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Jlhw — eTe™n

XHC

O: motivation

Sensitive to the transition form
factor (TFF) of J/y — 7¥p*

The branching fractions of
Jhw — Pete= (P =7"n,n)

BESIII, PRD 89, 092008 (2014)

Exp v.s. VMD
40 1
391
VMD estimate: ]

BESIII, PLB 753 (2016)
charmonium dominance,
Isospin-breaking transition 2

Isospin-conserving manner, 0]
dominated by light-quark degrees 5 . . , . . |
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BESIII result BESIII, 2501.04344 (2025)

A significant resonant structure corresponding to p, @

3
dBRt//—mOfJff‘ 16 2m§ qz,ﬂ(S)CIWO(S) 2 fl//]l'o(S)
= 1 + 3 Fl//][O(S) ’ Fl//ﬂ'o(s) -
BR,_, 0, ds 3n s M2 — M2 Jy0(0)
— 0
10°
? —a— Point-like prediction
il o® —¢— Data (Stat+ Syst) BES$III, 2501.04344
1 0-6 —o— Effective Lagrangian theory Chein, Guo and Zou, PRD (2015)
{1 Dispersion theory Kublis and Niecknig, PRD (2015)
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* (P-wave) mrr intermediate state:

JIw — 7% transition form factor
Yy i

*

%,
), $
h «
7 paysis NS

' The J/y — ﬂoy* transition form factor: Landsberg, Phys. Rept. (1985)

7t vector form factor

(7%p) ‘ J(0) ‘ w (py. 4) > = —i€,,45€" (P> 4) P?G" £, 20(5) F/(s)

disc . s62(s) ..
oy ©) = 5 —Fx fi(5)
Koepp, PRD (1974)
Dispersion relation (unsubtracted): J1(5)
e el
fwo(s)=—,J ds'— —
270 Jappy 8T8 — €
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P — @ mixing

F) depends on p — @ mixing

Naive approach leads to a spectral function in which the double discontinuities
of 2z and 37z intermediate states may no longer cancel

discf,_o(s) |
FY 1 - FY | L N )
”(S)_)< +€P”M02)—s—ierw> () m[ 2i ] 7

Two-potential formalism + Dispersion relation

{} Three channel system: 2z, 37, £~

{3 Generalize to a dispersion relation including a consistent
treatment p — @ mixing

{ P-wave J/yw — 37 decay amplitude is construct from the
Khuri-Treiman (KT) formalism Khuri and Treiman, Phys. Rev. (1960)...

£ Ensure unitarity, analyticity and crossing symmetry
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Dispersive representation

Modified dispersion relation (once sub.)
See also 17’y *y™ TFF, Holz et.al., EPJC (2022)

(2n,37) — @2n) e '
fwo () = w0 ) I=1%—w mlxmg’
o0 3 (! V* 1 / ~ 7]
o, (s)VF, (s s € S
n \) [ ds’ 71'( ) /1 ( )fl( ) 1+ P .
9672 J41p2 s'— 5 —ie M2 —s—iM, I,
+ Wwams | 4 épr J‘Oo q ,G;) (S,)lF;/(S/)lz_
S
M2 —s—iM,T", 481785, Janr2 s'(s'—s—ie)
fl/%j;’é”(O)ww S I=0“w —p” mixing'

+— —
M¢—S—IM¢F¢

{3} p — w mixing parameter ¢,, = ¢,, — ¢*¢2, = 1.99(2) x 107> = 0.34(1) x 107 = 1.65(2) x 103
{:} WelghtS Wl/fw(¢)ﬂ

3r (a) — e+e_)
@ Coupling 8o =\~ ggzar— — 09O from VMD model

{t P-wave J/y — 37 decay amplitude f;(s)
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Dispersive representation

Modified dispersion relation (once sub.)
See also 17’y *y™* TFF, Holz et.al., EPJC (2022)

f(27r,37r)( S) — (27:)(0)

y0 w0 I =1“p — w” mixing

+

9672 ) 41s2 s'—s—ie M2 —s—iM,T",

T

° Joo ds,a,ﬁ(s’)F,‘,’*(s’)fl (s) [1+ €po _

N WywrS 1+ gwpcoS IOO ds’ 02 (S/) | F;Y (S,) |2 _
M2 —s—iM, I, 487282, Jane s'(s"— s —ie)

Foms  (0)W,y 8 [ = 0 “@w — p” mixing
+

This nontrivial consistency condition is indeed satisfied

i e 1 .
Im i disc f,, 7o(s) y + " disc f,, o(s) 3 + i disc f,, o(s)
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|Isoscalar-vector pole contribution

Weights w, ), are determined by the pole dominance model

Matching the expressions of the ete™ — J/ l//TL'O cross section at isoscalar-
vector poles

WI/IVIT

S—)M‘Z/ M‘z/ -5 — iMVFV

\)

£oals)

- \l T2MITyLBR(V = et e BR(I/¢ = V)

|w1,Z)V7r| = 3
a2 My A3 (M@,M&,Mg)

4.38(24) x 107° GeV™l, V=w
4.71(3) x 1076 GeV~! or 8.61(5) x 10~7 GeV~!, V=¢
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QED effects

Weights w,,,4), @re complex due to the intermediate y

Pure GoD

Phases of weights W, 4,

are from the interference between w(¢) and y
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Khuri-Treiman representation

Decay amplitude for vV (p,) - z* (p,) 7~ (p_) z° (py):
M(s,t,u) = ieﬂmﬂeﬂp:ﬁpf pg F(s,t,u)
s-channel partial-wave expansion of the amplitude

F(5:1,1) = ) (@ua(9), ()Y P (2) £1(5)
J=0 ,
KT decomposition of the amplitude via reconstruction theorem
7 Stern, Sazdjian and Fuchs, PRD (1993), for n 7z

max

F(s.1.10) = Y (@rr(),2()) P} (2,) F () + (s & D) + (s & w)
J=0

Consider only P-wave: F(s,t,u) = F(s)+ F(t) + F(u), F =%,

g ; ! |
several complex variables — single complex variables

Partial wave projection of the KT decomposition Knuri and Treiman, Phys. Rev. (1960)...
dz,

. (1-22) F (1(s.2)) =3 (1 - DF)

1
£i(5) = F(s) + F(s), F(s) = 3J
-1

1 F(s): right-hand cut (RHC)
7 (s): left-hand cut (given by the RHC of the crossed channels F (1), % (1))
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Three-particle decay dynamics

In many decay processes one wants to Khuri-Treiman equations:
take into account unitarity/FSl in the three .. . . (direct+crossed)
possible channels " rescattering effects

poted

u continuation

™

—
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KT equation: phase shift

KT-type representation

F(s) = aQ(s) 1+£J‘00 ds’ sind (s") F (s")

. F(s)=3{((1 -DHF)

T S [Q6)] (=)
o 0 Belledaia (2008) '
10+ — This work (se=4 GeV?)
rrw P-wave phase-shift 6 taken as input |/ ™. e T (S
N 1w T
3
P\ ] (] ': -
£3 Solution 1: Schneider, L 0100
Kubis and Niecknig, PRD 0.010l
(2012)
0.001t .
0.0 0.5 1.0 1.5 2.0 2.5 3.0
s [GeV?]
‘::’ Solution 2: Pelaez, Solution 1

_ 200+
Raban and Ruiz de - ---- Solution 2

Elvira, PRD (2025) (fit-1) g 150;—
% 100
{3 The deviation in these = ol

solutions: theoretical , ]

. 0 T L
uncertainty 0.5 1.0 15 2.0 25
XHC V5 [GeV] 2025/07/03 12




Jhy — %% TFF: 27

Dispersive representation (unsubtracted)

/ Cm(s) = —1 "°° dx xoﬁ (X)FX *(x)fl(x) M
Z 4871'2 4M2 X—S
Sum rule
Sy © = 487:2J dx o7 ()F, (D)

4m2

{3} sum rule results in

() ‘ = (4.8£0.2) X 107*GeV~!

3
a <M2 M2, )

wﬂo(o)‘ from real photon width, T ‘fwo(())‘

v 2403
00)| = (6.0£0.3) x 10-4Gev ™!

{3} two-pion intermediate state alone saturates the sum rule for the TFF
normalization to about 80%
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Jhy — 7% * TFF: 47 (p')

The branching fractions of the J/y into multipion are actually larger

From data on e¥e™ — [hadrons] ,_,, the most important inelastic
intermediate state of isospin I = 1 ought to be 4, which is approximate to
effective p’ pole

. 2
disc (»") Mp/g.]/y/ep’jrgp’y\/;rp’(s)

s) = Zanke, Hoferichter and Kubis, JHEP (2021)
2i wvr 2
<M3, — s> + ng,(s)
9
Vp—an (5) (s — 16M3)"
L9 (5) = 0 (s = 16M7) ————T 0 7,4 (5) = > i
yp’—>47t <M3’>

‘ gp,},‘ = 0.0752 from VMD estimate zanke, Hoferichter and Kubis, JHEP (2021)

Effective coupling:
BR(/y — p'mBR(p' = 272) =2.2(1.2) x 107" PDG  \_  BRU/y — p'm) = 3.7(1.8) x 1073
Zanke, Hoferichter and Kubis, JHEP (2021) ‘gj/w_,pzﬂ = 2737540 X 1077 GeV

fugﬁg 0) ‘ = SRR
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JIw — 7% * TFF: charmonium

We adopt the simple monopole ansatz Fu et al., Mod.Phys.Leit.A (2012)

Qo] e
fl/,ﬂo(s) = 1 — o/ A2

The effective pole mass A is is fixed to the mass of the lowest 17~
charmonium J/y

Constraint: ‘fwﬂO(O)‘ = (6.0%£0.3) x 107* GeV~!

_ / _ 2 N2,
f(“)(())‘ = — [ (O)cos 5CC+\/ RO (fﬁé’” )(0)> sin” 5

w0
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Bin averaged fit

We fix the sign of the weight factor for ¢

Wodr = — | Wyor Parameters Fit Theory [Eq. (46)]
Subtracted constant fy%)(O) is fixed by the  [wywr| [107°GeV™] 4.14(52) 4.38(24)
—6 -1
sum rule wypr| [1076GeV Y] 6.68(3.13) 4.71(3)
on T . y 8 oo 0.86(31) -
T — / / * oy /
Syur O =5 — LMZ ds'c} (SVFY (Vi (s) e 0.85(20) -
" X2/ d.odf. 27.61/(30 — 4) = 1.06
Only four fit parameters!
' £+ Significant
“““ Theory cusp structure
—— Theory (bins) .
10% , to w, gb
= — £+ Nontrivial dip
= structure
100} N S : corresponding
Vo e to p'(1450)
010 Of5 ll(l) 115 210 215
XHC Vs [GeV] 2025/07/03 16



dBR (J/¢ — ete n) /dy/s

Branching fractions

Differential branching fractions

1075 10-°
T
—— Theory %
100 4+ BESIII ('25) S 1o
<
3
10 ‘:‘L 10
+
3
T
l 3>
1078 51078
&2
e
1079010 015 110 115 210 215 1079010 015 110 115 2j0 215
Vs [GeV] Vs [GeV]
Branching fractions ( X 1074
Exp [41] This Work| DR [13] | RChT [53] | RChT [54] |[VMD [49]
J/p — n0%te™ |8.06 &+ 0.31(stat) £ 0.38(syst)| 7.0110%2 |(5.5...6.4)(12.94 4+ 0.44|11.91 £ 1.38| 3.8910 57
J/p — mOutp 4.7110:3% 1(2.7...3.3)| 3.04 £0.10 | 2.80 £ 0.32 | 1.017: 59
XHC 2025/07/03 17




Summary and outlook

N
&

%,
2 S
T g oS

We update the predictions for J/yy — ete " by incorporating p — @
interference with the dispersive method ensuring unitarity, analyticity and
crossing symmetry

BR (J/y — nlete™) = 7.0110%2x 1077, BR (J/y = nutpu~) = 4711027 x 1077

Extend to w, ¢ — ete 7", where the p — @ mixing effect was ignored in
previous dispersive analyses jpac. 250515300
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Unitarity and analyticity

Unitarity relation for the single variable amplitude F ()

Complications: integration contour for 3‘%(5)

“Pinocchio” method (triangle topology continuation) Bronzan and Kacser, Phys. Rev. (1963)
{3 deform path of angular integral to avoid crossing branch cuts

Gasser-Rusetsky method Gasser and Rusetsky, EPJC (2018)
{3} deform path of dispersion integral

Pasquier INVersion R. Pasquier and J.Y. Pasquier, Phys. Rev. (1968, 1969)

{3} interchange of the order of integrations to obtain integral equations in one
variable

XHC 2025/07/03 20



Analytic continuation of the inhomogeneities

L€ prescription: give the vector-meson mass an infinitesimal positive
imaginary part, M‘% + e if MV > 3Mﬂ Bronzan and Kacser, Phys. Rev. (1963)

Angular average integral (s + ¢ + u = 3M? + M; = = 3s,)

1 (! 350 — 5 + 1 (=W 25" —3sn+s\"
<z”97>s—J g (35078 F2KE) dzz—[ ds' [ 22220070 g (o)
2], 2 K(s) 5 (s)

K(S)

{3} The trajectories of s.(s)

(359 — 5 + |K(5)| + i€, 5 € [4M2, M?],
s € [ME, M.%_],
s € [M2, ),

25,(s) = 4 3sg — s +i|x()],

3SO_S_|K(S)|,

35— — |k(s)| +ie,5 € -4Mi,w1, E
25 (s) = R 39— —|k(s)| —ie,s € M%;M’%,ME], :';
3sg—s —i|k(s)|, s€E [_ME, Mi], "‘..“
3so—s+Ik@I, s € M3, 00), .

XHC

M2 =M, =+ M)
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KT equations: solutions

Solution by numerical iteration
Initial input: F (s) = €2(s)

input > calculate F » calculate F

N

result < accuracy?

KT basis function

: A 2 ol
L - L W
° a Q2[o,] : 5 1 Q1]
2 / - Rl : Al i - i)
Oy RRERYI L ] ol - SRR
N | 30
Q F o~ 4 = [
= 0: P —— - 2f
2 ] of _

-1 = E :
0.0 05 10 15 2.0 0.0 05 10 15 20
Vs [GeV] Vs [GeV]
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Analytic continuation of the inhomogeneities

1 (! 35y — 8 + 19 /25 =355+ s\"
(z %szj z”?f( 0 Sz ZK(S)>dz=— ds’< ~ % S> 7
-1

a singularity-free function F(s)

Kk(s) Js (s) Kk(s)

"S+(S)
F6) =COF) =3| s (€W - (2= 35 +5)") F ()
Js_ ()
r OO d /
F(s) = aQ(s)d 1 + s S sin & (s") F (s')
S| Q)| K3(S)(S —5)
Ims
s (s) 5,(5) 4M2 5, (5)
- Re s’
s_(s)
Im s’ Im s’
A A
5,(8) s_gs)

s_(s)

I1I)

——
/ s, (s)
\ o> Re s/

5 emm> Re s’

2025/07/03
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TFF

BESIII, 2501.04344 (2025)
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