaquark candidates and the lightest charmonium 2�� state. The lines connecting the known
states indicate known photon or hadron transitions between them: dashed-green are � transitions; (thick E1, thin M1), solid-magenta are
⇡; thin (thick) dashed-blue are ⌘ (�); dashed-red are p; dotted-blue are ⇢

0 or !; and solid-blue other ⇡⇡ transitions, respectively.

lar states are expected to be near the masses of their
constituent hadrons and have appropriate S-wave J

PC

quantum numbers. This is the case for the Zb(10610)
and the Zb(10650), which are within a few MeV of the
BB̄

⇤ and B
⇤
B̄

⇤ thresholds, respectively, and applies rea-
sonably well to the Zc(3900) and Zc(4020), which are
' 10 MeV above the DD̄

⇤ and D
⇤
D̄

⇤ thresholds, re-
spectively. However, the interpretation of these states
as molecules is controversial. Peaks at masses that are
slightly above threshold are dangerously similar to expec-
tations for kinematically induced cusps (146; 147; 148)
(see Fig. 8b and related text). Anomalous triangle singu-
larities are another mechanism that can produce above-

threshold peaks that are not related to a physical res-
onance (372). Moreover, unlike the X(3872), no evi-
dence for these states have been found in lattice QCD
calculations (373; 374; 375; 376). On the other hand,
detailed studies of the BESIII’s Zc(3900) ! J/ ⇡ and
DD̄

⇤ signals (149) and Belle’s corresponding Zb sig-
nals (157; 377; 378) show that the observed peaks can
be identified as virtual states with associated poles in
the complex scattering t-matrices.

The J
P = 1+ Z(4430) (now with a mass near

4478 MeV) has been proposed as a radial excitation of the
Zc(3900), comprised of a molecule-like DD̄

⇤(2S) configu-
ration (379; 380), where the D

⇤(2S) is the radial excita-

𝜓(1𝑆) 𝐽/𝜓

𝜓(2𝑆) 𝜓′

𝜓(1𝐷)
𝜓(3770)

𝜓(3𝑆)
𝜓(4040)

𝜓(2𝐷) 𝜓(4160)

𝜓(4𝑆)
𝜓(4420)

Quark
Model

Exp.(normal)

Charmonium spectrum (𝐽67 = 1"")

Exp. (normal)

Exp. (exotic)

𝑌(4230)

𝑌(4360)

𝑌(4660)

Normal y masses à assigned to quark-model states (input)

                                 à quark-model parameters determined

Our analysis suggests: 

• 𝜓(4040) (conventionally assumed to be normal y) 

 is mostly 𝐷∗,𝐷∗ molecule

•  𝑌(4230) and 𝑌(4360) are mix of molecule (~60%) 

       and 𝑐 ̅𝑐 (~40%)

Conventional method

No simple assignment of quark-model state to resonance

STCF would further request reconsideration 

of conventional wisdom 
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• Reviewed global coupled-channel analysis of 𝑒!𝑒" → 𝑐 ̅𝑐 data in 𝑠 = 3.75 − 4.7 GeV

• Reasonable fits overall

• Vector charmonium poles extracted

             -- All PDG states found

             -- Several more states near open-charm thresholds

• Compositeness calculated à many hadron-molecule-dominated states identified, including y(4040)

STCF significantly boosts coupled-channel analysis

• Higher 𝑠    à    discovery potential of heavier (vector) charmonium states

• Higher   ℒ    à   more precise and detailed data   (Dalitz plots at each 𝑠, etc.) 

                                   -- more precise vector charmonium poles and residues (statistical improvement)

                                   -- less model-dependent charmonium poles and residues (systematics improvement) 



Back up

26



Y width problem

Why Y states seem to have different widths for different final states ?

𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 44±4 MeV

𝑒!𝑒" → 𝜋!𝐷#𝐷∗" 𝑒!𝑒" → 𝐽/𝜓	𝜂

𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 77±7 MeV 𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 82±6 MeV

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋"

27



Y width problem revealed limitation of  single-channel analysis

 Interference among overlapping resonances and non-resonant contributions is process dependent

à Process dependent line-shape

      Single-channel fits give process-dependent resonance parameters

à Y width problem created

     Y-width problem is artifact of single-channel analysis 

28

Single-channel analysis: analyze different final states with different models (usual experimental analysis) 



Coupled-channel analysis

Analyze different final states simultaneously with a unified and (semi-)unitary model

 

Describe different lineshapes in different final states due to:

• Interference between various charmonium states and non-resonant amplitude

• Kinematical effects (threshold opening, triangle singularity) 

29

Coupled-channel analysis clarifies how  process-dependent Y lineshapes come about

At the same time,  the analysis determines:

(i) vector charmonium mass, width (poles)

(ii) couplings of the poles with decay channels  (residues)

Prerequisite to studying this
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(i) vector charmonium mass and width  (poles)

(ii) couplings of the poles with decay channels  (residues)

Input for further calculations

• Compositeness: probability of finding hadron molecule components in resonance

                                   à quanNty to idenNfy hadron molecule states

• Branching raNos: mostly unknown for charmonia of  M > 4 GeV

                                                       including well-established y(4040), y(4160), y(4415)

 Not straighmorward, prescripNon  needed       Heuser et al., EPJC 84, 599 (2024)

More outcomes from coupled-channel analysis

Baru et al., PLB 586, 53 (2004)
Sekihara et al. PTEP 063D04 (2015)
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Understanding Y inevitably involves understanding Zc

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋" at Y(4220) region  à

ß Zc(3900)

à   Y and Zc properties should be highly correlated

Global 𝑒!𝑒" → 𝑐 ̅𝑐  analysis consider Zc signals   à    address Y and Zc properNes simultaneously 

Zc(3900), Zc(4020) : outstanding exotic candidates including 𝑐 ̅𝑐𝑢�̅�

𝐽/𝜓
𝜋

𝜋

𝑌(4220)
𝑍'

Zc appears as:
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Related works previously done

* M. Cleven, Q. Wang, F.-K. Guo, C. Hanhart, U.-G. Meißner, Q. Zhao, PRD 90, 074039 (2014) 

Analysis of 𝑒!𝑒" → 𝜋𝐷,𝐷∗,  𝐽/𝜓𝜋𝜋 ,  ℎ'𝜋𝜋  cross section and invariant mass in  4.1 < 𝑠 	< 4.3 GeV  [ Y(4230) region ]

Pioneering works, but the data were very limited  à limited conclusions on Y(4230) properties

* L. Detten, C. Hanhart, V. Baru,  arXiv:2309.11970 

~ ~

Three-body model

Fits to cross section data for 3-4 processes

Fitting data in Y(4230) region;  more final states than the above 

* D.-Y. Chen, X. Liu, T. Matsuki, Eur. Phys. J. C 78, 136 (2018)

Breit-Wigner fit to 𝑒!𝑒" → 𝜋𝐷,𝐷∗,  𝐽/𝜓𝜋𝜋 ,  ℎ'𝜋𝜋  cross sections  à Y(4320) and Y(4390) not necessary 

* Z.-Y. Zhou, C.-Y. Li, Z. Xiao, arXiv:2304.07052

Two-body unitary model fitted to 𝑒!𝑒" → 𝐷(∗),𝐷(∗), 𝜋𝐷,𝐷 cross sections  à y(4160) is Y(4230)

Our analysis includes significantly more 

complete dataset

à More reliable conclusion
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𝐷𝜋 s-wave amplitude fitting LQCD-based amplitude 

(quasi) two-body channels included;  𝐽() = 1""

𝐷)∗ pole :  

2104 − 𝑖	100 MeV   (ours)     

2105"8!9 − 𝑖	102"*,!*)  MeV
               (Albaladejo et al.)

𝐷)∗ 2300 , 𝑓), 𝑓,, 𝑍(, 𝑍(&  as (virtual) poles in two-body scattering amplitudes 

Albaladejo et al. PLB 767 (2017)

𝜋𝜋 − 𝐾,𝐾 s[d]-wave amplitude fitting empirical
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FIG. 4. (a,b) The ⇡⇡ scattering. Phase shifts and inelasticities are shown in the upper and lower panels, respectively. Data
are from Refs. [77]. (a) {L, I} = {0, 0}; (b) {L, I} = {2, 0}. (c) The D⇡ scattering of {L, I} = {0, 1/2}. The phase shifts and
modulus of the amplitudes are shown in the upper and lower panels, respectively. The blue points are from Ref. [55] (errors
are not shown) and the red curve is our fit.

TABLE VIII. Parameter values for the Zc amplitude model.
The cuto↵ is bx = 1000 MeV for all channels x. See Table VI
for the description.

R IJPC Zc11
+�

hD⇤D̄,D⇤D̄ �1.00
hD⇤D̄,D⇤D̄⇤ �0.90
hD⇤D̄,J/ ⇡ �1.06
hD⇤D̄, 0⇡ 0.83
hD⇤D̄,hc⇡ 0.20
hD⇤D̄,⌘c⇢ �1.49
hD⇤D̄⇤,D⇤D̄⇤ �1.00
hD⇤D̄⇤,J/ ⇡ �0.18
hD⇤D̄⇤, 0⇡ 0.80
hD⇤D̄⇤,hc⇡ 0.56
hD⇤D̄⇤,⌘c⇢ 0.38

C. Contact interactions between open-charm
channels

For the interactions vs in Eq. (20), we consider
contact interactions between 9 open-charm channels:

D(⇤)D̄(⇤), D(⇤)
s D̄(⇤)

s , D1(2420)D̄(⇤), D⇤
2(2460)D̄

⇤, and
Ds1(2536)D̄s. Labeling the channels with ↵ (L-wave, to-
tal spin S) and � (L0-wave, S0), our interaction potential
for an ↵ ! � process is given by

vs�,↵(p
0, p) = fL0

� (p0)h�↵ fL
↵ (p), (43)

TABLE IX. Pole positions (Mpole) in our ⇡⇡ and D⇡ scat-
tering amplitudes. The Riemann sheets (RS) of the pole po-
sitions are specified by (s⇡⇡, sKK̄) for ⇡⇡ and (sD⇡) for D⇡;
sx = p(u) indicates that a pole is on the physical (unphysical)
sheet of the channel x.

{L, I} Mpole (MeV) RS name

{0, 0}

461� 252i (up) f0(500)

994� 11i (up) f0(980)

1426� 204i (uu) f0(1370)

{2, 0} 1245� 100i (uu) f2(1270)

{0, 1/2} 2104� 100i (u) D⇤
0(2300)

where h�↵ is a coupling constant and h�↵ = h↵� . The
dipole form factor fL

↵ is given by

fL
↵ (p) =

1p
E1↵E2↵

✓
⇤2

⇤2 + p2

◆2+L/2 ✓
p

m⇡

◆L

, (44)

where Ei↵ is the energy of an i-th particle in the chan-
nel ↵ and ⇤ = 1 GeV is used; L = 1 for D(⇤)D̄(⇤) and

D(⇤)
s D̄(⇤)

s , while L = 0 for D1(2420)D̄(⇤), D⇤
2(2460)D̄

⇤,
and Ds1(2536)D̄s. h↵� values from the global fit are
listed in Table X (nonzero values only).

,𝐷(∗)

𝐷/
𝜓 𝐷)∗ 2300 ,𝐷∗, 	𝑍(𝜋,	𝑍(& ,𝐾

assumed to be molecule-dominant
à not directly from y decay

𝑓)	𝐽/𝜓, 	𝑓,	𝐽/𝜓,	𝑓)𝜓', 	𝑓)ℎ(

amplitude



𝑣[+∗;+],[+∗;+] =	𝑣+∗;+∗,+∗;+∗ = 𝑣 +-∗;+ ,[+-∗;+]    (HQSS, SU(3))

𝑣[+∗;+],5/?@	 = 𝑣 +-∗;+ ,5/?B    (SU(3))

no coupling between hidden-charm channels  (e.g. 𝑣5/?@,5/?@ = 𝑣5/?@,?'@ = 0) 
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𝑍( :  𝐼	𝐽67 = 1	1!"   𝐷∗,𝐷 − 𝐷∗,𝐷∗ − 𝐽/𝜓𝜋 − 𝜓'𝜋 − ℎ(𝜋 − 𝜂(𝜌  couple—channel scattering amplitude

𝑍(& :  𝐼	𝐽6 	= *
,
	1!    𝐷&∗,𝐷 − 𝐷&,𝐷∗ − 𝐽/𝜓𝐾

       driven by contact interactions; s-wave interactions except  ℎ(𝜋 p-wave interaction

𝑍((&) amplitude + + +  …
intermediate loops include 

all possible coupled-channels

Nonzero couplings are determined by the global fit  à  poles may be generated if required by data

𝑍!(#) amplitude

𝐶 = −1 basis [𝐷∗,𝐷] =
1
2
𝐷∗,𝐷 − 𝐷,𝐷∗ 	

[𝐷4∗,𝐷] =
1
2
(𝐷4∗,𝐷 − 𝐷4,𝐷∗)

SU(3)

Assumptions

𝑣 𝑣 𝑣
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,𝐷

𝐷-
𝐷- 𝐷∗

𝜋

𝜌, 𝜔, 𝜎, …

,𝐷

+
,𝐷

𝐷-
𝐷-

𝐷∗
𝜋

,𝐷

𝐷-

,𝐷

example

+   …

Contact interactions among 𝐷*,𝐷(∗), 	𝐷,∗ ,𝐷∗, 	𝐷(∗) ,𝐷(∗), 	𝐷&* ,𝐷&, 	𝐷&
(∗) ,𝐷&

(∗), 	Λ( ,Λ(  channels

    à fitted to data (advantage of separable interactions)

• High-precision BESIII data require these contributions (enhanced threshold cusps)

• Potentially generate hadron-molecule states 

Global analysis can examine if Y(4220) as 𝐷*,𝐷 molecule and Y(4360) as 𝐷*,𝐷∗ molecule

Short-range mechanisms among open-charm channels

à + +   … (Our model)

G.-J. Ding, PRD 79, 014001 (2009) 
X.-K. Dong et al., PRD 101, 076003 (2020)

à 𝐷*,𝐷 , 𝐷*,𝐷∗ molecule states

Y(4220) Y(4360)

simulate



𝑒!𝑒" → 𝑐 ̅𝑐  data in 3.75 ≤ 𝑠 	≤ 4.7 GeV region à Charmonium excitations are important mechanism

𝜓 3770 , 𝜓 4040 , 𝜓 4160 , 	𝜓 4415 , 𝑌 4220 , 𝑌 4360

𝛾∗

𝑒!

𝑒"

36à 𝑌 4660  is not included in coupled-channel amplitude  à  included as a Breit-Wigner amplitude 

Data is not sufficient for coupled-channel analysis in 𝑠 	> 4.6 GeV  (three-body final states including 𝑐 ̅𝑐𝑠�̅�)

Data determine how many bare states to be included (5 bare states) and  which charmonium states exist

Expected states

bare 𝜓, 𝑌

𝝍 production mechanisms

=

bare coupling 

+

rescattering termdressed coupling



Three-body decays of  𝝍

+ + +   …

𝑒!𝑒" →  𝐽/𝜓𝜋𝜋

𝑒!𝑒" → 𝜋𝐷∗,𝐷

𝐷-

,𝐷

𝐷∗
𝜋 𝐷-

𝐷∗
𝜋

𝐷∗

,𝐷

+
,𝐷

𝐷- 𝐷∗

𝜋

,𝐷

𝜋

(until infinite loops)

𝐷-

,𝐷 ,𝐷

𝐷∗
𝜋𝐷-

𝜋

𝐷∗

+ + +   …
𝑓#

𝐽/𝜓

𝜋
𝐷-

𝐷∗
𝜋

(until infinite loops)

𝐷-
𝜋𝑓#𝜋

𝐷∗
𝜋

𝜋

𝐽/𝜓

,𝐷#

𝐽/𝜓
𝜋 𝜋

Selected important diagrams; diagrams with more loops are usually more suppressed

Different processes share the same interacNons ß unitarity requirement 

𝜓

𝜓
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,𝐷#

𝜋
,𝐷(∗)

,𝐷(∗) ,𝐷(∗)

Triangle singularity loop 



+ + +   …

𝑒!𝑒" →  𝐽/𝜓𝜋𝜋

𝑒!𝑒" → 𝜋𝐷∗,𝐷

𝐷-

,𝐷

𝐷∗
𝜋 𝐷-

𝐷∗
𝜋

𝐷∗

,𝐷

+
𝐷- 𝐷∗

𝜋

,𝐷

𝜋

(until infinite loops)

𝐷-

,𝐷 ,𝐷

𝐷∗
𝜋𝐷-

𝜋

𝐷∗

+ + +   …
𝑓#

𝐽/𝜓

𝜋
𝐷-

𝐷∗
𝜋

(unXl infinite loops)

𝐷-
𝜋𝑓#𝜋

𝐷∗
𝜋

𝜋

𝐽/𝜓

,𝐷#

𝐽/𝜓
𝜋 𝜋

𝜓, 𝑌

𝜓, 𝑌
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,𝐷#

𝜋

𝐷∗,𝐷 − 𝐷∗,𝐷∗ − 𝐽/𝜓 𝜋 − 𝜓'𝜋 − ℎ(𝜋 − 𝜂(𝜌 coupled-channel scattering amplitude (𝐽67 = 1!")

à 𝐷∗,𝐷  and 𝐷∗,𝐷∗  threshold cusps will be created in invariant mass distributions

       Zc(3900) and Zc(4020) poles may also be generated (if needed by data)  to enhance the cusps

,𝐷(∗)

,𝐷(∗) ,𝐷(∗)

,𝐷

𝑍( amplitude



Fitting parameters in global analysis

39

* bare y masses  (5 bare states)

* bare y coupling constants (real)

* bare photon-y coupling constants (real)

𝛾∗

𝑒!

𝑒"

𝛾∗

𝑒!

𝑒"

* non-resonant photon coupling constants (real)

𝜓-, … , 𝜓5

𝜓-, … , 𝜓5

* 𝜓(4660), 𝜓(4710) Breit-Wigner mass, width, vertices  

* coupling constants in 𝑍( amplitude : 

   𝑣+∗;+,+∗;+, 𝑣+∗;+,5/?@, 𝑣+∗;+,?'@  etc.

*  Contact-interacNon strengths among open-charm channels

*  Cutoffs in non-resonant vertices for 

      𝛾∗ → 𝐷(∗),𝐷(∗), 𝐷&
(∗),𝐷&

(∗), Λ(,Λ(

In total, 200 fitting parameters

𝜒,/ndf  = 2320/ 1635 − 200 	 ~	 1.6
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𝑒*𝑒+ → 𝜓′	𝜋*𝜋+ 

BESIII data
Our fit

• Overall good fit

• Enhancement at ~ 4.03 GeV is from y(4040)

ß consequence of coupled-channel fit 

• 1-triangle contribuNon is large at y(4220) peak
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] for J/ ⇡+⇡� (black) and [15] for
J/ ⇡0⇡0 (purple, doubled) in (m); [18] for J/ K+K� (black) and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20]

in (p). The experimental uncertainties include statistical and systematic ones.

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) data require threshold enhance-

ments. Thus we consider moderately attractive D(⇤)
(s)D̄

(⇤)
(s)

contact interactions for additional elastic final state inter-
actions; D⇤D̄ ! DD̄ term is included perturbatively to
gain the D⇤D̄ threshold enhancement for the DD̄ data.
This enhances the blue dashed curves to red solid ones
for e+e� ! D(⇤)

(s)D̄
(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and Rc
channels (Table I), we have 177 fitting parameters in to-
tal from: m i ; real coupling constants in �µ

cR, i
, �µ

cR,�⇤ ,

� i,�⇤ , Zc amplitude, and D(⇤)
(s)D̄

(⇤)
(s) contact interactions;

 (4660) BW mass, width, and complex decay couplings
to f0 0. Cuto↵s of dipole form factors in �µ

cR, i
and

�µ
cR,�⇤ are mostly fixed to 1 GeV. However, cuto↵s in

�µ
cR,�⇤ with Rc = D(⇤)

(s)D̄
(⇤)
(s) are adjusted to control the

energy dependences of the NR contributions in Figs. 2(a-
f).

Remarks are in order. As a consequence of the
coupled-channel fit, our model creates common struc-
tures in di↵erent processes, even if not necessarily re-
quired by the data. For example,  (4040) peaks ap-
pear in D⇤D̄ [Fig. 2(b)] and DsD̄s [Fig. 2(d)] to fit the
data, and they also appear in others [Fig. 2(j,m,o,p)] for
which data at the peak are lacking. In Figs. 2(m,o,p),
the single-triangle contributions show enhancements atp
s ⇠ 4.28 GeV due to the D1(2420)D̄ threshold cusp

enhanced by a TS. This TS-induced enhancement in

1-triangle
direct decay

NR

Data: BESIII, PRD 104, 052012 (2021)
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] for J/ ⇡+⇡� (black) and [15] for
J/ ⇡0⇡0 (purple, doubled) in (m); [18] for J/ K+K� (black) and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20]

in (p). The experimental uncertainties include statistical and systematic ones.

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) data require threshold enhance-

ments. Thus we consider moderately attractive D(⇤)
(s)D̄

(⇤)
(s)

contact interactions for additional elastic final state inter-
actions; D⇤D̄ ! DD̄ term is included perturbatively to
gain the D⇤D̄ threshold enhancement for the DD̄ data.
This enhances the blue dashed curves to red solid ones
for e+e� ! D(⇤)

(s)D̄
(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and Rc
channels (Table I), we have 177 fitting parameters in to-
tal from: m i ; real coupling constants in �µ

cR, i
, �µ

cR,�⇤ ,

� i,�⇤ , Zc amplitude, and D(⇤)
(s)D̄

(⇤)
(s) contact interactions;

 (4660) BW mass, width, and complex decay couplings
to f0 0. Cuto↵s of dipole form factors in �µ

cR, i
and

�µ
cR,�⇤ are mostly fixed to 1 GeV. However, cuto↵s in

�µ
cR,�⇤ with Rc = D(⇤)

(s)D̄
(⇤)
(s) are adjusted to control the

energy dependences of the NR contributions in Figs. 2(a-
f).

Remarks are in order. As a consequence of the
coupled-channel fit, our model creates common struc-
tures in di↵erent processes, even if not necessarily re-
quired by the data. For example,  (4040) peaks ap-
pear in D⇤D̄ [Fig. 2(b)] and DsD̄s [Fig. 2(d)] to fit the
data, and they also appear in others [Fig. 2(j,m,o,p)] for
which data at the peak are lacking. In Figs. 2(m,o,p),
the single-triangle contributions show enhancements atp
s ⇠ 4.28 GeV due to the D1(2420)D̄ threshold cusp

enhanced by a TS. This TS-induced enhancement in

1-triangle
direct decay

NR

direct-decay contribution smaller

à Smaller interference

à Clearer cusp structuresInterference erase cusp structures

First explanaNon of this rapid change of lineshape
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s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [52, 53] in the panel (a); [33] (black) and [54] (purple) in (b) and (c); [55] in (d); [56] in (e); [34] in (f); [57] in
(g); [22] in (h); [35] in (i); [23, 39] (black) and [58] (purple) in (j); [40] in (k); [21, 41, 42] in (l); [16] for J/ ⇡+⇡� (black) and
[15] for J/ ⇡0⇡0 (purple, doubled) in (m); [18] for J/ K+K� (black) and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in

(o); [20] in (p). The experimental uncertainties include statistical and systematic ones.

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) data require threshold enhance-

ments. Thus we consider moderately attractive D(⇤)
(s)D̄

(⇤)
(s)

contact interactions for additional elastic final state inter-
actions; D⇤D̄ ! DD̄ term is included perturbatively to
gain the D⇤D̄ threshold enhancement for the DD̄ data.
This enhances the blue dashed curves to red solid ones
for e+e� ! D(⇤)

(s)D̄
(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and Rc
channels (Table I), we have 177 fitting parameters in to-
tal from: m i ; real coupling constants in �µ

cR, i
, �µ

cR,�⇤ ,

� i,�⇤ , Zc amplitude, and D(⇤)
(s)D̄

(⇤)
(s) contact interactions;

 (4660) BW mass, width, and complex decay couplings
to f0 0. Cuto↵s of dipole form factors in �µ

cR, i
and

�µ
cR,�⇤ are mostly fixed to 1 GeV. However, cuto↵s in

�µ
cR,�⇤ with Rc = D(⇤)

(s)D̄
(⇤)
(s) are adjusted to control the

energy dependences of the NR contributions in Figs. 2(a-
f).

Remarks are in order. As a consequence of the
coupled-channel fit, our model creates common struc-
tures in di↵erent processes, even if not necessarily re-
quired by the data. For example,  (4040) peaks ap-
pear in D⇤D̄ [Fig. 2(b)] and DsD̄s [Fig. 2(d)] to fit the
data, and they also appear in others [Fig. 2(j,m,o,p)] for
which data at the peak are lacking. In Figs. 2(m,o,p),
the single-triangle contributions show enhancements atp
s ⇠ 4.28 GeV due to the D1(2420)D̄ threshold cusp

enhanced by a TS. This TS-induced enhancement in
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magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
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SK
0
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(o); [20] in (p). The experimental uncertainties include statistical and systematic ones.

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) data require threshold enhance-

ments. Thus we consider moderately attractive D(⇤)
(s)D̄

(⇤)
(s)

contact interactions for additional elastic final state inter-
actions; D⇤D̄ ! DD̄ term is included perturbatively to
gain the D⇤D̄ threshold enhancement for the DD̄ data.
This enhances the blue dashed curves to red solid ones
for e+e� ! D(⇤)

(s)D̄
(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and Rc
channels (Table I), we have 177 fitting parameters in to-
tal from: m i ; real coupling constants in �µ

cR, i
, �µ

cR,�⇤ ,

� i,�⇤ , Zc amplitude, and D(⇤)
(s)D̄

(⇤)
(s) contact interactions;

 (4660) BW mass, width, and complex decay couplings
to f0 0. Cuto↵s of dipole form factors in �µ

cR, i
and

�µ
cR,�⇤ are mostly fixed to 1 GeV. However, cuto↵s in

�µ
cR,�⇤ with Rc = D(⇤)

(s)D̄
(⇤)
(s) are adjusted to control the

energy dependences of the NR contributions in Figs. 2(a-
f).

Remarks are in order. As a consequence of the
coupled-channel fit, our model creates common struc-
tures in di↵erent processes, even if not necessarily re-
quired by the data. For example,  (4040) peaks ap-
pear in D⇤D̄ [Fig. 2(b)] and DsD̄s [Fig. 2(d)] to fit the
data, and they also appear in others [Fig. 2(j,m,o,p)] for
which data at the peak are lacking. In Figs. 2(m,o,p),
the single-triangle contributions show enhancements atp
s ⇠ 4.28 GeV due to the D1(2420)D̄ threshold cusp

enhanced by a TS. This TS-induced enhancement in
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6. e+e� ! J/ K+K�, J/ KSKS

The J/ K+K� data [Fig. 3(e)] shows an enhancement
suggesting Y (4500) [19]. However, our model does not fit
it since the data is rather fluctuating in this region, and
the J/ KSKS data does not indicate the same enhance-
ment.

For
p
s slightly above the Ds1D̄s threshold

(4503 MeV), the Ds1D̄sD⇤ triangle diagram [Fig. 4(b2)]
causes a triangle singularity, and attractive Ds1D̄s and
D̄sD⇤ (Zcs amplitude) interactions further enhance the
triangle amplitude. However, this contribution alone is
rather small, as indicated by the brown dash-two-dotted
curve in Fig. 3(e), and causes a modest change in the
lineshape. This triangle contribution sensitively depends
on bare  i ! Ds1D̄s coupling strengths. We constrained
the couplings using e+e� ! Ds1D̄s cross-section data
near the threshold [80]. In Ref. [55], a Ds1D̄s bound
state is predicted and assigned to Y (4500). However,
considering the smallness of the above triangle contri-
bution, it seems di�cult to fit the Y (4500) fluctuation
in the J/ K+K� data with this Ds1D̄s molecule’s con-
tribution under the constraint from the e+e� ! Ds1D̄s

data [80].

We also present in Fig. 11 our model’s prediction
for J/ K+ and K+K� invariant mass distributions of
e+e� ! J/ K+K� over

p
s = 4.1�4.6 GeV. The agree-

ment with data is fair.

7. e+e� ! ⇤c⇤̄c

The ⇤c⇤̄c data [Fig. 3(i)] shows a non-zero cross sec-
tion at the threshold. This behavior can be fitted by
considering the Sommerfeld factor in Eq. (25).

IV. INCLUSIVE CROSS SECTIONS

Let us see if our coupled-channel model reasonably
gives the inclusive e+e� ! cc̄ cross sections or the con-
ventional R value defined by

R(s) =
�(e+e� ! hadrons)

�tree

e+e�!µ+µ�(s)

= Rc(s) +Ruds(s), (29)

where we have separated the R value into the contribu-
tion from the open- and hidden-charm channels (Rc) and
that from light-hadron channels (Ruds), assuming that
the couplings between the separated channels are small.
We have also introduced the tree-level e+e� ! µ+µ�
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R
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FIG. 12. The R value. The sum of �(e+e� ! cc̄ hadrons)
from our coupled-channel model gives the magenta dotted
curve. The light-hadron contribution is shown by the blue
dashed curve. Their sum is shown by the red solid curve. The
green dash-dotted curve is calculated with an optical theorem
of Eq. (33). Data is from Ref. [50].

cross sections5,

�tree

e+e�!µ+µ�(s) =
4⇡↵2

3s
. (30)

With our coupled-channel model, Rc ⇥ �tree

e+e�!µ+µ� is
obtained by summing all the calculated cross sections in
Figs. 2 and 3 and their isospin partners. The obtained
Rc is shown by the magenta dotted curve in Fig. 12 along
with the experimental R values [50]. We assume that the
di↵erence between them is from light-hadron contribu-
tions, Ruds. We express Ruds by

Ruds(s) = (
p
s� E1)(

p
s� E2)(

p
s� E3)

⇥(c1s+ c2
p
s+ c3) +R0

uds, (31)

for E1 <
p
s < E3, and

Ruds(s) = R0

uds, (32)

otherwise, and then adjust the parameters as in Ta-
ble II to reproduce the experimental R. The Ruds (blue

TABLE II. Numerical parameter values in Eq. (31).

E1 (GeV) 3.73 c1 (GeV�5) �30.1 R0

uds 1.96

E2 (GeV) 3.98 c2 (GeV�4) �7.93

E3 (GeV) 4.22 c3 (GeV�3) 545

5
We neglect the lepton mass, which is a good approximation forp
s > 3.7 GeV.
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FIG. 1. (a) e+e� ! abc mechanism in our model. The
dashed lines represent stable particles and abc are final three-
body states shown in Figs. 2-3. The solid lines are bare
[Breit-Wigner] resonance states R listed in Table I(C) [Ta-
ble I(A) and I(B)]. (b) Resonant and nonresonant mecha-
nisms. The double line represents bare charmonium ( )
states. (c) Dressed R propagator: the first [second] diagram is
a bare R propagator [self energy]. (d) Lippmann-Schwinger-
like equation for Rc scattering driven by V . The white oval
is a Rc ! R0c0 scattering amplitude. (e) Rc interactions V
from particle-exchange and short-range (vs) mechanisms. (f)
Dressed  decay vertex. (g) Dressed nonresonant Rc photo-
production vertex. (h) Dressed  photo-production vertex.
In (f)-(h), the first [second] diagram is a bare vertex [rescat-
tering term]. (i) Dressed  propagator: the first [second] dia-
gram is a bare  propagator [self energy]. (j) Charm vacuum
polarization (for e+e� ! µ+µ�, not for e+e� ! abc).

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A)-(C).

(A) D1(2420)D̄
(⇤), D1(2430)D̄

(⇤), D⇤
2(2460)D̄

(⇤), D(⇤)D̄(⇤) ,

Ds1(2536)D̄s

(B) D(⇤)
s D̄(⇤)

s , J/ ⌘, J/ ⌘0, !�c0, ⇤c⇤̄c

(C) D⇤
0(2300)D̄

⇤, f0J/ , f2J/ , f0 
0, f0hc, Zc⇡, ZcsK̄

dressed  production mechanism �̄ ,�⇤ [Fig. 1(h)], and
dressed  propagator Ḡij [Fig. 1(i)]. The virtual pho-
ton propagator is 1/s and the lepton current matrix ele-
ment is lµ(= ev̄e+�µue�). Amplitudes for two-body final
states (Aab,e+e�) are obtained from Eq. (1) by removing
�ab,R⌧R,R0 and identifying R0c with ab.
We consider Rc channels summarized in Table I. These

channels are understood to be negative C-parity (C =

�1) states. Taking a convention of DJ
C
�! D̄J for all

charmed mesons DJ , we use a C = �1 base for an open-
charm channel as

1
p
2
(DJD̄J 0 � D̄JDJ 0), (2)

where DJ 6= DJ 0 and mDJ > mDJ0 . We group the Rc
channels into (A)–(C) in Table I. A (bare) R state is
excited in a partial-wave two-body scattering as ab !

R ! a0b0. The partial wave is specified by {L, I} or
IJP (C), where L, I, J , and P are the orbital angular
momentum, total isospin, total angular momentum, and
parity of the ab (or a0b0) system, respectively. Mod-
els for these ab ! a0b0 two-body scatterings are basic
building blocks of the three-body e+e� ! cc̄ reaction
model described in this subsection, and are discussed
in detail in Appendix A. In particular, numerical values
for R ! ab couplings gLS

ab,R, cuto↵s cab,R, and (bare) R
massesmR are determined from analyzing two-body data
and given in the Appendix A; gLS

ab,R and cab,R will appear
in Eq. (4), and mR in Eqs. (5) and (8). For groups (A)
and (B), the R-propagations are described in a Breit-
Wigner (BW) form. For group (B), we do not con-
sider R ! ab couplings. For group (C), R = D⇤

0
(2300),

f0(2), and Zc(s) indicate bare states that are dressed to
form poles in unitary coupled-channel scattering ampli-
tudes for {L, I} = {0, 1/2} D⇡, {0(2), 0} ⇡⇡ �KK̄, and
IJPC = 11+� D⇤D̄ �D⇤D̄⇤

� J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢
(IJP = 1

2
1+ D⇤

sD̄ � DsD̄⇤
� J/ K), respectively. We

refer to the amplitudes as the D⇤
0
(2300), f0(2), and Zc(s)

amplitudes, respectively.
The R ! ab vertex is given by

�ab,R(p
⇤
a) = (tat

z
atbt

z
b |tRt

z
R)

X

LLzSSz

(sas
z
asbs

z
b |SS

z)

⇥(LLzSSz
|sRs

z
R)YLLz (p̂⇤a)

⇥

s
Ea(p⇤a)Eb(p⇤a)

Ea(pa)Eb(pb)
fLS
ab,R(p

⇤
a), (3)

Π( =Vacuum polarization

Optical theorem
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dashed) as well as Rc+Ruds (red solid) obtained from the
fit are shown in Fig. 12. The resonant structures in the
data are well reproduced by our coupled-channel model.

If our coupled-channel model were three-body unitary,
Rc can also be calculated using an optical theorem

Rc(s) = �
3

↵
Im[⇧c(s)], (33)

where we have introduced a charm vacuum polarization
(VP) by

⇧c(s) =
1

s
(⌃�⇤ +

X

ij

�̄�⇤, iḠij�̄ j ,�⇤), (34)

where the NR contribution ⌃�⇤ is obtained from Eq. (18)
by replacing labels “ i(j)” with “�⇤”. The resonant part
consists of �̄ i,�⇤(= �̄�⇤, i) and Ḡij that have been de-
fined in Eqs. (15) and (17), respectively. A diagrammatic
representation for ⇧c is Fig. 1(j). The Rc calculated with
Eq. (33) is shown in Fig. 12 (green dash-dotted). The
di↵erence between the magenta dotted and green dash-
dotted curves is a measure of the three-body unitarity
violation in our model. The violation is modest, which
should allow our model to predict e+e� ! µ+µ� cross
sections in the next subsection.

V. e+e� ! µ+µ� CROSS SECTIONS

The BESIII measured the e+e� ! µ+µ� cross sec-
tions for

p
s = 3.8 � 4.6 GeV, and subtracted initial

state radiation e↵ects to obtain the dressed (DR) cross
sections [63]. Theoretically, the DR e+e� ! µ+µ� cross
section at O(↵2) is given by

�DR

e+e�!µ+µ�(s) = �tree

e+e�!µ+µ� (1 + 2Re[⇧(s)]) ,(35)

where �tree

e+e�!µ+µ� has been given in Eq. (30), and ⇧ is
VP including various intermediate states:

⇧(s) = ⇧lepton +⇧uds +⇧J/ +⇧ 0 +⇧c, (36)

where ⇧lepton includes the e+e�, µ+µ�, ⌧+⌧� one-loop
contribution; we use Eq. (214) of Ref. [81] to calculate
⇧lepton. The light hadron contributions ⇧uds are calcu-
lated with the once-subtracted dispersion relation:

Re[⇧uds(s)] =
s� s0
⇡

P

Z 1

4m2
⇡

ds0
(�↵/3)Ruds(s)

(s0 � s0)(s0 � s)
,(37)

where Ruds has been introduced in Eqs. (31) and (32);
P indicates the principal value integral. We take the
subtraction point s0 = 0 and set the subtraction constant
to zero6. Regarding the J/ and  0 contributions ⇧ 

6
A possibly nonzero subtraction constant could be absorbed by

the parameter f0 in Eq. (39), as far as the di↵erence between the

calculation and the shifted data is concerned.

 4500

 5000

 5500

 6000

 6500

 3.8  4  4.2  4.4  4.6

σ
D

R
 (

p
b

)

√s  (GeV)

FIG. 13. Dressed e+e� ! µ+µ� cross sections. The red
solid curve is our prediction from Eq. (35) including the pure
leptonic tree and VP contributions. The black circles (purple
bars) are higher (lower) luminosity data from Ref. [63]. The
data have been slightly shifted as Eq. (39).

( = J/ or  0), we use

⇧ (s) =
3s

↵

� e+e�

m 

1

s�m2

 + im � 
, (38)

where � and � e+e� are the  total width and partial
width to e+e�, respectively, and their values are from
Ref. [4]. The other charm contributions ⇧c is from our
coupled-channel model as has been given in Eq. (34).
Our prediction from Eq. (35) is compared with the

corresponding data [63] in Fig. 13. For this comparison,
we followed Ref. [82] and shifted the data as

�DR,exp
i ! (f0 + f1

p
si)�

DR,exp
i , (39)

where �DR,exp
i is the ith data point at s = si, and f0

and f1 are fitting parameters. We find f0 = 0.917 and
f1 = 0.0259 GeV�1 for the best fit. The shift amounts
to 1.59% at

p
s = 3.81 GeV and 3.64% at

p
s = 4.6 GeV,

which is fairly comparable to the systematic uncertainty
of 2.91%.
For more detailed comparisons, we divide the cross sec-

tions in Fig. 13 by �tree

e+e�!µ+µ� , and show the ratios sub-
tracted by one in Fig. 14. Contributions from various VP
terms in Eq. (36) are also shown. Our full result (red
solid curve) does not have a sharp dip at

p
s ⇠ 4.2 GeV

that the data seems to indicate. Also, the structure
at

p
s ⇠ 4.45 GeV from our model is smaller than the

data. Similar results were also obtained in previous the-
oretical studies [82]([83]) where the full R (Rc) values
of Eq. (29) were converted to the hadronic VP (⇧c)7.

7
See Fig. 1(bottom) of Ref. [83]. The notation hc of Ref. [83] and

⇧c in this work are related by hc = � ⇡
↵⇧c.

(green dash-dotted curve)
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FIG. 14. Ratios of the DR e+e� ! µ+µ� cross sections
shown in Fig. 13 to the tree-level e+e� ! µ+µ� cross sec-
tions (red solid curve and data). The contributions from
⇧lepton (green dash-dotted), ⇧lepton + ⇧uds (brown dotted),
and ⇧lepton + ⇧uds + ⇧J/ + ⇧ 0 (blue dashed) are also
shown. See Eq. (36) for the notations.

Farrar et al. [82] suggested the possibility of undetected
hadronic final states, and that of statistical fluctuations
of the data.

On the other hand, the model of Detten et al. [34] re-
produces the dip at

p
s ⇠ 4.2 GeV. It is noted, however,

that their model is not unitary and there is no clear rela-
tion with the inclusive R values. Furthermore, a fitting
parameter, cmix in Eq. (44) of [34], is introduced exclu-
sively for e+e� ! µ+µ�, and it plays an important role
in fitting the data, as seen in Fig. 18 of [34] (“Mixing”
contribution). However, the unitarity dictates that such
mixing occurs not only in e+e� ! µ+µ� but also in
all the other e+e� ! cc̄ processes. As discussed in the
previous paragraph, our model and the dispersive ap-
proaches [82, 83] do not have any freedom to fit the dip,
once they begin with the R values. Thus it is fair to say
that the structures in the e+e� ! µ+µ� cross section
data are not well-understood. In the experimental side,
more precise data would be highly desirable to confirm
the structures.

VI. POLE EXTRACTION AND RESONANCE
PROPERTIES

A. Vector-charmonium states

We analytically continue the coupled-channel ampli-
tude fitted to the dataset to the complex energy plane,
using the method for three-body unitary models dis-
cussed in Refs. [84, 85]. We can then find a pole loca-
tion E = E where det[Ḡ�1(E )] = 0 for Eq. (17). We
search for vector charmonium poles on the relevant Rie-

TABLE III. Vector charmonium poles and  (4660) BW pa-
rameters. See the text for the notations.

This work PDG( ) [4], BESIII [16, 38, 88]

M (MeV) � (MeV) M (MeV) � (MeV)

3764.2± 2.0 47.3± 2.6 3751.9± 3.8 32.8± 5.8 R(3760)

3780.2± 1.2 29.9± 2.3 3778.1± 0.7 27.5± 0.9  (3770)

3898.4± 0.9 127.5± 6.7 3872.5±14.2 179.7±14.1 G(3900)

3956.1± 1.0 96.8± 10.4 – – rDsD̄s

4029.2± 0.4 26.3± 1.0 4039± 1 80± 10  (4040)

4052.4± 0.4 49.0± 0.3 – – vD⇤
sD̄s

4192.2± 2.2 129.3± 4.2 4191± 5 70± 10  (4160)

4216.2± 0.5 40.3± 1.0 – – vD⇤
sD̄

⇤
s

4229.9± 0.9 46.4± 2.6 4222.5± 2.4 48± 8  (4230)

4308.1± 2.2 138.2± 4.4 4298± 12 127± 17 Y (4320)

4346.2± 3.8 122.8± 6.7 4374± 7 118± 12  (4360)

4390.1± 2.0 106.5± 4.1 4421± 4 62± 20  (4415)

4496.3± 3.1 16.4± 2.1 – – bDs1D̄s

4579.6± 1.7 �5.2± 7.6 – – b⇤c⇤̄c

4655.9± 3.0 134.9± 5.9 4630± 6 72+14

�12
 (4660)

mann sheets8: unphysical sheets of the open channels and
physical sheets of the closed channels, or sheets slightly
deviating from this condition; 3.75 < M < 4.7 GeV
(M ⌘ Re[E ]), and � ⌘ �2⇥ Im[E ] < 0.2 GeV.
Pole uncertainty estimates are generally di�cult in

global coupled-channel analyses, and simplified methods
have been used [86, 87]. For statistical uncertainty esti-
mate, we introduce complex parameters �m i as m i !

m i + �m i in Eq. (17). We also select parameters to
which pole locations are sensitive such as: bare cou-
plings for “ , �⇤ ! open-charm channels” that dress
bare  states thereby shifting their masses and gener-
ating widths; diagonal and/or large couplings of vs in
Eq. (13) that generate hadron-molecule states. We then
vary these parameters, 85 in total, around the default
fit for the uncertainty estimate. This time, we neither
weight the data nor limit the parameter ranges as we
did to obtain the default fit. See Appendix C 1 for more
details.
Regarding systematic uncertainty (model dependence)

of the poles, there are certainly many possible sources
such as the choice of form factors (cuto↵s), the number
of bare states, whether parameters are constrained by the
HQSS or SU(3), etc. For a substantial model variation,
which is crucial for the systematic uncertainty estimate,
finding a solution comparable to the default fit requires
considerable e↵ort that warrants an independent paper.
We thus do not go into this task here. This important
issue can be addressed when updating the model in the
future by including more data and theoretical inputs.

8
See Sec. 50 in Ref. [4] for the definition of the (un)physical sheet.
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dashed) as well as Rc+Ruds (red solid) obtained from the
fit are shown in Fig. 12. The resonant structures in the
data are well reproduced by our coupled-channel model.

If our coupled-channel model were three-body unitary,
Rc can also be calculated using an optical theorem

Rc(s) = �
3

↵
Im[⇧c(s)], (33)

where we have introduced a charm vacuum polarization
(VP) by

⇧c(s) =
1

s
(⌃�⇤ +

X

ij

�̄�⇤, iḠij�̄ j ,�⇤), (34)

where the NR contribution ⌃�⇤ is obtained from Eq. (18)
by replacing labels “ i(j)” with “�⇤”. The resonant part
consists of �̄ i,�⇤(= �̄�⇤, i) and Ḡij that have been de-
fined in Eqs. (15) and (17), respectively. A diagrammatic
representation for ⇧c is Fig. 1(j). The Rc calculated with
Eq. (33) is shown in Fig. 12 (green dash-dotted). The
di↵erence between the magenta dotted and green dash-
dotted curves is a measure of the three-body unitarity
violation in our model. The violation is modest, which
should allow our model to predict e+e� ! µ+µ� cross
sections in the next subsection.

V. e+e� ! µ+µ� CROSS SECTIONS

The BESIII measured the e+e� ! µ+µ� cross sec-
tions for

p
s = 3.8 � 4.6 GeV, and subtracted initial

state radiation e↵ects to obtain the dressed (DR) cross
sections [63]. Theoretically, the DR e+e� ! µ+µ� cross
section at O(↵2) is given by

�DR

e+e�!µ+µ�(s) = �tree

e+e�!µ+µ� (1 + 2Re[⇧(s)]) ,(35)

where �tree

e+e�!µ+µ� has been given in Eq. (30), and ⇧ is
VP including various intermediate states:

⇧(s) = ⇧lepton +⇧uds +⇧J/ +⇧ 0 +⇧c, (36)

where ⇧lepton includes the e+e�, µ+µ�, ⌧+⌧� one-loop
contribution; we use Eq. (214) of Ref. [81] to calculate
⇧lepton. The light hadron contributions ⇧uds are calcu-
lated with the once-subtracted dispersion relation:

Re[⇧uds(s)] =
s� s0
⇡

P

Z 1

4m2
⇡

ds0
(�↵/3)Ruds(s)

(s0 � s0)(s0 � s)
,(37)

where Ruds has been introduced in Eqs. (31) and (32);
P indicates the principal value integral. We take the
subtraction point s0 = 0 and set the subtraction constant
to zero6. Regarding the J/ and  0 contributions ⇧ 

6
A possibly nonzero subtraction constant could be absorbed by

the parameter f0 in Eq. (39), as far as the di↵erence between the

calculation and the shifted data is concerned.
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FIG. 13. Dressed e+e� ! µ+µ� cross sections. The red
solid curve is our prediction from Eq. (35) including the pure
leptonic tree and VP contributions. The black circles (purple
bars) are higher (lower) luminosity data from Ref. [63]. The
data have been slightly shifted as Eq. (39).

( = J/ or  0), we use

⇧ (s) =
3s

↵

� e+e�

m 

1

s�m2

 + im � 
, (38)

where � and � e+e� are the  total width and partial
width to e+e�, respectively, and their values are from
Ref. [4]. The other charm contributions ⇧c is from our
coupled-channel model as has been given in Eq. (34).
Our prediction from Eq. (35) is compared with the

corresponding data [63] in Fig. 13. For this comparison,
we followed Ref. [82] and shifted the data as

�DR,exp
i ! (f0 + f1

p
si)�

DR,exp
i , (39)

where �DR,exp
i is the ith data point at s = si, and f0

and f1 are fitting parameters. We find f0 = 0.917 and
f1 = 0.0259 GeV�1 for the best fit. The shift amounts
to 1.59% at

p
s = 3.81 GeV and 3.64% at

p
s = 4.6 GeV,

which is fairly comparable to the systematic uncertainty
of 2.91%.
For more detailed comparisons, we divide the cross sec-

tions in Fig. 13 by �tree

e+e�!µ+µ� , and show the ratios sub-
tracted by one in Fig. 14. Contributions from various VP
terms in Eq. (36) are also shown. Our full result (red
solid curve) does not have a sharp dip at

p
s ⇠ 4.2 GeV

that the data seems to indicate. Also, the structure
at

p
s ⇠ 4.45 GeV from our model is smaller than the

data. Similar results were also obtained in previous the-
oretical studies [82]([83]) where the full R (Rc) values
of Eq. (29) were converted to the hadronic VP (⇧c)7.

7
See Fig. 1(bottom) of Ref. [83]. The notation hc of Ref. [83] and

⇧c in this work are related by hc = � ⇡
↵⇧c.
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to 1.59% at
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s = 3.81 GeV and 3.64% at
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e+e�!µ+µ� , and show the ratios sub-
tracted by one in Fig. 14. Contributions from various VP
terms in Eq. (36) are also shown. Our full result (red
solid curve) does not have a sharp dip at

p
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that the data seems to indicate. Also, the structure
at
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data. Similar results were also obtained in previous the-
oretical studies [82]([83]) where the full R (Rc) values
of Eq. (29) were converted to the hadronic VP (⇧c)7.

7
See Fig. 1(bottom) of Ref. [83]. The notation hc of Ref. [83] and

⇧c in this work are related by hc = � ⇡
↵⇧c.
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states. Since our coupled-channel model includes three-
body channels that enter the calculations in the forms
of the Z-diagrams of Eq. (13) and the R self energies
and widths of Eqs. (5)-(7), we extend the formulas in
Ref. [61].

The compositeness of a state  at E = E can be
expressed with its residue. The residue for an Rc ! R0c0

transition is given by

r 
(R0c0)l0s0 ,(Rc)ls

(pc0 , pc)

= lim
E!E 

(E � E )
X

ij

F̄(R0c0)l0s0 , i
(pc0 , E)

⇥Ḡij(E)F̄(Rc)ls, j
(pc, E)

=
X

ij

F̄(R0c0)l0s0 , i
(pc0 , E )G̃ij(E )[�

0(E )]
�1

⇥F̄(Rc)ls, j
(pc, E ), (40)

where F̄(Rc)ls, j
and Ḡij have been defined in Eqs. (10)

and (17), respectively; G̃ij is the cofactor matrix of Ḡij ,
�(E) is the determinant of the matrix

⇥
Ḡ�1(E)

⇤
ij
, and

�0(E ) = d�(E)/dE|E=E . The compositeness is given
with the residue as

XRc =

Z
q2dq

4E2

R(q)

P
ls r

 
(Rc)ls,(Rc)ls

(q, q)

[E � ER(q)� Ec(q) + i�R
2
]2
.(41)

The above compositeness formula can be reduced to
Eq. (93) of Ref. [61] by turning o↵ Z-diagrams and R
self energies and widths, by non-relativistic reductions,
and by using the same normalizations of the form fac-
tors.

Caveats are in order regarding the compositeness cal-
culated with Eq. (41). The compositeness is generally
complex, and it is di�cult to interpret its imaginary part
and negative real part. Therefore, only when the imag-
inary part is much smaller than the real part and the
real part is positive, the compositeness might be inter-
preted as a qualitative measure of the hadron molecule
content in a resonance state. Also, Eq. (41) indicates that
the compositeness depends on the form factors, and this
dependence becomes even more pronounced for l > 0.

Thus, the compositeness of p-wave states from D(⇤)
(s)D̄

(⇤)
(s)

scattering should be viewed with caution. The compos-
iteness is given model-independently for s-wave states in
the weak binding limit only [60–62].

TABLE VI. IJPC = 11+� D⇤D̄�D⇤D̄⇤�J/ ⇡� 0⇡�hc⇡�
⌘c⇢ coupled-channel scattering amplitude poles (unit:MeV).
Zc(3900) and Zc(4020) are D⇤D̄ and D⇤D̄⇤ virtual (reso-
nance) poles in this work (PDG [4]).

EThis work

Zc
MPDG

Zc
�PDG

Zc

(3837.7±7.4)+(19.4±1.6)i 3887.1± 2.6 28.4± 2.6 Zc(3900)

(3989.9±5.6)+(26.1±4.3)i 4024.1± 1.9 13± 5 Zc(4020)
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FIG. 17. Zc(3900) poles on the D⇤D̄ unphysical sheet from
this work, PDG [4], and lattice QCD [95].

Tables IV and V present the compositeness for the
vector charmonium states listed in Table III. The re-
sult confirms what the trajectory analysis suggested: the
states shown in Fig. 16 have large compositeness. A
noteworthy case is  (4040) with XD⇤D̄⇤ = 0.86. This
well-established state has been assumed to be the  (3S)
state in quark models, and its experimentally determined
mass has been used as an input in determining the quark-
model parameters [5]. However, our comprehensive anal-
ysis might suggest reconsidering this conventional as-
sumption.
As mentioned earlier,  (4230) and  (4360) have of-

ten been speculated to be D1(2420)D̄ and D1(2420)D̄⇤

molecules, respectively [51–55]. However, our com-
positeness analysis suggests more complex structures
than these expectations. Hadron dynamics cause large
mixings among nearby molecular states [D1(2420)D̄,
D1(2420)D̄⇤, and D⇤

sD̄
⇤
s ] and also bare  states to form

 (4230),  (4360), and vD⇤
sD̄

⇤
s states.

D. Zc poles

Finally, Table VI presents the Zc poles in D⇤D̄ �

D⇤D̄⇤
� J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢ coupled-channel scat-

tering amplitude (IJPC = 11+�) implemented in our
three-body scattering model 9. See Appendix C 2 for the
uncertainty estimation method. One pole (the other)
is a D⇤D̄ (D⇤D̄⇤) virtual state, located at ⇠ 40 MeV
below the threshold. The previous analyses fitted the
M⇡J/ and MD⇤D̄ lineshape data [Figs. 5(b,c,e,f)] where
the Zc(3900) signals are clearest, but not fitting the cross-
section data that can test Zc production mechanisms and
Zc-pole residues. While some analyses [90, 97–102] ob-
tained virtual poles, the others [98, 99, 103, 104] and

9
Since we did not analyze data showing a Zcs(3985) struc-

ture [96], we do not discuss a pole in our D⇤
s D̄� D̄⇤Ds � J/ K

coupled-channel amplitude.

𝐷∗,𝐷, 𝐷∗,𝐷∗	virtual poles
(below thresholds)
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𝑚9∗ +𝑚9 − (38 ± 7.4) + (19 ± 1.6)𝑖 MeV

Zc(3900) pole: comparison with LQCD result

𝑚9∗ +𝑚9 − (93 ± 55 ± 21) + (9 ± 25 ± 7)𝑖 MeV

𝑚9∗ +𝑚9 + 11.9 ± 2.6 − (14.2 ± 1.3)𝑖 MeV

This work

LQCD (𝑚@ = 411	MeV) 
HAL QCD,  J. Phys. G 45, 024002 (2018)

PDG

𝐷∗,𝐷 unphysical sheet (complex 𝐸-plane)
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Zc(3900) pole: virtual or resonance

In literature, various models are used to describe Zc(3900) 
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FIG. 18. Comparison of the default model (Zc-virtual-state
solution) and Zc-resonance solution on fitting e+e� annihila-
tion cross-section data. Data are from Refs. [20, 23].

the experimental ones [30, 46, 105] found resonance poles
near the PDG value. Lattice QCD results [95, 106–110]
favor the virtual-state-solution, providing Zc(3900) vir-
tual poles [95]10 as shown in Fig. 17 where our result
compares fairly well. We also searched a Zc resonance
solution. The Zc amplitude in the default-fit model is
replaced by that including energy-dependent D⇤D̄(⇤) in-
teractions [98]. Then we refitted the full dataset with
201 parameters, under a constraint that the Zc ampli-
tude has a resonance pole above the D⇤D̄(⇤) threshold.
We could achieve �2

⇠ 2510 (�2 = 2320 for the default
model). Compared to the default model, the invariant-
mass distributions are fitted equally well, but some of the
cross-section data are not fitted comparably. Some cases
are shown in Fig. 18. This may suggest the importance
of fitting the cross-section data to discriminate between
the Zc pole locations.

VII. SUMMARY AND OUTLOOK

We performed a global coupled-channel analysis of
most of the available e+e� ! cc̄ data (20 channels)
in

p
s = 3.75 � 4.7 GeV for the first time, consider-

ing three-body unitarity approximately and all relevant
coupled-channels. Channel-couplings are caused by bare
 -excitations, long-range particle exchanges, and short-
range contact interactions. We obtained overall reason-
able fits to both cross-section and invariant-mass distri-
bution data with �2/ndf ' 1.6. We clarified mechanisms
that cause various structures in the data, paying special
attentions to open-charm threshold cusps enhanced by
nearby poles.

We predicted the e+e� ! µ+µ� cross sections using
vacuum polarization due to light hadrons, leptons, and
charm contributions. The charm contribution was calcu-
lated with the tails of the J/ and  0, as well as with

10
The poles listed in Ref. [95] have their conjugates that are physi-

cally more relevant, as pointed out in Ref. [111]. Figure 17 shows

the conjugates.

our coupled-channel model. While our prediction is fairly
consistent with previous calculations based on dispersion
relations, it does not reproduce the fine structure in the
data at

p
s ⇠ 4.2 GeV.

We analytically continued the coupled-channel am-
plitude to extract vector-charmonium poles. We ob-
tained not only familiar vector charmonia, but also those
near the open-charm thresholds; some of the states were
found for the first time. We examined pole trajectories
and compositeness of the poles to explore the internal
structures of the vector-charmonium states. This study
suggested that open-charm hadron-molecular structures
dominated many states. The  (4230) and  (4360) states
are not simple D1D̄ and D1D̄⇤ molecules, respectively,
as proposed in literature, but mixtures of them plus 30-
40% elementariness;  (4230) further includes substan-
tial D⇤

sD̄
⇤
s compositeness. Also, our analysis suggested a

large D⇤D̄⇤ compositeness in  (4040), although  (4040)
has been considered to be the  (3S) quark-model state.
We also found Zc poles as D⇤D̄(⇤) virtual states, con-

sistent with lattice QCD. We suggested the importance of
analyzing cross-section data in addition to the invariant-
mass distribution data to discriminate whether Zc is a
resonance or a virtual state.
In the future, we will examine how the vector-

charmonium states contribute to each of the e+e� ! cc̄
processes through interferences with one another, caus-
ing the process-dependent Y -lineshapes. The BESIII
will provide more data covering higher energy and more
channels. We will update the current analysis by in-
cluding such data, and address the properties of vector-
charmonium states heavier than 4.6 GeV and those of
Zcs. It is also important to confirm the existence and
properties of the presented vector-charmonium states by
including and/or varying theoretical inputs.
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Appendix A: Two-meson scattering models

Basic components [Eqs. (3)-(8)] in our three-body
coupled-channel model are two-meson scattering mod-
els for ab ! a0b0 via (bare) R-excitations [see Fig. 1(a)
for the notation], and also via contact interactions. The
(bare)R states are categorized into groups (A)–(C) of Ta-
ble I; no R ! ab couplings are considered for group (B)
in our model. We also consider short-range Rc ! R0c0
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bare 𝜓*
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&𝐷

𝐷$ 𝐷∗
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𝜋

𝜋
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+ + Infinite loops

𝝍 poles from their dressed propagator
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𝐷$ 𝐷∗
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&𝐷&∗

(we are not using BW)

Search complex energy 𝐸? where 𝐺? 𝐸? = ∞   (𝐸?: pole energy, pole position) by analytical continuation of 𝐺?(𝐸)

Full amplitude
dressed 𝜓𝛾∗

𝑒!

𝑒"

+ non-resonant
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𝑀 = Re 𝐸: 	

	Γ = −2×Im 𝐸:

Resonance parameters 

No Y-width puzzle by construcNon: 

same Y-widths for all final states
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FIG. 14. Ratios of the DR e+e� ! µ+µ� cross sections
shown in Fig. 13 to the tree-level e+e� ! µ+µ� cross sec-
tions (red solid curve and data). The contributions from
⇧lepton (green dash-dotted), ⇧lepton + ⇧uds (brown dotted),
and ⇧lepton + ⇧uds + ⇧J/ + ⇧ 0 (blue dashed) are also
shown. See Eq. (36) for the notations.

Farrar et al. [82] suggested the possibility of undetected
hadronic final states, and that of statistical fluctuations
of the data.

On the other hand, the model of Detten et al. [34] re-
produces the dip at

p
s ⇠ 4.2 GeV. It is noted, however,

that their model is not unitary and there is no clear rela-
tion with the inclusive R values. Furthermore, a fitting
parameter, cmix in Eq. (44) of [34], is introduced exclu-
sively for e+e� ! µ+µ�, and it plays an important role
in fitting the data, as seen in Fig. 18 of [34] (“Mixing”
contribution). However, the unitarity dictates that such
mixing occurs not only in e+e� ! µ+µ� but also in
all the other e+e� ! cc̄ processes. As discussed in the
previous paragraph, our model and the dispersive ap-
proaches [82, 83] do not have any freedom to fit the dip,
once they begin with the R values. Thus it is fair to say
that the structures in the e+e� ! µ+µ� cross section
data are not well-understood. In the experimental side,
more precise data would be highly desirable to confirm
the structures.

VI. POLE EXTRACTION AND RESONANCE
PROPERTIES

A. Vector-charmonium states

We analytically continue the coupled-channel ampli-
tude fitted to the dataset to the complex energy plane,
using the method for three-body unitary models dis-
cussed in Refs. [84, 85]. We can then find a pole loca-
tion E = E where det[Ḡ�1(E )] = 0 for Eq. (17). We
search for vector charmonium poles on the relevant Rie-

TABLE III. Vector charmonium poles and  (4660) BW pa-
rameters. See the text for the notations.

This work PDG( ) [4], BESIII [16, 38, 88]

M (MeV) � (MeV) M (MeV) � (MeV)

3764.2± 2.0 47.3± 2.6 3751.9± 3.8 32.8± 5.8 R(3760)

3780.2± 1.2 29.9± 2.3 3778.1± 0.7 27.5± 0.9  (3770)

3898.4± 0.9 127.5± 6.7 3872.5±14.2 179.7±14.1 G(3900)

3956.1± 1.0 96.8± 10.4 – – rDsD̄s

4029.2± 0.4 26.3± 1.0 4039± 1 80± 10  (4040)

4052.4± 0.4 49.0± 0.3 – – vD⇤
sD̄s

4192.2± 2.2 129.3± 4.2 4191± 5 70± 10  (4160)

4216.2± 0.5 40.3± 1.0 – – vD⇤
sD̄

⇤
s

4229.9± 0.9 46.4± 2.6 4222.5± 2.4 48± 8  (4230)

4308.1± 2.2 138.2± 4.4 4298± 12 127± 17 Y (4320)

4346.2± 3.8 122.8± 6.7 4374± 7 118± 12  (4360)

4390.1± 2.0 106.5± 4.1 4421± 4 62± 20  (4415)

4496.3± 3.1 16.4± 2.1 – – bDs1D̄s

4579.6± 1.7 �5.2± 7.6 – – b⇤c⇤̄c

4655.9± 3.0 134.9± 5.9 4630± 6 72+14

�12
 (4660)

mann sheets8: unphysical sheets of the open channels and
physical sheets of the closed channels, or sheets slightly
deviating from this condition; 3.75 < M < 4.7 GeV
(M ⌘ Re[E ]), and � ⌘ �2⇥ Im[E ] < 0.2 GeV.
Pole uncertainty estimates are generally di�cult in

global coupled-channel analyses, and simplified methods
have been used [86, 87]. For statistical uncertainty esti-
mate, we introduce complex parameters �m i as m i !

m i + �m i in Eq. (17). We also select parameters to
which pole locations are sensitive such as: bare cou-
plings for “ , �⇤ ! open-charm channels” that dress
bare  states thereby shifting their masses and gener-
ating widths; diagonal and/or large couplings of vs in
Eq. (13) that generate hadron-molecule states. We then
vary these parameters, 85 in total, around the default
fit for the uncertainty estimate. This time, we neither
weight the data nor limit the parameter ranges as we
did to obtain the default fit. See Appendix C 1 for more
details.
Regarding systematic uncertainty (model dependence)

of the poles, there are certainly many possible sources
such as the choice of form factors (cuto↵s), the number
of bare states, whether parameters are constrained by the
HQSS or SU(3), etc. For a substantial model variation,
which is crucial for the systematic uncertainty estimate,
finding a solution comparable to the default fit requires
considerable e↵ort that warrants an independent paper.
We thus do not go into this task here. This important
issue can be addressed when updating the model in the
future by including more data and theoretical inputs.

8
See Sec. 50 in Ref. [4] for the definition of the (un)physical sheet.
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= +

dressed decay vertex bare vertex rescaqering terms (final-state interacXons)

= 𝑉 + 𝑉 𝑉 + 𝑉 𝑉 𝑉 + …

𝑉 = +

(until infinite loops)

This amplitude may include 
hadron-molecule poles

∝
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𝐸 − 𝐸! − 𝐸" − 𝐸# E-independent
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Poles near open-charm thresholds

ß Caused mostly by short-range interactions

𝐷$&𝐷 bound

𝐷$&𝐷∗ virtual

𝐷∗&𝐷∗ res

Λ#&Λ# bound

𝐷,$&𝐷, bound

𝐷&𝐷 res

𝐷∗&𝐷 res

𝐷,&𝐷, res

𝐷,∗&𝐷, virtual

𝐷,∗&𝐷,∗	virtual

Pole locations (no coupling to bare y)
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Compositeness

Normalization of resonance (Gamow) state

Insert complete set

bare state label Two-body channel label

Compositeness of channel jelementariness of bare state a

𝑋C =

residue

𝐺C = e
𝑑D𝑞
2𝜋 D

𝑓(𝑞) ,

𝐸 − 𝐸C* − 𝐸C,with

T. Sekihara et al., PTEP 2015 (2015) 063D04 

𝑗1

𝑗2

=

𝐻	| )𝜓  = 𝑀 − 𝑖 E
,
| )𝜓
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Caveat on compositeness

𝑋C =

residue

𝐺C = e
𝑑D𝑞
2𝜋 D

𝑓(𝑞) ,

𝐸 − 𝐸C* − 𝐸C,with

𝑗1

𝑗2

=

• Compositeness depends on form factors (model dependent)

      à model-independent at shallow bound state limit (X can be expressed with scattering length)

• For p-wave channels (𝐷,𝐷,𝐷∗,𝐷, 𝐷∗,𝐷∗, etc.), more dependent on form factor

• Difficult to interpret  Im[X], X < 0, X >1  

• When  | Im[X] | << 1,  0 < X < 1, compositeness may suggest hadron-molecule contents in resonance
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FIG. 15. Vector charmonium poles (E ) with uncertainties. Red points indicate resonance poles (located on unphysical sheets
of open channels), while blue and green points indicate bound and virtual poles, respectively, of the nearest-threshold channels.
Black poles are  states listed in PDG [4], R(3760) [88], G(3900) [38], and Y (4320) [16]. Open circles and accompanying
vertical lines are branch points (thresholds) and cuts, respectively, for open-charm channels indicated at the bottom.

We find 14 states, as listed in Table III where exper-
imental analysis results are also shown for comparison.
A graphical presentation of this table is given in Fig. 15.
Overall, the pole uncertainties from our coupled-channel
analysis are smaller than those from the experimental
single-channel analyses. This can be expected since, in
the former, the data of the various processes constrain
the pole locations. Also, some data are very precise.
Our analysis finds states that can be identified with all
of the vector charmonia (M > 3.75 GeV) listed in the
PDG [4]. However, there are sizable di↵erences with the
PDG average such as the  (4040) width and the  (4415)
mass and width. One possible cause of the di↵erences is
threshold e↵ects. For example, in our analysis, the open-
ing of the d-wave D2D̄ channel at

p
s = 4328 MeV shifts

the  (4415) resonance peak position in e+e� ! ⇡DD̄
[Fig. 2(g)] to higher energy by ⇠ 30 MeV. On the other
hand, the  (4415) as well as  (4040) and  (4160) reso-
nance parameters in the PDG are basically from the BW
fit to the R values [50] without considering any thresh-
olds and coupled channels. The previous simple analysis
might have caused artifacts in the resonance parameters.

Moreover, several states are found close to the open-
charm (HH̄ 0) thresholds and, depending on the pole lo-
cation (irrespective of its internal structure), we denote
them as xHH̄ 0 with x = b, r, v (bound, resonant, virtual):

bHH̄ 0 is located on the physical sheet of the HH̄ 0 chan-
nel; r(v)HH̄ 0 is located on the unphysical sheet of the
HH̄ 0 channel, and above (below) the HH̄ 0 threshold.

The rDD̄ state from our analysis is similar to R(3760)
claimed by the BESIII’s analyses of e+e� ! hadrons [88]
and e+e� ! non-open charm hadrons [89]. The BE-
SIII also found R(3810) with M ⇠ 3805 MeV and
� ⇠ 10 MeV in Refs. [88, 89]. Our analysis does not find
R(3810) because our dataset does not show any struc-
ture associated with it. We find a rD⇤D̄ state similar to
G(3900) from the BESIII analysis on e+e� ! DD̄ [38].
Coupled-channel K-matrix analyses were done for the
e+e� ! D(⇤)D̄(⇤) cross section data [Fig. 2(a-c)] and
inclusive data for

p
s < 4.2 GeV [71, 90]. A G(3900)

pole was found at (3869.2 ± 6.7) � (29.0 ± 5.2)i MeV
in Ref. [90] but not in Ref. [71]. A similar analysis of
older data was done in Ref. [91] using a HQSS-based
coupled-channel model, and G(3900) was claimed at
3879� 35i MeV. The G(3900) widths from Refs. [90, 91]
are significantly narrower than our result. These the-
oretical analyses [71, 90, 91] did not find R(3760) and
R(3810). A ⇤c⇤̄c bound state was claimed at ⇠ 38 MeV
below the threshold from a single-channel analysis of the
e+e� ! ⇤c⇤̄c data [92]. Our analysis found a similar
pole but located above the threshold due to a coupled-
channel e↵ect. A Ds1D̄s bound state predicted with a
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Pole locations

• Noticeable differences from PDG (threshold effects?)
• Our uncertainties are smaller ß constraints from many channels
                                                                 some data are very precise
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FIG. 15. Vector charmonium poles (E ) with uncertainties. Red points indicate resonance poles (located on unphysical sheets
of open channels), while blue and green points indicate bound and virtual poles, respectively, of the nearest-threshold channels.
Black poles are  states listed in PDG [4], R(3760) [88], G(3900) [38], and Y (4320) [16]. Open circles and accompanying
vertical lines are branch points (thresholds) and cuts, respectively, for open-charm channels indicated at the bottom.

We find 14 states, as listed in Table III where exper-
imental analysis results are also shown for comparison.
A graphical presentation of this table is given in Fig. 15.
Overall, the pole uncertainties from our coupled-channel
analysis are smaller than those from the experimental
single-channel analyses. This can be expected since, in
the former, the data of the various processes constrain
the pole locations. Also, some data are very precise.
Our analysis finds states that can be identified with all
of the vector charmonia (M > 3.75 GeV) listed in the
PDG [4]. However, there are sizable di↵erences with the
PDG average such as the  (4040) width and the  (4415)
mass and width. One possible cause of the di↵erences is
threshold e↵ects. For example, in our analysis, the open-
ing of the d-wave D2D̄ channel at

p
s = 4328 MeV shifts

the  (4415) resonance peak position in e+e� ! ⇡DD̄
[Fig. 2(g)] to higher energy by ⇠ 30 MeV. On the other
hand, the  (4415) as well as  (4040) and  (4160) reso-
nance parameters in the PDG are basically from the BW
fit to the R values [50] without considering any thresh-
olds and coupled channels. The previous simple analysis
might have caused artifacts in the resonance parameters.

Moreover, several states are found close to the open-
charm (HH̄ 0) thresholds and, depending on the pole lo-
cation (irrespective of its internal structure), we denote
them as xHH̄ 0 with x = b, r, v (bound, resonant, virtual):

bHH̄ 0 is located on the physical sheet of the HH̄ 0 chan-
nel; r(v)HH̄ 0 is located on the unphysical sheet of the
HH̄ 0 channel, and above (below) the HH̄ 0 threshold.

The rDD̄ state from our analysis is similar to R(3760)
claimed by the BESIII’s analyses of e+e� ! hadrons [88]
and e+e� ! non-open charm hadrons [89]. The BE-
SIII also found R(3810) with M ⇠ 3805 MeV and
� ⇠ 10 MeV in Refs. [88, 89]. Our analysis does not find
R(3810) because our dataset does not show any struc-
ture associated with it. We find a rD⇤D̄ state similar to
G(3900) from the BESIII analysis on e+e� ! DD̄ [38].
Coupled-channel K-matrix analyses were done for the
e+e� ! D(⇤)D̄(⇤) cross section data [Fig. 2(a-c)] and
inclusive data for

p
s < 4.2 GeV [71, 90]. A G(3900)

pole was found at (3869.2 ± 6.7) � (29.0 ± 5.2)i MeV
in Ref. [90] but not in Ref. [71]. A similar analysis of
older data was done in Ref. [91] using a HQSS-based
coupled-channel model, and G(3900) was claimed at
3879� 35i MeV. The G(3900) widths from Refs. [90, 91]
are significantly narrower than our result. These the-
oretical analyses [71, 90, 91] did not find R(3760) and
R(3810). A ⇤c⇤̄c bound state was claimed at ⇠ 38 MeV
below the threshold from a single-channel analysis of the
e+e� ! ⇤c⇤̄c data [92]. Our analysis found a similar
pole but located above the threshold due to a coupled-
channel e↵ect. A Ds1D̄s bound state predicted with a
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Pole locations

New poles are found ß fitting 𝐷e
(∗),𝐷e

(∗) and Λ:,Λ:channels
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Pole locations (no coupling to bare y)

𝐷$&𝐷 = 0.97 + 0.01𝑖

𝐷$&𝐷∗ = 0.98 − 0.12𝑖

𝐷∗&𝐷∗ = 1.11 − 0.03𝑖

Λ#&Λ# = 0.99 − 0.03𝑖

𝐷,$&𝐷, = 1.02 + 0.01𝑖

𝐷&𝐷 = 0.99 + 0.03𝑖

𝐷∗&𝐷 = 1.06 + 0.01𝑖

𝐷,&𝐷, = 1.00 + 0.01𝑖

𝐷,∗&𝐷, = 0.64 − 0.22𝑖

𝐷∗&𝐷∗ = 0.33 + 0.42𝑖

𝐷,∗&𝐷,∗ = 0.87 + 0.02𝑖	
𝐷,∗&𝐷, = 0.15 − 0.03𝑖	

Compositeness

~100% hadron-molecule compositeness by construcGon



18

-100

-80

-60

-40

-20

 0

 3700  3800  3900  4000  4100  4200  4300  4400  4500  4600  4700

DD
−

D
∗
D
−

D
∗
D
−∗

D
s
D
−

s
D

s
 * D

−
s

D
s
 * D

−
s
 * D

1
D
−

D
2
 *D

−
D

1
D
−∗

D
2
 *D

−∗
D

s1
D
−

s
Λ

c
Λ
−

c

R(3760)

G(3900)

ψ(4040)

ψ(4230)

ψ(4360)

Im
 E

ψ
 (

M
e
V

)

Re Eψ (MeV)

FIG. 16. Pole trajectories of hadron-molecule dominated states. The magenta crosses are the locations of poles generated
by the hadron-hadron interactions of Eq. (13), without couplings to bare  states. The poles move along the black curves
(trajectories) as bare  i ! Rc couplings are gradually turned on. The other ends of the trajectories are the pole locations,
listed in Table III, from the default model.

HQSS and SU(3) symmetric model in Ref. [55] is in a
good agreement with our result. The authors of Ref. [55]
interpreted this state as Y (4500) with � ⇠ 111 MeV in
e+e� ! J/ K+K� data. In our analysis, this state is
not Y (4500) but much narrower state that causes a dip
in e+e� ! D⇤

sD̄
⇤
s [Fig. 2(f)]. The other xHH̄ 0 states

in Table III are found for the first time in the present
analysis.

Two reasons why our model has more poles than five
bare states are: (i) The short-range interactions among
the open-charm channels can generate hadron-molecule
states; (ii) A bare state may cause more than one reso-
nance by coupling with hadronic continuums (Table I);
see a demonstration in Ref. [93].

There exist 2 ⇠ 4 poles at each of M ⇠ 4.23 GeV and
M ⇠ 4.38 GeV. It is speculated that these overlapping
resonances couple and interfere di↵erently in various pro-
cesses, resulting in the process-dependent Y lineshapes.
Indeed, the previous analyses considered the interference
of  (4160) and  (4230) to explain the seemingly process-
dependent  (4230) width for e+e� ! J/ ⌘ [94] and for
e+e� ! J/ ⇡⇡,⇡D⇤D̄, J/ ⌘ and more in Ref. [34]. We
will address this issue in the future, taking into account
the unitarity that was not considered in the previous
analyses.

B. Pole trajectories

In our coupled-channel model, a vector charmonium
state can be formed from a bare  state dressed by quasi
two-body continuum states of Table I, as can be seen in
Eq. (17). Another pole formation is from hadron-hadron
interactions of Eq. (13). In this case, the Rc ! R0c0 par-
tial wave amplitude [X(Rc)ls,(R0c0)l0s0 in Eq. (12)] include
the hadron-molecule poles and, as a consequence, so does
the NR amplitude in Eq. (1). We find such hadron-
molecule poles near most of the open-charm thresholds,
as shown by the magenta crosses in Fig. 16; vs terms in
Eq. (13) play a dominant role for these hadron-molecule
formations.

The hadron-molecule poles further couple with bare
states via continuum states, yielding some of the poles in
Table III. This development can be visualized in Fig. 16
as pole trajectories (black curves). To draw the trajec-
tories, we multiply a common parameter � to all of bare
 i ! Rc couplings [Ci

(Rc)ls
in Eq. (11)] of the default

model. As we vary � from 0 to 1, the pole locations move
from the magenta crosses to the other ends (pole loca-
tions from the default model) following the black curves.
An exception is the trajectory connecting to  (4360) be-
cause we do not find a practical integral path for the ana-
lytic continuation to the pole location for � = 0. Thus we
introduced one more parameter �0 by which the Z terms
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Pole trajectories (0 à full coupling to bare y)

Note: trajectory depends on how y couplings are turned on.
           Not unique, even end points can change.
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𝜓 3770 𝐷,𝐷 = −0.66 − 0.41𝑖

𝜓 4160 𝐷∗,𝐷∗ = 0.26 − 0.03𝑖

𝐷-,𝐷 	= 0.01 − 0.02𝑖

𝐷4∗,𝐷4∗ 	= −0.10 − 0.04𝑖

Y 4320 𝐷∗,𝐷∗ = 0.02 − 0.15𝑖

𝐷4∗,𝐷4 	= 0.05 + 0.06𝑖

𝐷4∗,𝐷4∗ 	= −0.11 − 0.03𝑖

𝜓 4415 𝐷-,𝐷 	= −0.03 + 0.04𝑖

𝐷-,𝐷∗ 	= 0.08 + 0.13𝑖

𝐷.∗,𝐷∗ 	= 0.06 − 0.03𝑖

Compositeness

→ 𝑐 ̅𝑐 	~	1.7

→ 𝑐 ̅𝑐 	~	0.85

→ 𝑐 ̅𝑐 	~	1.06

→ 𝑐 ̅𝑐 	~	0.90

𝑐 ̅𝑐 dominated states


