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主要内容Introduction

Parton distribution functions (PDFs): 

Parton momentum distribution inside a hadron

Fragmentation functions (FFs): 

Hadron momentum distribution inside a parton jet

• Insights into the properties of strong interaction
• Understanding hadron structure and hadronization mechanism
• Prerequisite and inputs for new physics researches
• ⋯⋯

n Parton distribution functions and fragmentation functions

Why PDFs and 
FFs important ?

Hadron 
structure

Hadronization
mechanism
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主要内容Introduction

Polarized: 𝐷 𝑘, 𝑆!; 𝑝, 𝑆 = 𝐷" 𝑧 + 𝜆!𝜆𝐺"# 𝑧 + 𝑆$! ⋅ 𝑆% 𝐻"%(𝑧)

𝐷 𝑘, 𝑆!; 𝑝, 𝑆 = 𝐷" 𝑧, 𝑝# + 𝜆!𝜆𝐺"$ 𝑧, 𝑝# + 𝑆%! ⋅ 𝑆# 𝐻"# 𝑧, 𝑝# +
1
𝑀 𝑆# ⋅ 1𝑘×�⃗�# 𝐷"#% 𝑧, 𝑝#

+ "
&
𝜆! 𝑆# ⋅ �⃗�# 𝐺"#% (𝑧, 𝑝#) +

"
&
𝑆%! ⋅ 1𝑘×�⃗�# 𝐻"%(𝑧, 𝑝#)

+ "
&! 𝑆%! ⋅ �⃗�# 𝑆# ⋅ �⃗�# 𝐻"#% 𝑧, 𝑝# + "

&
𝜆 𝑆%! ⋅ �⃗�# 𝐻"$% (𝑧, 𝑝#)

Unpolarized: 𝐷"
!→' 𝑘; 𝑝 = 𝐷"

!→' 𝑧

Number density of hadron ℎ carrying momentum fraction 𝑧 of the fragmenting quark 𝑞

Transverse spin transferLongitudinal spin transfer

One-dimensional (1-D)
𝑧 = ⁄𝑝( 𝑘(

Three-dimensional (3-D) Transverse momentum dependent (TMD)

Collins function

n Intuitive definition of FFs

Spin-1/2

Sivers-type FF
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主要内容Introduction

Illustration TMD FFs Integrate over 𝑝# Naming/interpretation

𝐷"(𝑧, 𝑝#) 𝐷"(𝑧) Number density

𝐺"$(𝑧, 𝑝#) 𝐺"$(𝑧) Longitudinal spin transfer

𝐻"#(𝑧, 𝑝#)
𝐻"#(𝑧) Transverse spin transfer

𝐻"#% (𝑧, 𝑝#)

𝐺"#% (𝑧, 𝑝#) × Longitudinal to transvers 
spin transfer

𝐻"$% (𝑧, 𝑝#) × Transvers to longitudinal 
spin transfer

𝐷"#% (𝑧, 𝑝#) × Sivers-type FF

𝐻"%(𝑧, 𝑝#) × Collins FF

• What’s the quantum field 
theoretical definition of 
these FFs?

• How to probe them?
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主要内容Collinear expansion and 3-D FFs

n Study PDFs: deeply inelastic scattering (DIS)

𝑑𝜎 =
2𝛼'

𝑠𝑄( 𝐿
)* 𝑙, 𝑙+, 𝜆, 𝑊)* 𝑞, 𝑃

𝑑-𝑙+

2𝐸+

𝐿)*(𝑙, 𝑙+, 𝜆,) = 2 𝑙)𝑙*+ + 𝑙*𝑙)+ − 𝑔)*𝑙 ⋅ 𝑙+ + 2𝑖𝜆,𝜀)*./𝑙.𝑙+/

𝑊)*(𝑞, 𝑃) =
1
2𝜋F

0

𝑃 𝐽) 0 𝑋 𝑋 𝐽* 0 𝑃 2𝜋 (𝛿((𝑃 + 𝑞 − 𝑃0)

Naïve parton model

ℳ 𝑒𝑁 → 𝑒𝑋 ' =F
!

O𝑑𝑥 𝑓"
! 𝑥 Rℳ 𝑒𝑞 → 𝑒𝑞 '

𝑓"
! 𝑥 : parton distribution functions (PDFs).

Parton number density of flavor 𝑞 in the nucleon.
(momentum fraction: 𝑥 = 𝑘/𝑃)
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主要内容Collinear expansion and 3-D FFs

n PDFs in terms of QFT operators

𝑊)* 𝑞, 𝑃 =
1
2𝜋O

𝑑(𝑘
2𝜋 ( Tr R𝐻)*

1 𝑘, 𝑞 1𝜙 1 (𝑘, 𝑃)

R𝐻)*
1 𝑘, 𝑞 = 𝛾) 𝑘 + 𝑞 𝛾* 2𝜋 𝛿2( 𝑘 + 𝑞 ')

1𝜙 1 𝑘, 𝑃 = O𝑑(𝑦 𝑒34⋅6 𝑃 X𝜓 0 𝜓(𝑦) 𝑃

2

Collinear approximation: 𝑘 ≈ 𝑥𝑃

𝑊)* =
1
2𝜋O𝑑𝑥 Tr

R𝐻)*
1 𝑥 1𝜙 1 (𝑥, 𝑃)

1𝜙 1 𝑥, 𝑃 =
1
2 𝑓" 𝑥 𝑃7𝛾7 +⋯

𝑓" 𝑥 = O
𝑑𝑦8

2𝜋 𝑒39:"6# 𝑃 X𝜓 0 𝛾2
2 𝜓(𝑦8) 𝑃

R𝐻)*
1 𝑘, 𝑞 ≈ R𝐻)*

1 𝑥
Operator definition of one dimensional PDF:

However, not gauge invariant!

//

𝑃 𝑃
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主要内容Collinear expansion and 3-D FFs

𝑊)* = 𝑊)*
(,) +𝑊)*

(",/) +𝑊)*
(0,/) +⋯

𝑊)*
(",$) 𝑞, 𝑃 = "

'> ∫
?$4%
'> $

?$4!
'> $ Tr R𝐻)*

",$ . 𝑘", 𝑘', 𝑞 1𝜙.
",$ (𝑘", 𝑘', 𝑃)

R𝐻)*
",$ . = @& 4!2! @'

4!2! !83A
𝑘" + 𝑞 𝛾* 2𝜋 𝛿2 𝑘" + 𝑞 ' , 1𝜙.

",$ = ∫𝑑(𝑦 𝑑(𝑧𝑒34%⋅623 4!84% ⋅B 𝑃 X𝜓 0 𝑔𝐴.(𝑧)𝜓(𝑦) 𝑃

Collinear approximation

𝑘3 ≈ 𝑥3𝑃, 𝐴. ≈ 𝐴2 X𝑛.

• no power suppression for 𝐴2 gluon exchange

• lead to the same hard part  𝑃. R𝐻)*
",$ . 𝑥", 𝑥' =

CD&(
) (9%)

9!89%83A
, … …

//

Gauge link: ℒ 0, 𝑦8 = 𝒫exp[𝑖𝑔 ∫1
6# 𝑑𝜂8𝐴2(𝜂8)]

RΦ 1 (𝑥, 𝑃) = ∫ :
"?6#

'>
𝑒39:"6# 𝑃 X𝜓 0 ℒ(0, 𝑦8)𝜓(𝑦8) 𝑃 ,

n Final state interactions

Higher twist contribution Collinear expansion

⇒

?

𝐿 𝑅 𝐿 𝑅𝑀

/ /

Gauge invariant quark-quark correlator:
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主要内容Collinear expansion and 3-D FFs 

n Collinear expansion for inclusive DIS 𝑒𝑁 → 𝑒𝑋

R.K. Ellis, W. Furmanski and R. Petronzio (1982,1983);    J.W. Qiu and G. Sterman (1991)

• Expand the hard parts at 𝑘1 = 𝑥1𝑃, such as:  =𝐻)*
, 𝑘 = =𝐻)*

, 𝑥 +
234%&

' (5)
26(

𝜔7
7)𝑘7) +⋯

• Decompose the gluon field:  𝐴7 = 𝐴( @𝑛7 + 𝜔7
7)𝐴7)

• Apply Ward identities, such as:  𝑃7 =𝐻)*
",# 7 𝑥", 𝑥0 =

34%&
' (5*)

5+85*819
,   
234%&

' (5)
26(

= −∑/:#,; =𝐻)*
",/ 7(𝑥, 𝑥), ⋯

• Add same hard parts together:  𝑊)* = =𝐻)*
, 𝑥 ⊗ =Φ , 𝑥 + =𝐻)*

",# 7 𝑥", 𝑥0 𝜔7
7) ⊗ F𝜑7)

",# 𝑥", 𝑥0 +⋯

quark-quark correlator: RΦ 1 = ∫ :
"?6#

'>
𝑒39:"6# 𝑃 X𝜓 0 ℒ(0, 𝑦8)𝜓(𝑦8) 𝑃

quark-gluon-quark correlator: h𝜑.
(",$) = ∫ :

"?6#

'>
𝑒39:"6# 𝑃 X𝜓 0 𝐷.(0)ℒ(0, 𝑦8)𝜓(𝑦8) 𝑃

General steps:

Collinear expansion: to obtain gauge invariant definition of parton correlators and PDFs;
to calculate leading and higher twist contributions systematically.

𝜔!
!! = 𝑔!

!! − %𝑛!𝑛!
!

𝜔!
!!𝑘!! = 𝑘 − 𝑥𝑝 !

⇒ twist-2,3,4

⇒ twist-3,4,5
𝐷, ≡ −𝑖𝜕, + 𝑔𝐴,
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主要内容Collinear expansion and 3-D FFs 

n Collinear expansion for semi-inclusive DIS 𝑒𝑁 → 𝑒𝑞(jet)𝑋

Z.T. Liang and X.N. Wang (2007)

The only difference is the kinematical factor in hard parts, i.e.,
R𝐻)*
E,F,G3 𝑘3 , 𝑘+, 𝑞 = R𝐻)*

E,F 𝑘3 , 𝑞 ×𝐾(𝑘F , 𝑘+, 𝑞)

Such as: R𝐻)*
1,G3 𝑘, 𝑘+, 𝑞 = R𝐻)*

1 𝑘, 𝑞 ×2𝐸4* 2𝜋 -𝛿-(𝑘+ − 𝑘 − �⃗�)

R𝐻)*
",$,G3 . 𝑘", 𝑘', 𝑘+, 𝑞 = R𝐻)*

",$ . 𝑘", 𝑘', 𝑞 ×2𝐸4* 2𝜋 -𝛿-(𝑘+ − 𝑘" − �⃗�)

𝑊)*
(E,F,G3) = R𝐻)*

(E,F,G3)⊗ 1𝜙(E,F)

Collinear expansion can be naturally extended to 𝑒𝑁 → 𝑒𝑞(jet)𝑋

• A way to access 3-D hadron structure, the gauge invariant PDFs are transverse momentum 
dependent, e.g.,

𝑓" 𝑥, 𝑘$ = ∫ <=
-<+=.

0 0> / 𝑒15?0=-816.⋅=. 𝑃 @𝜓 0 𝛾(ℒ(0, 𝑦)𝜓(𝑦) 𝑃

• Novel observables involved: azimuthal asymmetries, transverse spin and momentum correlations.

Collinear expansion 
procedures are not affected!
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主要内容Collinear expansion and 3-D FFs

𝑒(𝑒8 → ℎ + @𝑞 + 𝑋

Final state interactions, multi-gluon rescattering

Collinear expansion 𝑊)* 𝑞, 𝑝, 𝑆 = m𝑊)*
1 𝑞, 𝑝, 𝑆 + m𝑊)*

",$ 𝑞, 𝑝, 𝑆 + ⋯

m𝑊)*
",$ 𝑞, 𝑝, 𝑆 = O

𝑑(𝑘"
2𝜋 (

𝑑(𝑘'
2𝜋 ( Tr[ R𝐻)*

",$ . 𝑧", 𝑧' 𝜔.
.* 1Ξ.*

",$ (𝑘", 𝑘'; 𝑝, 𝑆)]

m𝑊)*
1 𝑞, 𝑝, 𝑆 = O

𝑑(𝑘
2𝜋 ( Tr[ R𝐻)*

1 𝑧 1Ξ 1 (𝑘; 𝑝, 𝑆)]

𝑊)* =

S.Y. Wei, Y.K. Song and Z.T. Liang, PRD (2014)
S.Y. Wei, K.B. Chen, Y.K. Song and Z.T. Liang, PRD (2015)

+⋯

n Study FFs through 𝑒p𝑒q annihilation
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主要内容Collinear expansion and 3-D FFs

n Quark-quark correlator
Gauge link: ℒ 𝜉,∞ = 𝒫𝑃𝑒1A ∫1-

2 <C-D⋅E(C-;G0,G.)

Hermiticity: XΞH , 𝑘; 𝑝, 𝑆 = 𝛾, XΞ , 𝑘; 𝑝, 𝑆 𝛾, Parity: XΞ , 𝑘; 𝑝, 𝑆 = 𝛾, XΞ , 𝑘𝒫; 𝑝𝒫, 𝑆𝒫 𝛾,

XΞ , (𝑧, 𝑘$; 𝑝, 𝑆) =Z
J

[
𝑝(𝑑𝜉8𝑑0𝜉$

2𝜋
𝑒81( ⁄?0G- L(6.⋅G.) 0 ℒH 0;∞ 𝜓 0 𝑝, 𝑆; 𝑋 〈𝑝, 𝑆; 𝑋 @𝜓 𝜉 ℒ 𝜉;∞ 0〉

= 𝐼 ⋅ Ξ , 𝑧, 𝑘$; 𝑝, 𝑆

+𝛾M𝛾N bΞN
, 𝑧, 𝑘$; 𝑝, 𝑆

4×4 matrix
in Dirac space.
Expand under 
Dirac-Γ matrices 3-D FFs

Lorentz decomposition
of the coefficients+𝑖𝛾M bΞ

, 𝑧, 𝑘$; 𝑝, 𝑆

+𝛾NΞN
(,) 𝑧, 𝑘$; 𝑝, 𝑆

+𝑖𝜎NO𝛾MΞNO
(,) 𝑧, 𝑘$; 𝑝, 𝑆

Scalar

Pseudo-scalar

Vector

Pseudo-vector

Tensor
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主要内容Collinear expansion and 3-D FFs

Unpolarized part
Decomposition of the 
correlation functions using 
kinematic variables:
𝑝N,  𝑘$N,  𝑛N

Scalar: 𝑝0 or 𝑀 Pseudo-scalar: none

Vector: 𝑝N,  𝑘$N,  𝑛N Pseudo-vector: 𝜀$NO𝑘$
O

Tensor: 𝑝[7𝜀$N]O𝑘$
O,  𝜀$7N,  𝑛[7𝜀$N]O𝑘$

O

𝑧ΞH 1 𝑧, 𝑘%; 𝑝 = 𝑀𝐸 𝑧, 𝑘% ,

𝑧Ξ7
H(1) 𝑧, 𝑘%; 𝑝 = 𝑝2 X𝑛7𝐷" 𝑧, 𝑘% + 𝑘%7𝐷% 𝑧, 𝑘% +

𝑀'

𝑝2
𝑛7𝐷- 𝑧, 𝑘% ,

𝑧 rΞ7
H(1) 𝑧, 𝑘%; 𝑝 = 𝜀%7I𝑘%

I𝐺% 𝑧, 𝑘% ,

𝑧Ξ.7
H(1) 𝑧, 𝑘%; 𝑝 =

𝑝2 X𝑛[.𝜀%7]I𝑘%
I

𝑀 𝐻"% 𝑧, 𝑘% +𝑀𝜀%.7𝐻 𝑧, 𝑘% +
𝑀𝑛[.𝜀%7]I𝑘%

I

𝑝2 𝐻-% 𝑧, 𝑘% .

𝑝7 = 𝑝2 X𝑛7 + &!

':"L+

𝜀%7I = 𝜀)*7I X𝑛)𝑛*

Operator definition: 𝐷" 𝑧, 𝑘% =F
0

O
𝑧 𝑑𝜉8𝑑'𝜉%

8𝜋 𝑒 ⁄83:"N# B834,⋅N, Tr 𝛾2 0 ℒO 0,∞ 𝜓(0) 𝑝, 𝑋 𝑝, 𝑋 X𝜓(𝜉)ℒ(𝜉,∞) 0

8 unpolarized TMD FFs

n FFs defined via quark-quark correlator
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主要内容Collinear expansion and 3-D FFs

𝜌 =
1
2
1 + 𝑆 ⋅ �⃗�

Polarization vector: 𝑆) = (0, 𝑆%, 𝜆),    𝑆% = (𝑆%5, 𝑆%
= )

𝑆 = ⁄1 2 2×2 spin density matrix

𝐓 = "
'

− '
-
𝑆$$ + 𝑆##99 𝑆##

96 𝑆$#9

𝑆##
96 − '

-
𝑆$$ − 𝑆##99 𝑆$#

6

𝑆$#9 𝑆$#
6 (

-
𝑆$$

.

𝜌 = "
R
1 + R

0
𝑆 ⋅ Σ + 3𝑇1SΣ1S ,𝑆 = 1

𝑆#%
) = (0, 𝑆#%5 , 𝑆#%

= , 0)

𝑆%%
5) = (0, 𝑆%%55, 𝑆%%

5=, 0)

Σ1S = "
0
Σ1ΣS + ΣSΣ1 − 0

R
𝛿1S𝐈.

Polarization tensor:

𝑆##

Three parameters for vector polarized part

Polarization vector: 𝑆) = (0, 𝑆%, 𝜆)

Spin dependence

Five parameters for tensor polarized part

3×3 spin density matrix
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主要内容Collinear expansion and 3-D FFs

𝑧ΞP 1 𝑧, 𝑘%; 𝑝, 𝑆 = r𝑘% ⋅ 𝑆# 𝐸#%(𝑧, 𝑘%),

𝑧rΞP(1) 𝑧, 𝑘%; 𝑝, 𝑆 = 𝑀 𝜆𝐸$ 𝑧, 𝑘% + 4,⋅Q-
&

𝐸#+%(𝑧, 𝑘%) ,

𝑧Ξ7
P(1) 𝑧, 𝑘%; 𝑝, 𝑆 = 𝑝2 X𝑛7

R4,⋅Q-
& 𝐷"#% 𝑧, 𝑘% −𝑀 y𝑆#7𝐷# 𝑧, 𝑘% − r𝑘%7 𝜆𝐷$% 𝑧, 𝑘% + 4,⋅Q-

& 𝐷#% 𝑧, 𝑘%

+ &
:"
𝑛7 r𝑘% ⋅ 𝑆# 𝐷-#% (𝑧, 𝑘%),

𝑧rΞ7
P(1) 𝑧, 𝑘%; 𝑝, 𝑆 = 𝑝2 X𝑛7 𝜆𝐺"$ 𝑧, 𝑘% + 4,⋅Q-

& 𝐺"#% (𝑧, 𝑘%) − 𝑀𝑆#7𝐺# 𝑧, 𝑘% − 𝑘%7 𝜆𝐺$% 𝑧, 𝑘% + 4,⋅Q-
& 𝐺#%(𝑧, 𝑘%)

+&!

:"
𝑛7 𝜆𝐺-$ 𝑧, 𝑘% + .,⋅0-

1 𝐺-#% (𝑧, 𝑘%)

𝑧Ξ.7
P(1) 𝑧, 𝑘%; 𝑝, 𝑆 = 𝑝2 X𝑛[.𝑆#7]𝐻"# 𝑧, 𝑘% + :"

& X𝑛[.𝑘%7] 𝜆𝐻"$
% 𝑧, 𝑘% + 4,⋅Q-

& 𝐻"#% (𝑧, 𝑘%) + 𝑘%[.𝑆#7]𝐻#%(𝑧, 𝑘%)

+𝑀X𝑛[.𝑛7] 𝜆𝐻$ 𝑧, 𝑘% + .,⋅0-
1 𝐻#+%(𝑧, 𝑘%) + 1!

2"𝑛[.𝑆#7]𝐻-# 𝑧, 𝑘% + 1
2"𝑛[.𝑘%7] 𝜆𝐻-$

% 𝑧, 𝑘% + .,⋅0-
1 𝐻-#% (𝑧, 𝑘%)

r𝑘%7 ≡ 𝜀%.7𝑘%
.

24 vector polarized 3-D FFs

Vector polarized part
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主要内容Collinear expansion and 3-D FFs

𝑧Ξ% , 𝑧, 𝑘$; 𝑝, 𝑆 = 𝑀 𝑆##𝐸## 𝑧, 𝑘$ + 6.⋅T34
U 𝐸#%$ 𝑧, 𝑘$ + T44

55

U+𝐸%%$ (𝑧, 𝑘$) ,

𝑧bΞ%(,) 𝑧, 𝑘$; 𝑝, 𝑆 = 𝑀 V6⋅T34
U 𝐸#%W$ 𝑧, 𝑘$ + T44

655

U+𝐸%%$ (𝑧, 𝑘$) ,

𝑧ΞN
%(,) 𝑧, 𝑘$; 𝑝, 𝑆 = 𝑝( @𝑛N 𝑆##𝐷"## 𝑧, 𝑘$ + 6.⋅T34

U 𝐷"#%$ 𝑧, 𝑘$ + T44
55

U+𝐷"%%$ (𝑧, 𝑘$) + 𝑀𝑆#%N𝐷#% 𝑧, 𝑘$

+𝑘$N 𝑆##𝐷##$ 𝑧, 𝑘$ + 5.⋅834
9 𝐷#%$ 𝑧, 𝑘$ + 844

55

9+
𝐷%%$ (𝑧, 𝑘$) + 𝑆%%N6 𝐷%%W$(𝑧, 𝑘$)

+9+

:0𝑛N 𝑆##𝐷R## 𝑧, 𝑘$ + 5.⋅834
9 𝐷R#%$ 𝑧, 𝑘$ + 844

55

9+
𝐷R%%$ (𝑧, 𝑘$)

𝑆## ⟷ unpolarized,     𝑆#%N ⟷ 𝜀$
NO𝑆%O,     𝑆%%

NO𝑘$O ⟷ 𝑆#%N

Tensor polarized part
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主要内容Collinear expansion and 3-D FFs

𝑧rΞ7
#(1) 𝑧, 𝑘%; 𝑝, 𝑆 = 𝑝2 X𝑛7

R4,⋅Q3-
& 𝐺"$#% 𝑧, 𝑘% + Q--

4..

&!𝐺"##% (𝑧, 𝑘%) − 𝑀 y𝑆$#7𝐺$# 𝑧, 𝑘% − y𝑆##74 𝐺##+% (𝑧, 𝑘%)

−r𝑘%7 𝑆$$𝐺$$% 𝑧, 𝑘% + .,⋅03-
1 𝐺$#% 𝑧, 𝑘% + 0--

..

1!
𝐺##% (𝑧, 𝑘%) + 1!

2"𝑛7
4.⋅03-
1 𝐺-$#% 𝑧, 𝑘% + 0--

4..

1!
𝐺-##% (𝑧, 𝑘%) ,

𝑧Ξ.7
#(1) 𝑧, 𝑘%; 𝑝, 𝑆 = −𝑝2 X𝑛[. y𝑆$#7]𝐻"$# 𝑧, 𝑘% − :"

& X𝑛[. y𝑆##7]
4 𝐻"##+% 𝑧, 𝑘%

−2"
1 X𝑛[. r𝑘%7] 𝑆$$𝐻"$$

% 𝑧, 𝑘% + .,⋅03-
1 𝐻"$#% 𝑧, 𝑘% + 0--

..

1!𝐻"##
% (𝑧, 𝑘%)

+𝑀𝜀%.7 𝑆$$𝐻$$ 𝑧, 𝑘% + .,⋅03-
1 𝐻$#% 𝑧, 𝑘% + 0--

..

1!𝐻##
% (𝑧, 𝑘%) + X𝑛[.𝑛7] r𝑘% ⋅ 𝑆$# 𝐻$#+% 𝑧, 𝑘% + 0--

4..

1!𝐻##
+% (𝑧, 𝑘%)

−1
2"𝑛[. r𝑘%7] 𝑆$$𝐻-$$

% 𝑧, 𝑘% + .,⋅03-
1 𝐻-$#% 𝑧, 𝑘% + 0--

..

1!𝐻-##
% (𝑧, 𝑘%)

−1
2" 𝑀𝑛[. y𝑆$#7]𝐻-$# 𝑧, 𝑘% + 𝑛[. y𝑆##7]4 𝐻-##+% 𝑧, 𝑘% . 40 tensor polarized TMD FFs

Tensor polarized part
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主要内容Collinear expansion and 3-D FFs
Quark pol. Hadron pol.

Chiral-even Chiral-odd
T-even T-odd T-even T-odd

𝐔

𝐔 𝐷# 𝐷$ 𝐷% 𝐸
𝐋 𝐷&$

𝐓 𝐷#'$ 𝐷' 𝐷'$ 𝐷%'$ 𝐸'$

𝐋𝐋 𝐷#&& 𝐷&&$ 𝐷%&& 𝐸&&
𝐋𝐓 𝐷#&'$ 𝐷&' 𝐷&'$ 𝐷%&'$ 𝐸&'$

𝐓𝐓 𝐷#''$ 𝐷''$ 𝐷''($ 𝐷%''$ 𝐸''$

𝐋

𝐔 𝐺$

𝐋 𝐺#& 𝐺&$ 𝐺%& 𝐸&
𝐓 𝐺#'$ 𝐺' 𝐺'$ 𝐺%'$ 𝐸'($

𝐋𝐋 𝐺&&$

𝐋𝐓 𝐺#&'$ 𝐺&' 𝐺&'$ 𝐺%&'$ 𝐸&'($

𝐓𝐓 𝐺#''$ 𝐺''$ 𝐺''($ 𝐺%''$ 𝐸''($

𝐓

𝐔 𝐻#$ 𝐻 𝐻%$

𝐋 𝐻#&$ 𝐻& 𝐻%&$

𝐓(∥) 𝐻#' 𝐻'$ 𝐻%'
𝐓(⊥) 𝐻#'$ 𝐻'($ 𝐻%'$

𝐋𝐋 𝐻#&&$ 𝐻&& 𝐻%&&$

𝐋𝐓 𝐻#&' 𝐻#&'$ 𝐻&'$ 𝐻&'($ 𝐻%&' 𝐻%&'$

𝐓𝐓 𝐻#''$ 𝐻#''($ 𝐻''$ 𝐻''($ 𝐻%''$ 𝐻%''($
72 TMD FFs from quark-quark correlator
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主要内容Collinear expansion and 3-D FFs

XΞ7
" 𝑘; 𝑝, 𝑆 =

1
2𝜋Z

J

[𝑑]𝜉 𝑒816G 0 ℒH 0;∞ 𝐷7 0 𝜓 0 𝑝, 𝑆; 𝑋 〈𝑝, 𝑆; 𝑋 @𝜓 𝜉 ℒ 𝜉;∞ 0〉

A complete results up to twist-3 need the contribution from quark-gluon-quark correlator

XΞ7
(") = Ξ7

(") + 𝑖𝛾M bΞ7
(") + 𝛾NΞ7N

(") + 𝛾M𝛾N bΞ7N
" + 𝑖𝜎NO𝛾MΞ7NO

(")

𝑧Ξ7N
^ " 𝑧, 𝑘$; 𝑝 = −𝑝( @𝑛N𝑘$7𝐷<$(𝑧, 𝑘$) + ⋯ ,

𝑧bΞ7N
^ " 𝑧, 𝑘$; 𝑝 = 𝑖𝑝( @𝑛N𝜀$7_𝑘$_𝐺<$(𝑧, 𝑘$) + ⋯ ,

𝑧Ξ7NO
^ " 𝑧, 𝑘$; 𝑝 = −𝑝([𝑀𝜀$7[N @𝑛O]𝐻< 𝑧, 𝑘$ +

1
𝑀
𝜀$7_𝑘$_𝑘`$[N @𝑛O]𝐻<$ 𝑧, 𝑘$ ] + ⋯ .

e.g., unpolarized part:

n FFs defined via quark-gluon-quark correlator
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主要内容Collinear expansion and 3-D FFs

QCD equation of motion： 𝛾)𝐷) 𝑦 𝜓 𝑦 = 0

𝐷?QW 𝑧, 𝑘% + 𝐺?QW 𝑧, 𝑘% =
1
𝑧 𝐷QW 𝑧, 𝑘% + 𝑖𝐺QW(𝑧, 𝑘%)

𝐻?QW 𝑧, 𝑘% +
𝑘%'

2𝑀'𝐻?Q
W* 𝑧, 𝑘% =

1
2𝑧 𝐻QW 𝑧, 𝑘% − 𝑖𝐸QW(𝑧, 𝑘%)

Chiral even:

Chiral odd:

𝐾 𝑆

null 𝑇 𝐿𝑇
⊥ null   𝐿 𝑇 𝐿𝐿 𝐿𝑇 𝑇𝑇

′ ⊥ 𝑇𝑇

𝐾 𝐾" 𝑆

null ⊥ null    𝐿 𝐿𝐿

⊥ ⊥ ′ 𝑇 𝐿𝑇 𝑇𝑇
′ ⊥ ′ ⊥ ′ 𝑇 𝐿𝑇 𝑇𝑇

Twist-3 FFs defined from quark-gluon-quark correlator can be 
replaced by those from quark-quark correlator.

n Relations between twist-3 FFs
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

𝑒p𝑒q → 𝑉𝜋𝑋：The best process for accessing tensor polarized 3-D FFs.

𝐸"𝐸0𝑑𝜎
𝑑R𝑝"𝑑R𝑝0

=
𝛼0𝜒
2𝑠𝑄]

𝐿)* 𝑙", 𝑙0 𝑊)*(𝑞, 𝑝", 𝑆, 𝑝0)

𝐿)* 𝑙", 𝑙0 = 𝑐"a 𝑙"
)𝑙0* + 𝑙"*𝑙0

) − 𝑙" ⋅ 𝑙0 𝑔)* + 𝑖𝑐Ra𝜀)*7_𝑙"7𝑙0_

𝑊)* 𝑞, 𝑝", 𝑆, 𝑝0 =
1
2𝜋 ]Z

J

0 𝐽* 0 𝑝", 𝑆, 𝑝0, 𝑋 〈𝑝", 𝑆, 𝑝0, 𝑋|𝐽)(0)|0〉 2𝜋 ]𝛿](𝑞 − 𝑝" − 𝑝0 − 𝑝J)

General kinematic analysis: to construct the general form of the hadronic tensor.

𝑞),    𝑝"
),    𝑝0

),   𝑆),   𝑆##,   𝑆#%
) ,   𝑆%%

)*,   𝑔)*,   𝜀)*7_Available kinematic variables:

n General kinematics
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

𝑠 = 𝑞;

𝜉< = ⁄2𝑞 ⋅ 𝑝< 𝑞;

𝜉; = ⁄2𝑞 ⋅ 𝑝; 𝑞;

𝜉<; = ⁄𝑝< + 𝑝; ; 𝑞;

𝑊{| 𝑞, 𝑝}, 𝑆, 𝑝~ = 𝑊�{|(symmetric part) + 𝑖𝑊�{|(anti − symmetric part)

(𝜎 = 𝑈, 𝑉, 𝐿𝐿, 𝐿𝑇, 𝑇𝑇)

Parity even= ∑�,�𝑊��
� 𝑠, 𝜉}, 𝜉~, 𝜉}~ ℎ��

�{|+ 𝑖 ∑�,�𝑊��
� 𝑠, 𝜉}, 𝜉~, 𝜉}~ ℎ��

�{|

+∑�,� D𝑊��
� 𝑠, 𝜉}, 𝜉~, 𝜉}~ Eℎ��

�{|+ 𝑖 ∑�,� D𝑊��
� 𝑠, 𝜉}, 𝜉~, 𝜉}~ Eℎ��

�{|

Scalar coefficients Basic Lorentz tensors (BLTs)

Hermiticity:  𝑊∗)* 𝑞, 𝑝", 𝑆, 𝑝0 = 𝑊*) 𝑞, 𝑝", 𝑆, 𝑝0

Current conservation:  𝑞)𝑊)* 𝑞, 𝑝", 𝑆, 𝑝0 = 𝑞*𝑊)* 𝑞, 𝑝", 𝑆, 𝑝0 = 0

Parity odd
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

ℎH3
Q)* = 𝑔)* −

𝑞)𝑞*

𝑞'
, 𝑝"!

) 𝑝"!* , 𝑝"!
{)𝑝'!

*} , 𝑝'!
) 𝑝'!*

rℎH3
Q)* = 𝜀{)!:%:!𝑝"!

*} , 𝜀{)!:%:!𝑝'!
*}

ℎH
Z)* = 𝑝"!

[)𝑝'!
*]

rℎH3
Z)* = 𝜀)*!:% , 𝜀)*!:!

( 𝑝!
) = 𝑝) − :⋅!

!!
𝑞) ,				𝑞 ⋅ 𝑝! = 0 )

9 basic Lorentz tensors

5(P-even) + 4(P-odd)

ℎP3
Q)* = 𝑞 ⋅ 𝑆 , (𝑝' ⋅ 𝑆) ×rℎH3

Q)* , 𝜀Q!:%:!×ℎHE
Q)*

rℎP3
Q)* = 𝑞 ⋅ 𝑆 , (𝑝' ⋅ 𝑆) ×ℎH3

Q)* , 𝜀Q!:%:!×rℎHE
Q)*

ℎP3
Z)* = 𝑞 ⋅ 𝑆 , (𝑝' ⋅ 𝑆) ×rℎH3

Z)* , 𝜀Q!:%:!×ℎH
Z)*

rℎP3
Z)* = 𝑞 ⋅ 𝑆 , (𝑝' ⋅ 𝑆) ×ℎH

Z)* , 𝜀Q!:%:!×rℎHE
Z)*

Polarized BLTs = Polarization dependent (pseudo-)scalars

× Unpolarized BLTs

3× 9 = 27 BLTs

n Unpolarized part n Vector polarized part

Rules
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

ℎ$#3
Q)* = (𝑝' ⋅ 𝑆$#)×ℎH3

Q)* , 𝜀Q3-!:%:!×rℎHE
Q)*

rℎ$#3
Q)* = (𝑝' ⋅ 𝑆$#)×rℎH3

Q)* , 𝜀Q3-!:%:!×ℎHE
Q)*

ℎ$#3
Z)* = (𝑝' ⋅ 𝑆$#)×ℎH

Z)* , 𝜀Q3-!:%:!×rℎHE
Z)*

rℎ$#3
Z)* = (𝑝' ⋅ 𝑆$#)×rℎH3

Z)* , 𝜀Q3-!:%:!×ℎH
Z)*

ℎ$$3
Q)*

rℎ$$3
Q)*

ℎ$$
Z)*

rℎ$$3
Z)*

= 𝑆$$

ℎH3
Q)*

rℎH3
Q)*

ℎH
Z)*

rℎH3
Z)*

ℎ##3
Q)* = 𝑆##

:!:!×ℎH3
Q)* , 𝜀Q3-

2!!:%:!×rℎHE
Q)*

rℎ##3
Q)* = 𝑆##

:!:!×rℎH3
Q)* , 𝜀Q--

2!!:%:!×ℎHE
Q)*

ℎ##3
Z)* = 𝑆##

:!:!×ℎH
Z)* , 𝜀Q--

2!!:%:!×rℎHE
Z)*

rℎ##3
Z)* = 𝑆##

:!:!×rℎH3
Z)* , 𝜀Q--

2!!:%:!×ℎH
Z)*

2 × 9 2 × 91 × 9

In total: 9× 9 = 81 BLTs for unpolarized + vector polarized + tensor polarized

n Tensor polarized part
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

𝑝< = (𝐸<, 0,0, 𝑝<=)

𝑝; = (𝐸;, �⃗�;> cos𝜑 , �⃗�;> sin𝜑 , 𝑝;=)

𝑙< =
𝑄
2 (1, sin 𝜃 , 0, cos 𝜃)

𝑙; =
𝑄
2 (1,−sin 𝜃 , 0, −cos 𝜃)

𝑞 = 𝑙< + 𝑙; = (𝑄, 0,0,0)

𝑉

𝜋𝑒8

𝑒2

𝛼'𝜒
2𝑠' �

�

ℱH + rℱH + 𝜆 ℱ$ + rℱ$ + 𝑆# ℱ# + rℱ#
+ 𝑆$$ ℱ$$ + rℱ$$ + 𝑆$# ℱ$# + rℱ$# + 𝑆## ℱ## + rℱ##

𝐸"𝐸'𝑑𝜎
𝑑-𝑝"𝑑-𝑝'

=

ℱH = 1 + cos' 𝜃 𝐹"H + sin' 𝜃 𝐹'H + cos 𝜃 𝐹-H

+cos𝜑 sin 𝜃 𝐹"H
[\] ^ + sin 2𝜃 𝐹'H

[\] ^

+cos 2𝜑 sin' 𝜃 𝐹H
[\] '^

rℱH = sin𝜑 sin 𝜃 r𝐹"H
]_` ^ + sin 2𝜃 r𝐹'H

]_` ^

+sin 2𝜑 sin' 𝜃 r𝐹H
]_` '^

!ℱA , ℱAA

ℱA , !ℱAA

n Cross section in terms of structure functions
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋
ℱ# = sin𝜑$ [sin 𝜃 𝐹%#

&'( )" + sin 2𝜃 𝐹*#
&'( )"]

+ sin(𝜑$ + 𝜑) sin* 𝜃 𝐹#
&'(()",))

+sin(𝜑$ − 𝜑) [ 1 + cos* 𝜃 𝐹%#
&'( )".)

+sin* 𝜃 𝐹*#
&'( )".) + cos 𝜃 𝐹/#

&'(()".))]
+ sin(𝜑$ − 2𝜑) [sin 𝜃 𝐹%#

&'( )".*) + sin 2𝜃 𝐹*#
&'(()".*))]

+ sin(𝜑$ − 3𝜑) sin* 𝜃 𝐹#
&'(()"./))

Aℱ# = cos𝜑$ [sin 𝜃 A𝐹%#
01& )" + sin 2𝜃 A𝐹*#

01& )"]
+ cos(𝜑$ + 𝜑) sin* 𝜃 A𝐹#

01&()",))

+cos(𝜑$ − 𝜑) [ 1 + cos* 𝜃 A𝐹%#
01& )".)

+sin* 𝜃 A𝐹*#
01& )".) + cos 𝜃 A𝐹/#

01&()".))]
+ cos(𝜑$ − 2𝜑) [sin 𝜃 A𝐹%#

01& )".*) + sin 2𝜃 A𝐹*#
01&()".*))]

+ cos(𝜑$ − 3𝜑) sin* 𝜃 A𝐹#
01&()"./))

ℱ## = cos 2𝜑## sin* 𝜃 𝐹##
01& *)##

+cos(2𝜑## − 𝜑) [sin 𝜃 𝐹%##
01&(*)##.)) + sin 2𝜃 𝐹*##

01&(*)##.))]
+ cos(2𝜑## − 2𝜑) [ 1 + cos* 𝜃 𝐹%##

01& *)##.*)

+sin* 𝜃 𝐹*##
01& *)##.*) + cos 𝜃 𝐹/##

01&(*)##.*))]
+ cos(2𝜑## − 3𝜑) [sin 𝜃 𝐹%##

01& *)##./) + sin 2𝜃 𝐹*##
01&(*)##./))]

+ cos(2𝜑$ − 4𝜑) sin* 𝜃 𝐹##
01&(*)##.2))

Aℱ## = sin 2𝜑## sin* 𝜃 A𝐹##
&'( *)##

+sin(2𝜑## − 𝜑) [sin 𝜃 A𝐹%##
&'((*)##.)) + sin 2𝜃 A𝐹*##

&'((*)##.))]
+ sin(2𝜑## − 2𝜑) [ 1 + cos* 𝜃 A𝐹%##

&'( *)##.*)

+sin* 𝜃 A𝐹*##
&'( *)##.*) + cos 𝜃 A𝐹/##

&'((*)##.*))]
+ sin(2𝜑## − 3𝜑) [sin 𝜃 A𝐹%##

&'( *)##./) + sin 2𝜃 A𝐹*##
&'((*)##./))]

+ sin(2𝜑## − 4𝜑) sin* 𝜃 A𝐹##
&'((*)##.2))

ℱ$#

(𝜑Q → 𝜑$# , r𝐹3# → 𝐹3$#)

rℱ$#

(𝜑Q → 𝜑$# , 𝐹3# → r𝐹3$#)

(𝜑$# → 2𝜑## − 𝜑, r𝐹3$#→ r𝐹3##) (𝜑$# → 2𝜑## − 𝜑, 𝐹3$#→ 𝐹3##)
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

𝑊)* = m𝑊)*
(1) + m𝑊)*

("a) + m𝑊)*
("b) +⋯

m𝑊)*
(1) =

1
𝑝"2𝑝'8

O
𝑑'𝑘%
2𝜋 '

𝑑'𝑘%+

2𝜋 ' 𝛿
' 𝑘% + 𝑘%+ − �⃗�% Tr[1Ξ 1 𝑧", 𝑘%, 𝑝", 𝑆 Γ) 1XΞ 1 𝑧', 𝑘%+ , 𝑝' Γ*]

m𝑊)*
("a) =

−1
2𝑄𝑝"2𝑝'8

O
𝑑'𝑘%
2𝜋 '

𝑑'𝑘%+

2𝜋 ' 𝛿
' 𝑘% + 𝑘%+ − �⃗�% Tr[1Ξ.

" 𝑧", 𝑘%, 𝑝", 𝑆 Γ) 1XΞ 1 𝑧', 𝑘%+ , 𝑝' 𝛾. X𝑛Γ*]/

Leading order in pQCD and up to twist-3

⋯⋯

n Hadronic tensor in pQCD parton model
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

𝐹<?< = 2𝑐<@𝑐<
A𝒞[𝐷<F𝐷<]

𝐹B?< = 4𝑐B@𝑐B
A𝒞[𝐷<F𝐷<]

𝐹?<
CDE ;F = −8𝑐<@𝑐;

A𝒞[𝑤GG𝐻<H F𝐻<H]

L𝐹<I< = −2𝑐<@𝑐B
A𝒞[𝐺<IF𝐷<]

L𝐹BI< = −4𝑐B@𝑐<
A𝒞[𝐺<IF𝐷<]

𝐹I<
EJK ;F = −8𝑐<@𝑐;

A𝒞[𝑤GG𝐻<IH F𝐻<IH ]

𝐹<II< = 2𝑐<@𝑐<
A𝒞[𝐷<IIF𝐷<]

𝐹BII< = 4𝑐B@𝑐B
A𝒞[𝐷<IIF𝐷<]

𝐹II<
CDE ;F = −8𝑐<@𝑐;

A𝒞[𝑤GG𝐻<IIH F𝐻<H]

𝐹<><
EJK(F3MF) = 2𝑐<@𝑐<

A𝒞[𝑤<𝐷<>H F𝐷<]

𝐹B><
EJK(F3MF) = 4𝑐B@𝑐B

A𝒞[𝑤<𝐷<>H F𝐷<]

L𝐹<><
CDE(F3MF) = 2𝑐<@𝑐B

A𝒞[𝑤<𝐺<>H F𝐷<]

L𝐹B><
CDE(F3MF) = 4𝑐B@𝑐<

A𝒞[𝑤<𝐺<>H F𝐷<]

𝐹><
EJK(F3OF) = −8𝑐<@𝑐;

A𝒞[F𝑤<ℋ<>
H F𝐻<H]

𝐹><
EJK(F3MBF) = −8𝑐<@𝑐;

A𝒞[𝑤GGP 𝐻<>H F𝐻<H]

𝐹<I><
CDE(F45MF) = −2𝑐<@𝑐<

A𝒞[𝑤<𝐷<I>H F𝐷<]

𝐹BI><
CDE(F45MF) = −4𝑐B@𝑐B

A𝒞[𝑤<𝐷<I>H F𝐷<]

L𝐹<I><
EJK(F45MF) = −2𝑐<@𝑐B

A𝒞[𝑤<𝐺<I>H F𝐷<]

L𝐹BI><
EJK(F45MF) = −4𝑐B@𝑐<

A𝒞[𝑤<𝐺<I>H F𝐷<]

𝐹I><
CDE(F45OF) = −8𝑐<@𝑐;

A𝒞[F𝑤<ℋ<I>
H F𝐻<H]

𝐹I><
CDE(F45MBF) = 8𝑐<@𝑐;

A𝒞[𝑤GGP 𝐻<I>H F𝐻<H]

𝐹<>><
CDE(;F55M;F) = 2𝑐<@𝑐<

A𝒞[𝑤QQPP 𝐷<>>H F𝐷<]

𝐹B>><
CDE(;F55M;F) = 4𝑐B@𝑐B

A𝒞[𝑤QQPP 𝐷<>>H F𝐷<]

L𝐹<>><
EJK(;F55M;F) = 2𝑐<@𝑐B

A𝒞[𝑤QQPP 𝐺<>>H F𝐷<]

L𝐹B>><
EJK(;F55M;F) = 4𝑐B@𝑐<

A𝒞[𝑤QQPP 𝐺<>>H F𝐷<]

𝐹>><
CDE(;F55MRF) = −4𝑐<@𝑐;

A𝒞[𝑤QQPP 𝐻<>>H F𝐻<H]

𝐹>><
CDE ;F55 = 8𝑐<@𝑐;

A𝒞[𝑤;𝐻<>>HS F𝐻<H]

𝒞 𝑤𝐷F𝐷 =
1
𝑧<𝑧;

P
𝑑;𝑘H
2𝜋 ;

𝑑;𝑘HS

2𝜋 ; 𝛿
; 𝑘H + 𝑘HS − �⃗�H 𝑤 𝑘H, 𝑘HS 𝐷 𝑧<, 𝑘H F𝐷(𝑧;, 𝑘HS )

27 nonzero at twist-2n Structure function results in terms of TMD FFs
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

⋯⋯

n Structure function results in terms of TMD FFs 36 nonzero at twist-3
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

Collins effect

Cahn effect (DIS)

P-odd

cos 2𝜑 H
(1) = −

𝐶(𝑦)∑! 𝑐"c𝑐'
!𝒞 𝑤dd𝐻"% �𝐻"%

∑! 𝑇1
!(𝑦)𝒞 𝐷"�𝐷"

cos 2𝜑 $$
(1) = −

𝐶(𝑦)∑! 𝑐"c𝑐'
!𝒞 𝑤dd(𝐻"%+𝑆$$𝐻"$$% ) �𝐻"%

∑! 𝑇1
!(𝑦)𝒞 (𝐷" + 𝑆$$𝐷"$$)�𝐷"

sin 2𝜑 $
(1) = −

𝜆𝐶(𝑦)∑! 𝑐"c𝑐'
!𝒞 𝑤dd𝐻"$% �𝐻"%

∑! 𝑇1
!(𝑦)𝒞 (𝐷"−𝜆𝐺"$)�𝐷"

cos𝜑 H
(") = −

2𝐷 𝑦
𝑧"𝑧'𝑄∑! 𝑇1

! 𝑦 𝒞 𝐷"�𝐷"
×F

!
{𝑇'

! 𝑦 𝑀"𝒞 𝑤"𝐷%𝑧'�𝐷" +𝑀'𝒞 �𝑤"𝑧"𝐷"�𝐷%+

+𝑇(
!(𝑦) 𝑀"𝒞 �𝑤"𝐻𝑧' �𝐻"% +𝑀'𝒞 𝑤"𝑧"𝐻"% �𝐻%+ }

sin𝜑 H
(") =

2𝐷 𝑦
𝑧"𝑧'𝑄∑! 𝑇1

! 𝑦 𝒞 𝐷"�𝐷"
×F

!
{𝑇-

! 𝑦 𝑀"𝒞 𝑤"𝐺%𝑧'�𝐷" −𝑀'𝒞 �𝑤"𝑧"𝐷"�̅�%

+2𝑐-c𝑐'
! 𝑀"𝒞 �𝑤"𝐸𝑧' �𝐻"% −𝑀'𝒞 𝑤"𝑧"𝐻"% X𝐸 }

Twist-2:

Twist-3:

n Azimuthal asymmetries

Polarization dependent 
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主要内容Accessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

At twist-2 

Longitudinal 
polarization 𝜆 (1) =

2
3
∑! 𝑃! 𝑦 𝑇1

!(𝑦)𝒞 𝐺"$�𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"
𝑆$$ (1) =

1
2
∑! 𝑇1

!(𝑦)𝒞 𝐷"$$�𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"

Transverse 

polarization w.r.t.

hadron-hadron plane

𝑆#e (1) = −
2
3
∑! 𝑃! 𝑦 𝑇1

!(𝑦)𝒞 𝑤"𝐺"#% �𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"
𝑆#L (1) =

2
3
∑! 𝑇1

!(𝑦)𝒞 𝑤"𝐷"#% �𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"

𝑆$#L (1) =
2
3
∑! 𝑃! 𝑦 𝑇1

!(𝑦)𝒞 𝑤"𝐺"$#% �𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"
𝑆$#e (1) = −

2
3
∑! 𝑇1

!(𝑦)𝒞 𝑤"𝐷"$#% �𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"

𝑆##Le (1) = −
2
3
∑! 𝑃! 𝑦 𝑇1

!(𝑦)𝒞 𝑤??ee 𝐺"##% �𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"
𝑆##LL (1) = −

2
3
∑! 𝑇1

!(𝑦)𝒞 𝑤??ee 𝐷"##% �𝐷"
∑! 𝑇1

!(𝑦)𝒞 𝐷"�𝐷"

Characteristic Quark polarization dependent, P-odd Quark polarization independent, P-even

n Hadron polarizations
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主要内容Contents

Accessing 3-D and spin dependent fragmentation functions in 𝑒!𝑒" annihilation 2024年6月21日, 中国科大，合肥

Ø Introduction

ØCollinear expansion and 3-D FFs

ØAccessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

Ø Energy dependence of hadron polarizations

Ø Summary



主要内容Energy dependence of hadron polarizations

Longitudinal polarization of Λ hyperon Spin alignment of 𝐾∗

𝑃$f =
∑! X𝑃!𝑊!𝐺"$

!→f(𝑧, 𝑄')
∑!𝑊!𝐷"

!→f(𝑧, 𝑄') �̅�11W
∗ =

1
3 −

∑!𝑊!𝐷"$$
!→W∗(𝑧, 𝑄')

3∑!𝑊!𝐷"
!→W∗(𝑧, 𝑄')

Quark polarization dependent
Strong energy dependence expected

𝑒,𝑒. → 𝑍 → Λ𝑋 𝑒,𝑒. → 𝑍 → 𝐾∗𝑋,  𝜌77 =
%
/
(1 − 2𝑆88)

• Leading twist

• Leading order evolution

n Energy dependence of hadron polarizations in 𝑒p𝑒q → ⁄𝛾∗ 𝑍 → ℎ𝑋

Quark polarization independent
Weak energy dependence expected
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主要内容Energy dependence of hadron polarizations

hi%3
67→9(B,j!)
h k` j!

= 7:(j!)
'> ∫B

" ?6
6
𝐺"$
!7→d ⁄𝑧 𝑦 , 𝑄' Δ𝑃!! 𝑦 + 𝐺"$

l→d ⁄𝑧 𝑦 , 𝑄' Δ𝑃l! 𝑦

hi%3
;→9(B,j!)
h k` j!

= 7:(j!)
'> ∫B

" ?6
6
𝐺"$
l→d ⁄𝑧 𝑦 , 𝑄' Δ𝑃ll 𝑦 + ∑Em"

'n< 𝐺"$
l→d ⁄𝑧 𝑦 , 𝑄' Δ𝑃!l 𝑦

DGLAP

Δ𝑃!! 𝑦 = 𝐶o "26!
"86 "

2-'p("86)

Δ𝑃l! 𝑦 = 𝐶o ⁄1 − 1 − 𝑦 ' 𝑦

Δ𝑃ll 𝑦 = 𝑁q (1 + 𝑦() "
62

"
"86 "

8 "86 =

6

+""n>8'n<r 𝛿(1 − 𝑦)

Δ𝑃!l 𝑦 = ⁄𝑦' − 1 − 𝑦 ' 2

𝑃!! 𝑦 = Δ𝑃!! 𝑦 = 𝐶o "26!
"86 "

2-'p("86)

𝑃l! 𝑦 = 𝐶o ⁄1 + 1 − 𝑦 ' 𝑦

𝑃ll 𝑦 = 𝑁q '6
"86 "

8'(6!868"62")

+""n>8'n<r 𝛿(1 − 𝑦)

𝑃!l 𝑦 = ⁄𝑦' + 1 − 𝑦 ' 2

𝐺"$(𝑧, 𝑄') 𝐷"$$(𝑧, 𝑄')

Scale evolution of polarized FFs
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主要内容Energy dependence of hadron polarizations

𝐺}£¤→¥ 𝑧 = 𝑧¦𝐷}¤→¥(𝑧)

𝐺}£
⁄§ ¨→¥ 𝑧 = 𝑁𝑧¦𝐷}

⁄§ ¨→¥(𝑧)

𝑎 > 0, |𝑁| ≤ 1

𝐷}££
¨/¤→©∗ 𝑧 = (𝑐} + 𝑐~𝑧)𝐷}

¨/¤→©∗(𝑧)

𝐷}££§→©
∗ 𝑧 = 𝑐}𝐷}§→©

∗ 𝑧

⁄−3 2 ≤ 𝑐}, 𝑐} + 𝑐~𝑧 ≤3

D. de Florian, M. Stratmann, and W. Vogelsang, PRD (1998)

𝑠 quark contribution larger than 𝑢 or 𝑑

Valance quark dominant at large-𝑧

Convergence of different flavors at small-𝑧

Parametrization of polarized FFs
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主要内容Energy dependence of hadron polarizations

ü Strong energy dependence

ü Polarization vanishes at low energy

Possibility to be checked at BES or BELLE.

n Numerical results

ü Weak energy dependence

ü Sizable spin alignment at low energy
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K.B. Chen, W.H. Yang, Y.J. Zhou and Z.T. Liang, PRD 95, 034009 (2017)



主要内容Energy dependence of hadron polarizations

Take Gaussian form for TMDs:

𝑝d% integrated

n Spin alignment in SIDIS

A rough estimate of the spin 
alignment for 𝐾∗, production in SIDIS

X.S. Jiao and K.B. Chen, PRD 105, 054010 (2022)
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ØCollinear expansion and 3-D FFs

ØAccessing tensor polarized 3-D FFs in 𝑒!𝑒" → 𝑉𝜋𝑋

Ø Energy dependence of hadron polarizations

Ø Summary



主要内容Summary

42Accessing 3-D and spin dependent fragmentation functions in 𝑒!𝑒" annihilation 2024年6月21日, 中国科大，合肥

l We give a complete decomposition of 3-D FFs from quark-quark correlator for 
spin-1 hadron.

l General kinematic analysis for 𝑒p𝑒q → 𝑉𝜋𝑋 leads to 81 structure functions.

l Parton model calculation for 𝑒p𝑒q → 𝑉𝜋𝑋 is carried out up to twist-3 level. 
Structure functions, azimuthal asymmetries and hadron polarizations are 
expressed in terms of the convolution of the 3-D FFs.

l Energy dependences of Hyperon longitudinal polarization and vector meson spin 
alignment are very much different.

Thank you!



主要内容
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主要内容

Twist-3 横向极化 𝑆>T (<) = −
8𝑀<
3𝑧<𝑄

∑A L𝑇B
A 𝑦 𝒞 𝒢>HF𝐷< +⋯

∑A𝑇U
A(𝑦)𝒞 𝐷<F𝐷<

𝑆>
V (<) =

8𝑀<
3𝑧<𝑄

∑A L𝑇;
A 𝑦 𝒞 𝒟>HF𝐷< +⋯

∑A𝑇U
A(𝑦)𝒞 𝐷<F𝐷<

𝑆I>T (<) = −
8𝑀<
3𝑧<𝑄

∑A L𝑇;
A 𝑦 𝒞 𝒟I>H F𝐷< +⋯

∑A𝑇U
A(𝑦)𝒞 𝐷<F𝐷<

𝑆I>
V (<) =

8𝑀<
3𝑧<𝑄

∑A L𝑇B
A 𝑦 𝒞 𝒢I>H F𝐷< +⋯

∑A𝑇U
A(𝑦)𝒞 𝐷<F𝐷<

𝑆>T WX
(<) = −

8𝑀<
3𝑧<𝑄

∑A L𝑇B
A 𝑦 𝐺>

∑A𝑇U
A 𝑦 𝐷<

𝑆>
V
WX
(<) =

8𝑀<
3𝑧<𝑄

∑A L𝑇;
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