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® The Worldline Formalism
o
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The Worldline Formalism

® What exactly is the formalism? Best illustrated through the
I Here for QED.
® Begin with QED partition function in a background field,
A,~but without dynamical d.o.f.! (D, = 0, + ieA,)
[C. Schubert, Phys. Rept. 10.101 (2001).]

(outlin) = /Dq/_;Dqﬁ of [ d*xib(iP—m)y
® Get Effective Action from integrating out fermions:

{out|in) = det(il) — m) = %det([f +m?) =€
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The Worldline Formalism

What exactly is the formalism? Best illustrated through the
I Here for QED.

Begin with QED partition function in a background field,

A,~but without dynamical d.o.f.! (D, = 0, + ieA,)

[C. Schubert, Phys. Rept. 10.101 (2001).]

(outlin) = /Dq/_;Dqﬁ of [ d*xib(iP—m)y
Get Effective Action from integrating out fermions:
1 .
{out|in) = det(il) — m) = 5det([p2 +m?) =€

Introduce Schwinger propertime, T:
i [ dT ;
MAl = é/o T / d*x tr(x]e TP I )

since In 9et =TrIn
(x|e=(@+m)T ) is just the quantum mechanical-like kernel,
however here with propertime propagation!

(Real-time, x°, put on same footing as x.) 26



The Worldline Formalism

® Path integral form (LD2 = LeF,, ot +spinor):
<X|e—i(lD2+m2)T|y> = /DXPeifonT[ — L Fuotv —m?]

QFT in a first quantized formalism!
o All orders in QED electromagnetic coupling to one-loop!

r[A] = j /§ \ (,é\\ Ll'z_}/ ,V‘»i’f

+ )+ )+ ) + -
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he Worldline Formalism

® Path integral form (mz = LeF,, oM +spinor):
<X|e_i(w2+m2)T|y> — /DXPeifoT d'r[ _%Fuyﬂ'm/—m2]

QFT in a first quantized formalism!
o All orders in QED electromagnetic coupling to one-loop!

Al = g\.

® Has appeared in many contexts [ Z. Bern, D. Kosoer, Nucl. Phys. B,
379, 451—561 (1992); M. Strassler, SLAC-PUB-5757 (1992),;...];
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Mathematical Formulation of the Quantum Theory of Electromagnetic Interaction
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The validity of the rules given in previous papers for the solution of problems in quantum electrodynamics
is established. Starting with Fermi’s formulation of the field as a set of harmonic oscillators, the effect of
the oscillators is integrated out in the Lagrangian form of quantum mechanics. There results an expression
for the effect of all virtual photons valid to all orders in ¢t/Ac. Tt is shown that evaluation of this expression
as a power series in ¢/ gives just the terms expected by the aforementioned rules.

In addition, a relation is established between the amplitude for a given process in an arbitrary unquantized
votential and in a quantum electrodynamical field. This relation permits a simple general statement of
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The Worldline Formalism

Wealth of physics in compact expressions, e.g.:

® Fuler-Heisenberg Lagrangian [W. Heisenberg and H. Euler, Z. Phys. 98,
714 (1936)]

® Sauter-Schwinger pair production [F. Sauter, Z. Phys. (1931); W.
Heisenberg and H. Euler, Z. Phys. (1936); J. Schwinger, Phys. Rev. (1954)]

® Light by light scattering [H. Euler and B. Kockel, Naturwiss. (1935)]
Not limited to the effective action!

@ Feynman "dressed” propagators, QED in background field:
(out| T{w(x)i(y)} lin) = / DIDG (x)i(y)e' | S0 iP=mv
— (D +m) [ dT (e @)y
0

(2] or worldline desciptions
(to be discussed later!)

© Scattering amplitudes!
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The Worldline Formalism

Not limited to QED!

°
F[A] = / ﬂe_mZT /'DX e_%fOT d’Ti(ztrr]DeigfoT dTAxH
o T

°

1 *dT _
MMA] == lim / 9L —CT(3-1) j{DXDd}DwtrP

e Iy dT{%*2+"gA#*’L+@“’[%u(%*c)*ZigFuu]w”}

°

0 4T o
Mgl :/ dTe_sz/Dx\/ge_fonT[};g;wX”x +ER(x)]
0

e Many more QFTs ...
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o

@® The Schwinger Effect and the Axial Anomaly
Background
In-Out/In Vacuum States

®

o

[

[

o
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The Axial Anomaly

Background

® Unlike the vector current the ,
jg‘, is not conserved.[S. L. Adler, Phys. Rev. 177, 2426 (1969); J. S. Bell,
R. Jackiw, Il Nuovo Cimento A 60, 47.] Massless case:

. e - =
Ouls = ﬁE -B

® |t was first thought that classically 9,j = 0. But, due to
quantum effects, chiral symmetry broken. |

Y

d(N5R— N51_) / 3 62 ==
R S o —F-B
dt d Xon2

Ns(r/1): # of right or left
handed fermions
(spin and momentum aligned)

D. E. Kharzeev, Ann. of Phys. 325, 205-218 (2010)
8/62



Schwinger Mechanism
Background

® Under a background electric field the quantum field theoretic
vacuum is unstable against the production of particle
anti-particle pairs: [J. Schwinger,
Phys. Rev. 82, 664 (1951).]

© @ ®
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Schwinger Mechanism
Background

® Under a background electric field the quantum field theoretic
vacuum is unstable against the production of particle
anti-particle pairs: [J. Schwinger,
Phys. Rev. 82, 664 (1951).]

B

© @ ®

® Imaginary part of effective action, (out|in), characterizes the
vacuum non-persistence.

Positive Continuum

{out|in) = /Dqﬁpqﬁ o [ d*x(iP—m)y

Tunneling Dirac Sea

Energy

Num. of pairs = 1 — | (outlin) |2
2

™m
~op( o )

E Field

3 9/62



Schwinger Mechanism and Chirality

Background
® Add in a strong background magnetic field:
Schwinger Pair Production from
E v/ << ﬁ Vacuum in Electric Field

Momentum

@

vv

©) @
I

Lowest Landau Level Projection

Spin

Chirality: AN; = 2 per Pair Produced
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Schwinger Mechanism and Chirality
Background

® Add in a strong background magnetic field:
Schwinger Pair Production from
E v/ << ﬁ Vacuum in Electric Field

Momentum

vv

@

©) @
I

Lowest Landau Level Projection

Spin

Chirality: AN; = 2 per Pair Produced

® Predicts the chiral anomaly [K. Fukushima, D.E. Kharzeev, and H.J.
Warringa, Phys. Rev. Lett. 104, 212001 (2010).]!

N f oai e’EB th B Tm?
m. rs ~ — -
um. of pairs ~ ——-coth{ = | exp ——2

2 2
BsE e°EB mm<\ 1
— 2 exp( oF ) = 2(60n5>

ns = 1y°951 is the chiral density.
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Expectation Values and Setup
Background

The [K. Fujikawa, PRL 10.1103 (1979) ],
— e2 o o
dons = 2impy°p + —E - B,
272

for fermion mass, m, is exact and well-known at the operator level.
J behavior?

® Schwinger mechanism in parity violating fields — (in| # (out|!
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Expectation Values and Setup
Background

The [K. Fujikawa, PRL 10.1103 (1979) ],
- e2 S o
dons = 2impy°p + —E - B,
272

for fermion mass, m, is exact and well-known at the operator level.
J behavior?

® Schwinger mechanism in parity violating fields — (in| # (out|!

Setup and Methods

Parallel electric, E, and magnetic, B, fields (in x3 direction)

@ Schwinger proper time
® Worldline path integral techniques

© In-In (Schwinger-Keldysh real-time) formalism

11/62



In-Out Propagator

In-Out Vacuum States
Standard QFT treatment of well-known in-out propagator for
homogeneous fields is

SC(X7y) = /D&de i¢(x)1;(y)effd“xi(f¢*m)w
0
with kernel, g, in proper time, s,

g0y, T) = i (x| exp(—i(B? + m*)T)|y).

Kernel may be cast into worldline path integral representation.

® Indispensible for Schwinger pair production.

e Automatically regulates traces of 5.
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Worldline Path Integral Representation
In-Out Vacuum States

L4 [C. Schubert, Phys. Rept. 10.101 (2001).]

-
1 1
g(x,y, T)= i/DxPexp{i/O dT[_ZXZ_A#Xu_EFuVUW_m2]}

® Spin factor diagonalizes in homogeneous fields and path
integral portion reduces to one of a boson.
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Worldline Path Integral Representation
In-Out Vacuum States

[C. Schubert, Phys. Rept. 10.101 (2001).]

T
1 1
glx,y, T)= i/DXPeXp{i/() dT[_Zkz—A‘u).(u_E HVU“V—m2]}

® Spin factor diagonalizes in homogeneous fields and path
integral portion reduces to one of a boson.

® Evaluate through steepest descents

® Reproduce exact result: [J. Schwinger, Phys. Rev. 82, 664 (1951).]
2

B
glx,y, T)= sinh ™! (eET)sin"!(eBT)

E
(4m)?
X exp[—i(%eF’“’oW + m2) T +io(x,y, T)]

¢ = 2x,eF"™y, + 1[(25 — 25)eE coth(eET) + (2 + z3)eB cot(eBT)]
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In-Out Pseudoscalar and Axial Ward Identity
In-Out Vacuum States

In-out pseudoscalar [Schwinger, Phys. Rev. 82, 664 (1951)] and the axial
Ward identity [W. Dittrich, H. Gies Probing the Quantum Vacuum (2000)] can
be found to one-loop:

(out| Gin®u|in) = —tr7PS(x,x) =

(out| dgns |in) =0

e?EB
4mn?

for any mass (even m — 0)!
¢ The anomaly has vanished!

® Naive treatment of massless limit would lead to an incorrect
result! — Limit should be taken last.
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In-Out Pseudoscalar and Axial Ward Identity
In-Out Vacuum States

In-out pseudoscalar [Schwinger, Phys. Rev. 82, 664 (1951)] and the axial
Ward identity [W. Dittrich, H. Gies Probing the Quantum Vacuum (2000)] can
be found to one-loop:

(out| Gin®u|in) = —tr7PS(x,x) =

(out| dgns |in) =0

e?EB
4mn?

for any mass (even m — 0)!
¢ The anomaly has vanished!

® Naive treatment of massless limit would lead to an incorrect
result! — Limit should be taken last.

Inconsistency? Not quite.
® What's the problem —
® Need out-of-equilibrium contruction to see produced pairs.

But in-out expectation values perfectly valid calculations.
_>

14 /62



Inequivalent Vacuum States and In-In Formalism
In-In Vacuum States

Inequivalent asymptotic t — +oo states, (in| # (out|;
e.g., Sauter profile:

At)

E,(t)

| t
In-out propagator, S€, misses out-of-equilibrium phenomena.
¢ Solution is provided by using in-in vacuum states!

® An in-in prescription is the same as a
[J. Schwinger, J. Math. Phys. 407 (1961).] formalism.

® However, direct application of the Schwinger-Keldysh
formalism is challenging and few exact results are known...

Look for application of the worldline proper time formalism!
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In and Out State Operator Representation
In-In Vacuum States

® Start from in-in normalization and insert complete set of out
states (also SK generating functional without sources):

(infin) =1 =" (in|a, out) (e, out|in)

«

= | (outfin)]* + 3" (in| b} af“" Jout) out| a3t b3 [in) + ...

n,m

® First term: Probability that the vacuum stays the vacuum
(no pairs of particles in out state).

® Second term: Probability for Schwinger pair production of
single pair.

® Apply to —
S y) = i (in] T{w(x)9(y)} [in)

16 /62



In-In Propagator
In-In Vacuum States

[E. Fradkin, G. Gitman, and S. Shvartsman, Quantum Electrodynamics in Unstable
Vacuum 1991] demonstrated that the in-in propagator, is expressible
entirely in terms of the worldline kernel, z = x — y:

s,f,(x,y):(im+m)[9(23)/r +e(—23)/r }dsg(x,y,s).

A

Ims

Res

-in/2eE

-in/eE
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In-In Pseudoscalar and Axial Ward Identity
In-In Vacuum States

(in] B4 fin) = — try®Sg(x, )

- e[ oe ()

And using the axial Ward identity:
2

. : e’EB mem
(in| Gons |in) = 52 exp(—¥>

¢ Chirality is spontaneously generated from the vacuum

through the Schwinger mechanism!

Mass effects for the axial Ward identity.

Generation of chirality agrees with physical heuristic picture!
Only the lowest Landau level contributes.

Calculation confirmation of in-in chiral density [H. J. Warringa,
PRD86, 085029 (2012).]:

(in ns [in) = e?EB ; (_mzw)
in| ns |in) = 52 exp =

18/62



© The Schwinger Effect in Non-Abelian Fields
o
[
[
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Non-Abelian Schwinger Pair Production

® Schwinger pair production from SU(2) scalar effective action

A= [ e T §Dxe i ety
0

. T .
W = trPe8 Jo dTA"

® Recall: Iml for pair production.
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Non-Abelian Schwinger Pair Production

® Schwinger pair production from SU(2) scalar effective action

A= [ e T §Dxe i ety
0

. T .
W = trPe8 Jo dTA"

® Recall: Iml for pair production.
® Use non-perturbative method! [I.K.
Affleck, O. Alvarez, and N.S. Manton, Nucl. Phys. B197, 509 (1982); G.V.
Dunne and C. Schubert, PRD, 105004 (2005).]
@ Find classical e.o.m. Thisis X, = —i£F,, x" for U(1).
@® Periodic solutions are worldline instantons!
© Plug classical solutions into '
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Non-Abelian Schwinger Pair Production

® Schwinger pair production from SU(2) scalar effective action

A= [ e T §Dxe i ety
0

. T .
W = trPe8 Jo dTA"

® Recall: Iml for pair production.
® Use non-perturbative method! [I.K.
Affleck, O. Alvarez, and N.S. Manton, Nucl. Phys. B197, 509 (1982); G.V.
Dunne and C. Schubert, PRD, 105004 (2005).]
@ Find classical e.o.m. Thisis X, = —i£F,, x" for U(1).
@® Periodic solutions are worldline instantons!
© Plug classical solutions into '
® But how to treat: Matrix weighted action? and Path
ordering?
Use [ W.-M. Zhang, D.H. Feng, and R. Gilmore,

Rev. Mod. Phys. 62, 867 (1990).] to cast Wilson loop into path integral:

W:fpexpu{ig/OTthr{m(UAukuu_l_;uu_l)”

20/62



Wong's Equations and Non-Abelian Worldline Instantons

® Take steepest descents in proper time, T, and absorb,
7 — T, to find for the worldline action:

1 : 1 .
S=m / dris, — ’g/ dr trlos(uAiu™ + Sui )]
0 2 Jo g

® Equations of motion are [W. Wong Nuovo
Cimento A 65, 689 (1970).]

@ Isospin equation

=2yt
2u o3u

I = [igh,x", 1]
@ Lorentz force equation (non-Abelian equivalent)

.
%, =% ftr[lGW]i("

Periodic solutions to Wong's equations are
21/62



Non-Abelian Pair Production in BPST Background

Homogeneous Background

® Abelianized homogeneous fields.
Gip = Bos Gzg = iEos
Worldline instantons with radius
m/gE (same as QED)

. . 2
® Exponential suppression of ™I

n
gE -

x3(T)gE/m

-1.0 -0.5 00 05 1.0
Xa(T)gE/Im
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Non-Abelian Pair Production in BPST Background

Homogeneous Background

® Abelianized homogeneous fields.
Gip = Bos Gzg = iEos
Worldline instantons with radius
m/gE (same as QED)

® Exponential suppression of

x3(T)gE/m

7Tm2

n
gE - -10 -0.5 00 05 1.0
Xa(T)gE/m

BPST Instanton Background

® BPST instanton [A. Belavin, A. Polyakov, A. Schwartz, and Y. Tyupkin
Phys. Rev. B 59, 85 (1975)] is hermitian, and we confirm there can
be no imaginary part in I'.

o All real fields in Euclidean spacetime (It’s like we have all
magnetic fields and no electric fields for pair production).

® Extend SU(2) — SL(2,C) and conceive of complex BPST
instanton — pair production!

22 /62
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O Axial Gauge Field Background
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Axial Gauge Field Background

Saw how the Schwinger effect in worldline formalism
@ gives rise to chirality and the axial anomaly!
@® can be studied in non-Abelian fields too.
May also study exotic couplings: QED + axial gauge field, AL!
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Axial Gauge Field Background

Saw how the Schwinger effect in worldline formalism
@ gives rise to chirality and the axial anomaly!
@® can be studied in non-Abelian fields too.

May also study exotic couplings: QED + axial gauge field, AL!
® Study the augmented kernel

|7|5 = ifylu(Du + i’y5A5,u)

with constant AL. (e.g., A2 = us chiral chemical potential)

® In worldline formalism (also Schwinger propertime) can use
other first-quantized methods, not just path integral!

® Express the effective action for augmented Dirac operator as a

, Mstbn = Anton:
[[A, As] = —itr/d“x(xy In[[ls — m]|x)

= — _— N
T

24/62



Axial Gauge Field Background

Two combinations admit exact eigendecompositions!
@® A magnetic field with a chiral chemical potential:
Biao 1 0
A#::A§(5Mx —0x), Ay =g"us
@ An electric field with spatial axial gauge:

E
A, = 5(52 3-53x0), AL =gMlws interpretation

25/62



Axial Gauge Field Background

Two combinations admit exact eigendecompositions!
@® A magnetic field with a chiral chemical potential:

Ap = B(51 2okt AF=g"us

® An electric field with spatial axial gauge:

E . .
Ay = *(52X3—52X0)a AL = gl interpretation

Schwinger Pair Production with Spatial Axial Gauge

Ay = :I:\/prll2 - p% +w§ +2s|w5|pﬂ,

Imaginary part of I for 0.0068

small wg: 00067

0.0066

0.0065

0.0064

_ Wws m m 00063
W5 = =

VIE| V/IqE| oo0ez

““““““““ 0.0061

0.0(
000 002 004 0.06 0.08
m
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@ Berry's Phase and the Axial Anomaly

26/ 62



The Berry Phase
Berry's Phase and the Axial Anomaly

® Can we see the anomaly at a classical level? With the
[ M. V. Berry, Royal Soc. London. A. 392, 45 (1984)] it is
thought possible.
® |f the system evolves slowly (adiabatically) enough it will stay
fixed in the same eigenstate.

. H(t)[w(t)) = E(0)](t))
" ¥/\

t
Quintessential case of electron in
a magnetic field:

e For closed path, electron picks up
Hit)= B .o L -
nonvanishing phase ~ solid angle

traversed bv magnetic field. 27 /62



The Berry Phase for Weyl Fermions
Berry's Phase and the Axial Anomaly

® Magnetic field —

e Consider for Weyl fermions in quantum mechanics with a
positive helicity eigenstate

p(t) o u™(t) = |p(t)| u™(t)

In addition to a dynamic factor f;f dt|p| if we take a closed
path such that p(t;) = p(tr) we will acquire an additional
phase
iﬁu+Vpu+

the Berry phase!

® Easiest to see this as a time-dependent gauge transformation:

H(t) = U'H(t)U + ihU'(V,U) - -

Then keep the diagonal parts, with U = (u™, u™).

28/62



The Phase Space Worldline Representation
Berry's Phase and the Axial Anomaly

® We can also write the worldline formalism in
representation [A. Migdal, Nuclear Physics B 265, 594 (1986).]
(from which a Berry phase in momentum space can be found)

—h )
/ha—éA—mc+l'e Y

:/ dT/<x|e h (—ihd+2 Aerc /e)T|y>

X(T)— ;
= / dT/ &GESAWD
0) =y 21h
Sa = / dr[—mc — p,xt — EAuk“] ,
0

Wb ::Pexp{}{l/onTp}.

G(A x,y) = (x]

29/62



Worldline Chiral Kinetic Theory for Weyl Fermions

Berry's Phase and the Axial Anomaly

® To begin, let's look at the simpler
case, just the left-handed case, i.e., stemming from the action:

it / d*xpl 5, DMy, 5" = (Io, —0')
® Same effective action as before but with
i T
Wp = Wy = Pexp{h/ dTpM&“}
0

® Insert complete sets of unitary transform, U, into the path
ordered element, where

U'p.5"U = p°Iz + |p|o

e ;0 is already diagonal and does not contribute to Berry's
phase — U(p) only depends on spatial momentum.
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Worldline Chiral Kinetic Theory for Weyl Fermions

Berry's Phase and the Axial Anomaly

® The transformation matrix is U = (u~, u™) with

e~iwr cos % —e wrsin %

U = 2 ut = 2
- .0, - Op
sin - cos -

Here the momentum is in spherical coordinates
p = |p|(sin 0, coswp, sin B, sin wp, cos b)

£ _ _poko E
By = —/hu=Vpu—,

St =V, x BE, = Fh-t_

2|p[3

® And the path ordered element under adiabaticity reads
ifT _
trWyw ~ Zexp{h/0 dr[p’ £ |p| — B}, - p]}
+

31/62



Worldline Chiral Kinetic Theory for Weyl Fermions

Berry's Phase and the Axial Anomaly

® The worldline action is
T e
Sw = /0 dr[~pus® — SA 4 50— Jp| — B -B]

® From which we can find the following equations of motion
e . . er .0
Pu:E wX', x=p+Syxp, x =1

® Equations of motion become:

(14 B-S§)x=p+E x S, + B(Sy, - )

(1+B-S\,)p=E+pxB~+Sy(E-B)

® How does this lead to an anomaly?
[M. Stephanov and Y. Yin Phys. Rev. Lett. 109, 162001
(2012).].

32/62



Worldline Chiral Kinetic Theory for Weyl Fermions

Berry's Phase and the Axial Anomaly

® Phase space evolution of a gas of Fermi particles (but with
chiral effects) —
® Liouville equation for distribution f for L/R handed particles:

o 0 9
Trr 9o Ly =
gt Tox Xt g, PO

® Incompressible phase space measure: (14 B - SJV)‘I(Z)%ZP leads

to modified distribution function: f' = (1+ B - S{;)f.
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Worldline Chiral Kinetic Theory for Weyl Fermions

Berry's Phase and the Axial Anomaly

® Phase space evolution of a gas of Fermi particles (but with
chiral effects) —
® Liouville equation for distribution f for L/R handed particles:

0 0 0
—f+— fx+—- -fp=
ot +8 x—i—ap p=20

® Incompressible phase space measure: (14 B - S+)d(3Xd)3p leads

to modified distribution function: f' = (1+ B - S{;)f.
® The phase space current is j* = [ d3p(f’, f'x)/(2m)3, we find

0 0 0
—f'+— . f'x+— -fp=E-BV,-S¢
ot Tox Xt ogp TP P OwW
E-B
ot = e the axial anomaly!

® We further explore this phenomenon but with Dirac fermions,
leading to a richer non-Abelian Berry phase structure.
However anomaly is still produced! [PC, S. Pu, Phys. Rev. D, 105
(2022).] 33/62
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@ Tree-level Scattering in Background Field
Motivation
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Strong Field QED
Motivation

® Treat perturbatively in «, with high precision.

SFQED

® QED + background field, e.g. ultra-intensity lasers

Lase

[M. Marklund, J. Lundin, Eur. Phys. J.D. 55, 319326 (2009).]

e May scale larger that a: x2/3a? [V. 1. Ritus, Sov. Phys. JETP 30,

1181 (1970); N. B. Narozhnyi, Phys. Rev. D 21, 1176 (1980).]

® Must treat non-perturbatively!
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Furry Expansion
Motivation

® Particles dressed with background field + perturbative
photons [W. H. Furry, Phys. Rev. 81 (1951)]:
S(z,y) —iey” Dyy(z —y)

— AVAVAVAV]
Y z N Y T

[A. Fedotov, et al., Phys. Rept. 1010, (2023)]
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Furry Expansion
Motivation

® Particles dressed with background field + perturbative
photons [W. H. Furry, Phys. Rev. 81 (1951)]:
S(z,y) —iey” Dyy(z —y)

—— §¢ AVAVAVAV]
Y z Y T
~

[A. Fedotov, et al., Phys. Rept. 1010, (2023)]
® Theoretical Shortcomings:

@ Unrealistic modeling of e.g. high intensity lasers
@® Higher-order effects need to further address
© Resummation required
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Furry Expansion
Motivation

® Particles dressed with background field + perturbative
photons [W. H. Furry, Phys. Rev. 81 (1951)]:
S(z,y) —iey” Dyy(z —y)

—— §¢ AVAVAVAV]
Y z Y T
~

[A. Fedotov, et al., Phys. Rept. 1010, (2023)]
® Theoretical Shortcomings:
@ Unrealistic modeling of e.g. high intensity lasers
@® Higher-order effects need to further address
© Resummation required
® Enter the
® All orders in the background field!
® Sum over all Feynman diagrams at given multiplicity or loop
order!
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Background Fields
Motivation

Working in light front coordinates ds? = dx*dx~ — dx*dx™*

eAu(x) = au(x") = d,a.(x") a,(o0) = aT

AP (x) = —nud(n - x)d(x*)

@® Shockwaves ,ultra-boosted Coulomb field:
O(x*) oc log(p?]x*|?)

® Impulsive plane wave:
d(xt) = rox*
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N-Photon Dressed Worldline Formalism

® Expand about Apg + A7 where

N
AZ(X) = Zau;eik"x
i=1
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N-Photon Dressed Worldline Formalism

® Expand about Apg + A7 where
N .
AZ(X) = Zau;e'k"'x
i=1

® | et's examine the scalar propagator:

, 00 ) x(T)=x' ) N ,
,D)I{IX _ (—ie)N/ dTe—/mQT / DX(T) eISB[X(T),Abg] H Ve X[Ei’ ki]

0 x(0)=x i=1
T x2
Splx(7), Avg] = — /O d | 5 + eAng(x(7)) - X(7)]
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N-Photon Dressed Worldline Formalism

® Expand about Apg + A7 where
N .
AZ(X) = Zau;e'k"'x
i=1

® | et's examine the scalar propagator:

, 00 ) x(T)=x' ) N ,
,D)I{IX _ (—ie)N/ dTe—/mQT / DX(T) eISB[X(T),Abg] H Ve X[Ei’ ki]

0 x(0)=x i—1
T )'<2
Se[x(7), Apg] = —/ dr [Z + eApg(x(7)) X(T)}
0
o Multi-linear insertions. Place in exponential

through lin. operator

lin. e

’ T . T . )
VX X[€7 k] = / dT - X(T) e’k.X(T) = / dT e’k'X+€'X
0 0
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@ Plane Wave Background
LSZ
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Coordinate Space Propagator
Scalars

® | et's evaluate the propagator in a

® Expand about the straight line: x*(7) = x* + z* T 4 g#(7)
with zH .= x'" — xH.
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Coordinate Space Propagator
Scalars

® | et's evaluate the propagator in a

® Expand about the straight line: x*(7) = x* + z* T 4 g#(7)
with z/ := x' — xH.

® Introduce a Lagrange multiplier x(7) and auxiliary field £(7)
[C. Schubert and R. Shaisultanov, Phys. Lett. B 843, 137969 (2023)],
effectively revealing the Gaussian structure!

o[ dTalxt+2t T+q7)q _ /Dfpx of [T [x(6—a")—a(xt+2" T+€)-d]
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Coordinate Space Propagator
Scalars

® | et's evaluate the propagator in a

® Expand about the straight line: x*(7) = x* + z* T 4 g#(7)
with z/ := x' — xH.

® Introduce a Lagrange multiplier x(7) and auxiliary field £(7)
[C. Schubert and R. Shaisultanov, Phys. Lett. B 843, 137969 (2023)],
effectively revealing the Gaussian structure!

o[ dTalxt+2t T+q7)q _ /Dfpx of [T [x(6—a")—a(xt+2" T+€)-d]

® The rest of the path integral can be written in terms of the
scalar Green function w/

(g"(7)q" (")) = 2in" A(7, ")

1
Ajj = Alri, 1) = Sl = 75| = S (7 + 75) +
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Coordinate Space Propagator
Scalars

Coordinate space propagator:

x'x __ . * —idT —im?T+.. /
Dy =( /e)/0 (47TT2H/ dre DE Dy en

lin. €

N S
— S :/dT,-de ai-aj‘A',j+2iZ/dT;
j=1
N

+2/Z/d7,x[AUEJ+/A,JJ] Z

ij=1
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Coordinate Space Propagator
Scalars

Coordinate space propagator:

’ . o0 —IdT —im
D* = (—ie)V (4”21'[/ drie M T+ /DgDXe

0

lin. €

N .
—Sn :/d’r,-de a,--aj'A',j+2iZ/dT,-
=1

N
+ 2/ U/liﬂ Xj[[XUEJ + iAjk J - j{:
ij=1
® Kibble mass
(2]
© ‘hidden’ Gaussianity — implict photon dependence
(4]
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LSZ in the Worldline Formalism
Scalars

@ Start with momentum space propagator w/ p' = p/ + a°:

/

DRP = / d*x'd*x PP D = /dee'Wm“"O*)TF(T)
J0
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LSZ in the Worldline Formalism
Scalars

@ Start with momentum space propagator w/ p' = p/ + a°:

/

DhP — / d*x/d*x el X —iPx DX = /.oc(lTe"(p/z’"2+"O+)TF(T)
J0

@® How to do LS5Z7 [E. Laenen, G. Stavenga, and C. D. White, JHEP 03,
054 (2009); D. Bonocore, JHEP 02, 007 (2021); G. Mogull, J. Plefka, and J.
Steinhoff, JHEP 02, 048 (2021).] First, truncate the outgoing state.

—i(p?-m+ i0+)/ AT ef(P*=m*+i0)T (T
J0O

- F(O)—i—/ AT i =mionT 4 oy
0 ar

and in the on-shell limit

lim —i(p/*—m?+i0%) / AT /"= ODT F(T) = F(o0)

p'2—m? 0
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LSZ in the Worldline Formalism
Scalars

© Do the following variable changes:

LN
To—N;T;, Ti = Ti — T0
N oo o N oo N _
= Ti 0 <
,1;[1/0 dr, /odToil;[l/—oodT <§N>

also shift out 79 dependent terms implicit in a(x.(7)) with x*.
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LSZ in the Worldline Formalism
Scalars

© Do the following variable changes:

LN
To—N;T;, Ti = Ti — T0
N oo o N oo N _
= Ti 0 <
,1;[1/0 dr, /odToil;[l/—oodT <§N>

also shift out 79 dependent terms implicit in a(x.(7)) with x*.

® With new 'T' variable, truncate the incoming state (multiply
by p?2 — m? 4+ i0* and go on-shell).
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LSZ in the Worldline Formalism
Scalars

© Do the following variable changes:

LN
To—N;T;, Ti = Ti — T0
N oo o N oo N _
= Ti 0 <
,1;[1/0 dr, /odToil;[l/—oodT <§N>

also shift out 79 dependent terms implicit in a(x.(7)) with x*.

® With new 'T' variable, truncate the incoming state (multiply
by p?2 — m? 4+ i0* and go on-shell).
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Kernel and Spin Factor
Spin Factor

® Spinor kernel:

/I\I:(—ie)N/d4x/OoodT/0Tf[1de

® Spin factor:

lin. e

Spin[a](fA.n) = symbflﬁﬂn[a](ﬂ;,\,)

Use symbolic map to convert n*'s into v*'s.
® Express as average over

QBn[a](fflzN): ety Yn(Ti)-fitbn(mi)
—27% Dy(r)...e o a7 [ Sty (7) F(7) o (7))
A/P
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Fermion Green's Function

Spin Factor
® Spin factor is Gaussian, to solve just need to find
7 10 1 na /
() () = 56" (,7)
which satisfies for A/P BCs:
1 d ov AN 14 /
(577,“,@ + fW(T)>Q§ (r, ) =n"0(r — 1)

® Can find an exact solution for any background field, not just
plane or impulsive PP waves:

O(r,7') = [8(r — 7)P + O(r' — 7)P] e 2 /71 dof(0)

&(r,7") = sgn(r — 7)O(7,7') + O(r, 0)1;
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Fermion Green Function
Spin Factor

® The fermion Green function takes on a simple form in a
background though!

[f(7),f(7)] =0 and f(r)f(7')f(")=0
sincen?=0and n-a=0
® Exact fermion Green function [J. P. Edwards and C. Schubert, Phys.
Lett. B 822, 136696 (2021).]:
&(r,7") =sgn(r — 1) [1 - 2/ do f(o) + 2(/

FT(Afi-2f o £(0)]

T

,Tda f(a)) 2]

® One needs only to “complete the square!”
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Spin Factor Solution

Spin Factor

® The exact solution for the spin factor in a plane wave
background:

5 _F._8

~ ZN
W, (F.y) = e 50 50

e~ fonT [r]-f(‘r)-nJrG(‘r)-n]7f0TdeT’[7)-f(‘r)-@(7',7")-9(7’)+%9(7-)-6(7,7”)-0(7")]
6=0

® Does not spoil the ‘hidden’ Gaussianity of the kernel.

® Can find an exact solution of the N-photon dressed
propagator!
® Spin d.o.f. enter as a multiplicative factor with

@ Implicit N-photon dependence in f(7)
(as with a(7) for the scalar part)!
@ Linear operator can act on either spin factor or scalar factor.
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N-photon Propagator and LSZ

LSZ

® Putting everything together:

KPP — [ Qi(B?=m*) T+i(p +K—p)x+i(25'+K)-g
nP =
N
o i3 Imi—Tilki-ki—i sgn(ri—7;)e; kitei-e;8(i—)]

o= fOT(Qﬁ’.a(T)—QZ(T))dT—z Zl{"zl[foﬂ' k"a(T)dT_isi'a(Ti)]Spin[a](fl;[\/)

lin. e

N
a,(1) = a, (X++g (p'+p)* Z k| T— T,\) g= Z(ijjfiej)
j=1
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N-photon Propagator and LSZ

LSZ
® Putting everything together:

KPP — [ Qi(B?=m*) T+i(p +K—p)x+i(25'+K)-g
PP =
N
o i3 Imi—Tilki-ki—i sgn(ri—7;)e; kitei-e;8(i—)]

o 7P alr) =2 ()ar 2 SIS kirar)dr—iealrl g pin 3] (i)

lin. e
N
au(r) =a, (X++g (p'+p)* Z ki |T— T:‘) g = Z(ijj*"gj)
j=1

® And the full propagator in position space is

= (=it + A7) = MK (a) + e (x )5 (a)

® N-photon scattering amplitude:

L
MNSS—/ lim /d4x’d4xe"’X Ip-x

p/2 p 2y m?2

G (9 )iy — 3 — m)SE* (@ — m)us(p)
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Cancellation of Subleading Terms

LSZ

e Amplitude w/ subleading terms, 1, and
/ ]_ rx) o)
MRE =i lim  — [ d*}d*xeP P gy (p')(p? — m?)

p’2,p2—m2 2m

{ [—1 n %@(W)} K5 + }(p2 — m?)us(p)

49 /62



Cancellation of Subleading Terms

LSZ

e Amplitude w/ subleading terms, 1, and
/ ]_ it
p'p _ . - 4 1 44 ip'x'—ipx & / 2 2
Miyas = Ip/2,:7|2nl>m2 oy d*x'dxe us(p')(p e — m?)
1. 1+ X' x 2 2
{[Fr+ 5508000 kv + }(o? = m?)us(p)
® From Fourier transform pick up d(xT — x'* +2g* +2p'TT)

da(x'") — 0a(2Tp""+x*+2g") — out truncation(T — co) — 0
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Cancellation of Subleading Terms

LSZ

e Amplitude w/ subleading terms, 1, and
/ . . 1 4 4 ip'-x'—ip-x = 2 2
Mygs =1 lim o | X xe® P aa(p) (P — )
1 /
(e o e JEREWE
® From Fourier transform pick up 6(x™ — x'* 4+ 2g% +2p'* T)

da(x'") — 0a(2Tp""+x*+2g") — out truncation(T — co) — 0

® Poles not in the mass-shell p’> — m?, but rather
((p' + ki)> — m?)
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Scattering Amplitude on Plane Wave Background

LSZ

Rules:
(i) delete the integral [dT

(i) insert a factor of 6(2,’-\121 7'///\/)
(iii) change the range of the d7; integrals to R + ...
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Scattering Amplitude on Plane Wave Background

LSZ

Rules:
(i) delete the integral [dT

(i) insert a factor of 6(2,’-\121 7'///\/)
(iii) change the range of the d7; integrals to R + ...

./\/l’,’\,spS =(—ie) /d4xe K+p'—p) / HdT, (Z )

—ifEM[Zﬁ’~a(T)—a2(T)]dT—Ifom[Zp Sa(t)—da(m)dr—2i SN [T ki-a()dT —ie;-a(T)]

o/ (B'+p)-g—i o0 (5 |7i—7j ki kj—i sgn(ri—7))ei-kj+6(ri=7))ei-€))

%as,(p’)Spin[a](ﬂ;N)Us(P)

lin. e

in compact form by virtue of worldline construction!
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® Impulsive PP-waves Background
Off-shell Currents
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Propagator in a PP-wave Background
Scalars

® Recall gauge is

AE(x) = —nud(n- x)d(x*)
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Propagator in a PP-wave Background
Scalars

® Recall gauge is

AE(x) = —nud(n- x)d(x*)

® The scalar propagator w/ Robin BCs
(3%u(T) + eAu(x(T)) = p,):

lin.e

D'KI/P:/ Dx(r) 57 XA
N Jx(0

)=x

with the abbreviation:

/N:: (—ie)"’/d“x/ooodT/OTer[lde
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Propagator in a PP-wave Background
Scalars

® Expand about the classical solution:

Xi(T) = xcjf(T) + 5X:t(7‘) , X5 =27

N

JH = iz (ikl" — 57%)6(7‘ —7)

i=1

® Remaining path integral:

// Dx e’5~7[ TR0 f dT (30 ) e (xt)
xL(0

lin. e
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Fourier Transform of U(1) Factors

Scalars

® Write the Wilson line as product over roots of x(7) = 0:
ol f d‘rx*é( )eCD(XL(T)) l_J:elesgn(xI t; )CD(X (t))

o [A. Tarasov and R. Venugopalan,
PRD 100 (2019) 054007; T. Adamo, A. llderton and A. J. MaclLeod, PRD 104
(2021) 116013.]

olesen(x)e(xt) /azﬂ W(u)e"sgn()ﬁ)uxL
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Fourier Transform of U(1) Factors

Scalars

® Write the Wilson line as product over roots of x(7) = 0:
ol f d‘rx*é( )eCD(XL(T)) l_J:elesgn(xI t;)) CD(X (t))

o [A. Tarasov and R. Venugopalan,
PRD 100 (2019) 054007; T. Adamo, A. llderton and A. J. MaclLeod, PRD 104
(2021) 116013.]

olesen(x)e(xt) /azﬂ W(u)e"sgn()ﬁ)uxL

® Propagator is now Gaussian!

s)pp / / Dx /Hd ru ru

'53[( xg xH):014 sgn(xF () x (4)

lin.e 5462



Positivity Constraint
Scalars

n-p>0  and n-(p/+2k;)>0 VU C{1,2,3,..,N}
el

k:
ko 3

k1
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Kernel and Spin Factor
Kernel and Spin Factor
® Recall the is

ke = [ / A (A )|
(0)= in.e
® and the
Spin[A](fi.n) :symb*lmi,][A](fl:N)
2, [Al(fw) =23 f Pu(r) e/ SelUn) XAl
% @ Yn(m)-6(x(7)) (1)

¢ with worldline spinor action for any background F:

~ T i
Sulo(r)ox(r), Al = [ dr[u it o) FOx()- ()]

® | et's analyze this in the PP-wave background:
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Worldline Spinor Action
Kernel and Spin Factor
® Specialize to the
T .
~(s ] . )
56) = /0 dr [0+ + 21 (x ) (7) s (7)0., D)

® Expand about the vacuum solution x(7) = xq(7) + q(7):

§](35) — ;A dTi/} 1/}—|—2I€Z| O wn(tj)wn(tj)al ( J-(tj))
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Worldline Spinor Action
Kernel and Spin Factor
® Specialize to the

~(s T ] : . PR 1 L
5}(3) = /o dT|:§1/) )+ 2ie6(x )y (T)by (1) 0L P(x )}

® Expand about the vacuum solution x(7) = xq(7) + q(7):

§](35) — ;A dTi/} 1/}—|—2I€Z| O wn(tj)wn(tj)al ( J-(tj))

® PP-wave support at single t;. Since Grassmann variables,

Vi (tj)? = 0:

esg)ﬁezfodfwwne tj
J

wf,(tj)w (£)0L @ (x* (1))

_ b ard H[l — 2oy ()5 (5)0, 0 (1)

1
Xt 57/62



Fouier Transform of U(1) Factors w/ Spinors

Kernel and Spin Factor

ie [ A-dx

:S(s) .
® Couple eS8 to e , and write 9, ® as:

NER ll\—l[ ofesen(< ()00 (4))
J
irT j N 2/ H v L
= o2 Jo AT H [1 + Ww;(tj)zp;(tj)(x ofe sen (g (8))P(x+(t))
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Fouier Transform of U(1) Factors w/ Spinors

Kernel and Spin Factor

ie [ A-dx

:S(s) .
® Couple eS8 to e , and write 9, ® as:

NER ll\—l[ ofesen(< ()00 (4))
J
i rT j N 2/ H o+ 1
= ezl 4o ] [1 i W““f'w(tfﬂ} eiesen(ig (1)@(x* (1))

® Next, introduce Fourier transform of the U(1) factors of $:

R

3 2 isgn(xt)ri| x
/d2ij [1— mwﬁ(tj)wﬁ(tj)’ﬂ} W (rjp)e’ st

® Now similar to the scalar case we have a Gaussian in x|
worldine (scalar+spinor parts) action!
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Positivity Constraint
Off-shell Current - Vacuum Analogy

® | ike for the sglars, use the N = 0,1,
however only N = 1 will remain after LSZ.

—/e /C(s / /d3 IS 1% (7):0]+ ik X MGUEY)
N+1

W(k(NJrlL) cl( (N+1) )}Symb m [A](fi N) lin.
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Positivity Constraint
Off-shell Current - Vacuum Analogy

® | ike for the sglars, use the N = 0,1,
however only N = 1 will remain after LSZ.

—/e /C(s / /d3 IS 1% (7):0]+ ik X MGUEY)
N+1

W(k(NJrlL) cl( (N+1) )}Symb m [A](fi N) lin.

® | ook at the term above in brackets + background field part of
spin factor:

W(k(NH)L)).(cﬁ(T(NH)) - 2W("(NH)L)¢;(7'(N+1))1/’77(7'(N+1>) “ Ky
® Label r| = K.y and iy = ny W (ke ):

Looks like a photon vertex operator!
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Off-shell Current - Vacuum Analogy

o Kernel looks like one with N+1 photons

(_"e)lzﬁ)p = /&4/((,\,“) O(Kowin - ) Kni1

eu+1) =N W (kniyL)
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Off-shell Current - Vacuum Analogy

o Kernel looks like one with N+1 photons

(—/'e)la\f)p = /&4/((,\,“) O(Kowin - ) Kni1

eu+1) =N W (kniyL)

® \We have subleading terms, 1, and

' . 1 B X —ipox =
MEE =i Iim  — [ d*d*xeP =P, (p)(p"? — m?)
Ns’s p2,p2—m2 2m

([ 5] ki o = m)us(e)

but analogously to the plane wave case they disappear.

o Off-shell current is likewise:

()M = [ Sk )M,

envr) = np W (k) L)
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Off-shell Current - Plane Wave Analogy

® May also view the kernel, /E(Af)""’, under the positivity

constraint as one in a since

. T (ow)
. ( Ty i ()n, = e /0 dr y(7) - FO 45, (7)

eAELpW) =—nud(n-x)r.x

e Kernel and off-shell current (plane wave analogy):

B [ i

M = / & W(r )MEIPP
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Conclusions

@ First-quantized QFT description (use techniques from QM) v

® All orders in gauge field coupling v*
© Both perturbative and non-perturbative understanding v

® Non-equilibrium in-in construction:
Schwinger effect + axial anomaly
® Semi-classical evaluation:
Schwinger effect in non-Abelian and complex fields
® Plane Wave and Impulsive PP-wave Backgrounds
@ Exact master formulae constructed for scalars and spinors

@ All multiplicity N-photon scattering amplitude / off-shell
current in compact form on the worldline

Thank you for your time and attention!
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