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Background Waves and Instabilities

Plasma
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1: States of Matter !

!Helmenstine,Anne Marie,Ph.D.” What Are the States of Matter?” ThoughtCo,

Jun.7,2024.
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Waves and Instabilties
Ve
Alfvén Wave

Considering ideal-MHD, one obtains the known MHD waves - Alfvén
wave in incompressible fluid by Alfvén,H.(1942).

BO Bﬁ+b1

Dispersion relation:

|:> By - k
v W =
1 VIop

(1)

2: Alfvén wave
blue ball-fluid element with velocity v, black lines-magnetic lines
B = By + by, By-background field, by, vi- perturbations(By L by, v1),
[o-vacuum magnetic permeability, p-mass density.
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BETGNACIILIM \Waves and Instabilities

Accretion disks

3: An artistic figure of the accretion disks

Most accretion disks probably transport angular momentum by magneto-
hydrodynamic processes which is called magnetorotational instability
(MRI) . It explains how a conducting fluid in differential rotation subjected
to a magnetic field can be destabilized. S.A.Balbus and J.F.-Hawley(1991).
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Background chiral plasma

Chiral Plasma

The relativistic heavy ion collision experiments show that the quark gluon
plasma (QGP) is in strong magnetic fields and fluid vortical fields

4: Schematic representation of a 2°8Pb-208Pb collision at the LHC.
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Background chiral plasma

Chiral Plasma

Magnet Neutron star Heavy-ion collisions
B
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5: The magnetic field strength for different physical systems
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6: The vorticity in fluid systems at different scales
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chiral anomaly

Chiral Anomaly and Anomalous Transport

Generally, a symmetry of a classical theory is also a symmetry of the
quantum theory. However, if it is not, we call the symmetry " Anomaly" .
Here we focus on the Chiral Anomaly

e2

Ouds = T 1672 e aBFuVFaﬁ (2)
the axial current j' is not conserved for chiral fermions with m = 0. ”
Adler,Bell and Jackiw(1969) or Fujikawa(1979)" .

Anomalous phenomena, the chiral separation effect(CSE) and the
chiral magnetic effect(CME) "A.Vilenkin(1980); K.Fukushima et
al.(2008), ..."

2 2
. pve . pse
B = 27I'2 B Jv = 271'2 B (3)

also the chiral vortical effect(CVE) are "A.Vilenkin(1980), ...”

. Mvps . T2 pd 4l
=" =+ P
72 ( 6 272 )
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chiral anomaly Chiral Hydrodynamics

Chiral Hydrodynamics

The Chiral Hydrodynamics (CHD) was pioneered by "“D.T.Son and

P.Surowka(2009)". Considering the CHD for right-handed chiral fermions
in external electromagnetic fields

0, TH = F"Ajy (5)

8,j* = CE'B,, (6)

here TH" is the energy-momentum tensor, j* is right-handed current,

EH = FFy,, BF = %e‘“’o‘ﬁu,,FaB are defined in the fluid rest frame,C is
anomaly coefficient. In the Landau-Lifshitz frame (1959)

T = (e + P)utu” — Pgh" + 71 (7)
J* = nut + VH (8)
with dissipative terms 7#"u, = V#u, = 0.
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Chiral Hydrodynamics
Chiral Hydrodynamics

And the entropy current analysis
st = sut + sff (9)

thus the 2nd law of thermodynamics tells us 9,s" > 0

" p Evy P pn Fomy o
#—V [8#(7)+?]—?CE Bu—i—@u[?v +s7]1 >0 (10)
with projection operator-A*” = gt — uHu”, so

VH = _ TUAWaV(%) + 0EF + £ wh + £g B! (11)

two new transport coefficients: &,-CVE and {5-CME.
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Chiral Alfvén Wave-CAW

Taking non-relativistic limit |v| < 1, here By is a background field

z
F 13"
e LA (e+P)dv = Euw x By (12)
w,j y dispersion relation
v =v(2)3,
0,v(z) <0 o Ew BO
X w=-—"7 sz (13)

7: chiral Alfvén wave
The Chiral Alfvén Wave (CAW). N.Yamamoto(2015). Here the CVE

induces a Lorentz force which acts as a restoring froce.
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chiral anomaly Chiral Alfvén Wave

Dynamical electromagnetic field

Nonrelativistic limit |v| < 1,power counting :

Ot ~ O(€:),V ~ O(es),v,b ~ O(0), €s,¢¢ < 1, § < 1, the conductivity o
is large enough, nv = (V - E)v < oE, also nE, assuming P, ¢ are
constants, ns = 0, then keeping v ~ O(9)

(6+P)8tV%jXB
i ~ o(E x B B+¢&,
J~o(E+v )+Eé8B + w (14)
V-v=0
VxB~j VXxE=-0B V-B=0

also the vector current conservation and axial current equation
on+V-j=0, j=nv+Ew+EB+o(E+vxB) (15)
Oins +V - js = GE - B, js=nsv+ k,w+ kgB (16)
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N L KCLGL) v Piasma Instabilty
Chiral Plasma Instability-CPI

B=By+b=Byz+b(b~0O()),By-b=0,also By-v=0

(e+ P)Otv =(By-V)b—V(By - b) (17)
dtb = (By - V)v +nV2%b + gV x b —né, Vv (18)
here n = 1 /0 is resistivity. We first check the CME term &g

4B2
e+ P

I (A=41)

(19)
here k x b # 0,in{g(k x b)3 =0 and k - b = 0 which limits k = (0,0, k3).
The instability appears in a finite intervals |k3| € (0,&g)- Chiral Plasma
Instability (CPI) 2.

w = %[—inks(l@ —Ag) £ |k3!\/—772(k3 —Ap)? +

2Y.Akamatsu and N.Yamamoto,PRL.111,052002(2013)
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Chiral Plasma Instabilt
Chiral Plasma Instability-CPI

What is the fate of chiral plasma instabilities above? Let’s first recall the
relation of triangle anomalies

8tn5 = C5E -B (20)

then one can integrate in all space

Vx50t 5 = C5/d3xE ‘B = —g/d3xA- B = —gét’;’-[(t) (21)

where we have assumed a homogeneity of the system, ns = ysus(t),

x5 T2, s is the chiral susceptibility. And 7 is the Chern-Simons
number (which is also called the magnetic helicity in plasma physics). The
CPI once happens, however, the fermionic helicity will deplete.
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el a7
Topology Property of CPI

Magnetic helicity is a fundamental quantity of magnetohydrodynamics
that carries topological information about the magnetic field.

N N
H=> Sig?+2Y  Ljpid; (22)
i=1 ij=1

where §; is the Calugareanu-White self-linking number, and Lj; is the
Gauss linking number.

= A-B =
M /v 260 (23)

here £L = +1
8: Magpnetic helicity of two linked flux
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el a7
Topology Property of CPI

Linking number

P 7

—— — —
+1 -1

9: The sign of cross point
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chiral anomaly Chiral Plasma Instability

Topology Property of CPI

@
DD

10: The simple linking number

examples

(c)

so the linking numbers are L5y = 3(1+1) =1, L) = 5(-1-1) =
and ,C(C),[,(d) =0.
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el a7
Topology Property of CPI

V<

11: Linking number = —3

here the left one has magnetic helicity = —3¢?, and the right one has
magnetic helicity H = —6¢1¢2
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chiral anomaly Chiral Plasma Instability

Chiral Plasma Instability-CPI

An intuitive picture about the CPI
@ g Oy © . B
OPS» )
(d) y (e) B
* ) > <B)

12: Intuitive picture of the CPI 3

3arXiv:2305.01234
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Chiral Magntovortical Instability
Chiral Magntovortical Instability-CMVI

now we focus on the CVE (setting {g = 0)

. k)2 .
o= = ik \/4(30") ke — ikt B ) )

e+ P P
~y (Bo-k) .1
Nim 2(1i\/7)k2 (25)
——

Alfven wave

the instability occurs once £, > /e + P and applicable to any |k]|.
Because the CVE and magnetic field are both included, we call this
instability Chiral Magnetovortical Instability (CMVI) 4.

*S.Wang and XG.Huang,PRD 109,1121302(2024)
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Chiral Magntovortical Instability
Chiral Magntovortical Instability-CMVI

An intuitive picture about the CMVI

13: CMVI

The CVE currents induce new magnetic fields around themselves, the new
magnetic fields will add the perturbed magnetic fields b. If the CVE is
strong enough to overcome the dissipative effects (£, > ve + P), then b
increases in red regions.
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Chiral Magntovortical Instability
Chiral Magntovortical Instability-CMVI

One can integrate chiral anomaly equation and ignore the surface term

at(/ d®*xj2 + %”HB) =0 (26)

where j = ns + kv - B + k,v - w. Next we introduce different helicities
Hp = /d3xA-B Hs = /d3xn5 (27)

He = /d3xv -B H, = /d3xv W (28)

here Hp/s5/c/, are magnetic,fermion,cross,fluid helicities. Therefore

G _ _ _
X50¢15 = —758t7‘[b — kBO¢Hc — KwOrHy — T x5 s (29)

the notation '(m) is the chirality relaxation rate in order to account for
the chirality-flipping process due to mass, with '(m = 0) = 0.
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Chiral Magntovortical Instability
Chiral Magntovortical Instability-CMVI

the average kinetic,magnetic energy and various helicities in helicity basis

E(t) =2 <v2>= & [ eP), ewle) = (v = B} (30)

2 2V
Ao(t) =< v-B >= \1//k(v+b1 Fvobt) (31)
Au(®) =< v-w = [ K- (i = o) (32)
Ao(e) =< A-B >= 4 [ o (o = [b-P) (33)

we have chosen an initial condition such that H,(t =0) = H,(t =0) =0,
which implies that they remain zero throughout the time evolution.
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Chiral Magntovortical Instability
Chiral Magntovortical Instability-CMVI

Initial values: &, =5, |By| =5, v(0) = b'(0) = exp(lOT]\I((]z.|17100)+l' (lines

in red/blue/purple/orange related to n" = 0,0.01,0.02,0.03.)
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14: Evolution of &

e The CVE coefficient £/, decrease with time
e [ =0 means a pure Alfvén wave, so &, =1 in final time
o [ #0, & (t) — 0 with time increases
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Chiral Magntovortical Instability
Chiral Magntovortical Instability-CMVI
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(a) Evolution of H. (b) Evolution of &,

15: the cross helicity H. and magnetic energy &

@ H. and & increase with time

e [ =0 means a pure Alfvén wave, H./Ep are stationary finallly

o [ #0, Hc/Ep 1 first, then |. The turning point satisfies &, (t) = 1
o &, T means a dynamo effect, the magnification is 10-20
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Summary and Outlook

Summary and Outlook

1.CPI and CMVI

(a) B (b) ; (c) B (d) ; (e) B
OPS+»B) > HB) » b)
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Summary and Outlook

Summary and Outlook

2.the CMVI provides a mechanism by transferring chirality of constituent
particles to the cross helicity of the system. Which expands the scope of
the CME.

80|
S 60|
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By - k
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Summary and Outlook

Summary and Outlook

3. All helicities are conserved 9;H = 0

HBE/d3xA-B Hs

= /d3xn5

HCE/d3xv-B Hvz/d3xv-w

G
H = Hs + ?53%3 + kgHe + ko H,y

It is interesting to include all helicities and explore the transformations
between them, especially the vorticity, and the topological properties.

’ V/d3xv‘B \

fd3xA-B

S.Wang and XG.Huang (FDU)

CMHD Instability

/d3xv-w

2024 £ 12 A 8 H 28 /29



Summary and Outlook

Summary and Outlook

4. We hope the CMVI can explain the magnetic field origin of the galaxies,
stars, and planets in some points.

spin axis

rhagnetic
field lines

16: The neutron star with a strong magnetic field (blue lines)

Thank you for your attention!
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