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Outline

II. W-pair production 

I. Research background

III. productionH+H−
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Higgs Discvover

Research background
😊 😊 😊 SM Win Win Win ✌✌✌

[ATLAS,  `12]

[CMS,  `12]
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SMCDF I I
7 σW-mass anomaly

Research background

Requires a better understand of W physics!!!

[CDF,  `22]
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Status: February 2022

ATLAS Preliminary

p
s = 7,8,13 TeV

Theory

LHC pp
p
s = 13 TeV

Data 3.2 � 139 fb
�1

LHC pp
p
s = 8 TeV

Data 20.2 � 20.3 fb
�1

LHC pp
p
s = 7 TeV

Data 4.5 � 4.6 fb
�1

Standard Model Total Production Cross Section MeasurementsW-pair

Large cross section✤ TGCs

✤ W-mass

✤ Decay width

✤ Higgs decay 
background

Research background
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Lepton colliders

0.5 MeV

1 MeV

Research background
 Improve theoretical prediction!!!

[FCC,  `19]

[CEPC,  `18]

[ILC,  `13]

 Huge data!



2024.12.21Zhe L i（SDU)NNLO corrections to -pair and  productionW H+H− 7

Based on [JHEP 12 (2024) 038]

With Shu-Xiang Li and Xiao-Feng 
Wang, Ren-You Zhang, et. al

NNLO QCD-EW corrections to W-pair 
production at electron-positron colliders
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Calculation setup

✤ Consider the following process

✤ Unpolarized differential cross sections

Well Studied Still Unknown

✤ Perturbative expansion

@ QCD-EWe+e− → W+W−

[A. Denner `93]
[M. Bohm `88]
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Workflow of calculations

@ QCD-EWe+e− → W+W−

I. Generating Feynman amplitudes

• FeynArts

II. Scattering amplitudes calculation

1. Dirac algebra,Lorentz algebra, 
color algebra evaluation

2. Tensor reduction

3. IBP reduction (Laporta algorithm)

4. MI calculation (CDEs)

III. UV divergence
• On-shell renormalization scheme

•  renormalization schemeMS

IV. IR divergence

• Phase-space slicing method

• Subtraction method

V. Phase-space integrals

• Monte-Carlo

• Reverse unitarity

• QGRAF
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NNLO QCD EW corrections⊗

✤ Feynman diagrams

✤      corrections to amplitudes
<latexit sha1_base64="c9TjTWnIe03Qjx58urDalnJEpdU=">AAACBHicbVDLSsNAFJ34rPUVddlNsAh1UxIp6rLoxp0V7AOaEG6mk3boZBJmJkIJXbjxV9y4UMStH+HOv3HSZqGtB2Y4nHMv994TJIxKZdvfxsrq2vrGZmmrvL2zu7dvHhx2ZJwKTNo4ZrHoBSAJo5y0FVWM9BJBIAoY6Qbj69zvPhAhaczv1SQhXgRDTkOKQWnJNytuBGqEgWW305oLLBnB/PflqW9W7bo9g7VMnIJUUYGWb365gxinEeEKM5Cy79iJ8jIQimJGpmU3lSQBPIYh6WvKISLSy2ZHTK0TrQysMBb6cWXN1N8dGURSTqJAV+Yry0UvF//z+qkKL72M8iRVhOP5oDBlloqtPBFrQAXBik00ASyo3tXCIxCAlc6trENwFk9eJp2zunNeb9w1qs2rIo4SqqBjVEMOukBNdINaqI0wekTP6BW9GU/Gi/FufMxLV4yi5wj9gfH5A7iUmCY=</latexit>

O(↵↵s)

e⌫eW vertex �/Z self-energy

eeV vertex VWW vertex

@ QCD-EWe+e− → W+W−

2-loop massive triangle FIs
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Integral family

✤ Topologies

✤ Propagators

✤ Two-loop triangle integrals

D1 = l2
1 − m2

t , D2 = l2
2 − m2

t , D3 = (l1 − p3)2 − m2
b , D4 = (l2 − p3)2 − m2

b

D5 = (l1 − p3 − p4)2 − m2
t , D6 = (l2 − p3 − p4)2 − m2

t , D7 = (l1 − l2)2 .

@ QCD-EWe+e− → W+W−

On-shell W: this talk Off-shell W: X.F Wang’s talk

Full mass dependence!
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Canonical basis

T1 T2 T3 T4 T5 T6

T7 T8 T9 T10 T11 T12

T13 T14 T15 T16 T17 T18

T19 T20 T21 T22 T23 T24

T25 T26 T27 T28 T29 T30

T31 T32

<latexit sha1_base64="5oHaUHokOrT/Po+lNrUrGI+qQMQ="></latexit>

dI(~x, ✏) = ✏dA(~x)I(~x, ✏)

<latexit sha1_base64="fzmrCWJFkUvPJdaMR+9VHvF9tek="></latexit>

dF(~x, ✏) = dÃ(~x, ✏)F(~x, ✏)

<latexit sha1_base64="EEZsuDiwLMX5h2UrtnZFqxla73Q=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EiuCqJFHUjFBTRXYXeoA1lMp20QycXZiZCCdm68VXcuFDErW/gzrdx0kbQ1h8GPv5zDnPO70acSWVZX0ZhaXllda24XtrY3NreMXf3WjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji+zevueCsnCoKEmEXV8PAyYxwhW2uqbqOdjNXK95Da9yNlNGumPe532zbJVsaZCi2DnUIZc9b752RuEJPZpoAjHUnZtK1JOgoVihNO01IsljTAZ4yHtagywT6WTTC9J0ZF2BsgLhX6BQlP390SCfSknvqs7sw3lfC0z/6t1Y+WdOwkLoljRgMw+8mKOVIiyWNCACUoUn2jARDC9KyIjLDBROrySDsGeP3kRWicV+7RSvauWa1d5HEU4gEM4BhvOoAY3UIcmEHiAJ3iBV+PReDbejPdZa8HIZ/bhj4yPb/EymoQ=</latexit>

I = TF

✤ 32 MIs in this family

 factorizationϵ

@ QCD-EWe+e− → W+W−

Magnus series

[J. Henn, `13]

[M. Argeri, `14]
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General solutionsGeneral solutions

Boundary

✤ Path-ordered iterated integral:

✤ Order by order

<latexit sha1_base64="pOkcCCwssDRmEDNLtyfC+YclBnA="></latexit>

I(~x, ✏) = P exp

⇢
✏

Z

�
dA

�
I (~x0, ✏)

✤ Iterated integrals

[K. Chen, `77]

@ QCD-EWe+e− → W+W−

K(t) = dA/dt

See Prof. YZ’s talk
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✤ Three square roots

✤ Change of variables
<latexit sha1_base64="h/a++xm/CJ7+qqOkiWHws/Ni2oc="></latexit>

s

m2
t

= � (1� x)2

x
,

m2
W

m2
t

= � (1� x)2z

x(1 + z)2
,

m2
b

m2
t

=

✓
1 +

y

z + 1

◆✓
1� (1� x)2z

xy(z + 1)

◆
.

✤ Rationalized simultaneously

Rationalization  

@ QCD-EWe+e− → W+W−
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Symbol letters

@ QCD-EWe+e− → W+W−

✤ Dlog-form

✤ 20 rational letters

<latexit sha1_base64="du8kd5eARy0UCUTYyDhHV4rQSGI="></latexit>

dI(~x, ✏) = ✏dA(~x)I(~x, ✏) , dA(~x) =
X

i

Midlog⌘i

Constant matrix

letters
<latexit sha1_base64="hCwp+vYte4AeQOaLK7sPh9RtR6w="></latexit> ⌘1 = x, ⌘2 = y

⌘3 = z, ⌘4 = 1� x

⌘5 = 1 + x, ⌘6 = 1 + y

⌘7 = 1� z, ⌘8 = 1 + z

⌘9 = x+ z, ⌘10 = y + z

⌘11 = 1 + xz, ⌘12 = 1� x+ y

⌘13 = �1 + x+ xy, ⌘14 = 1 + y + z

⌘15 = y + z � xz, ⌘16 = xy + xz � z

⌘17 = xy � (1� x)2, ⌘18 = xy � (1� x)2z

⌘19 = xy2 + (1� x)2z, ⌘20 = xy(1 + z)� (1� x)2z
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@ QCD-EWe+e− → W+W−

Multiple polylogarithms

<latexit sha1_base64="rNNmsh4xd9ellSt+1NY4dIDnKdg="></latexit>

dA(~x) =
X

i

Midlog⌘i

<latexit sha1_base64="ZFd4bf3ri7znqoh/xbaDAvsvdJM="></latexit>

I(n)(~x) = I(n)(~x0) +

Z

�
dA(~x)I(n�1)(~x)

✤ MPLs

with

[Goncharov, `98,`01]

rational

✤ eMPLs
See X.F Wang’s talkUnrationalizable square root 

See Prof. YZ’s talk
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Boundary conditions

✤ Vanishing inputs (  )s = m2
W = 0, m2

b = m2
t

|
{z

} |
{z

} 2

⇥

|
{z

} |
{z

} 2

T1,2,3 T4,5,6,7,11,12 T8,9,10,13,14

T15,17,20,23,26,30 T16,18,19 T21,22,24,25,27,28,31 T29,32

✤ Vacuums

@ QCD-EWe+e− → W+W−
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Total cross section
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@ QCD-EWe+e− → W+W−

QCD-EW  
corrections

~1%
Suppressed by 

 schemeGμ
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Scale dependence
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@ QCD-EWe+e− → W+W−

Scale uncertainties

0.2-0.3%
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Scattering angle distributions
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✤ Symmetry relation

@ QCD-EWe+e− → W+W−

Strongly peak in the 
forward direction!!!
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Based on [JHEP 12 (2024) 136]

With Wen-Jie He, Shu-Xiang Li, 
Xiao-Feng Wang, et. al

Two-loop planar master integrals for NNLO QCD 
corrections to W-pair production at hadron colliders
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Two-loop MIs for W-pair

✤ Propagators

✤ Two-loop master integrals

T3
p1

p2 p3

p4
T1

p1

p2 p3

p4
T2

p1

p2 p3

p4

✤ Plannar box-type  topologies

Integral family
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f1 f2 f3

f4 f5 f6

f7 f8 f9

f10 f11 f12

f13 f14 f15

l21 l21

l21 l21

✤ Elliptic sector

✤ Maximul cut

✤ Elliptic curve 

with

✤ Periods K(x) = ∫
1

0

dt

(1 − t2)(1 − x2t2)

Two-loop MIs for W-pair
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✤ Linear basis

• Wronskian 

• Square roots

Two-loop MIs for W-pair

✤ Linear form DEs Lower triangular

[L. Adams, `18]

Iterated integral
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Validation

Two-loop MIs for W-pair

Good agreements!!!
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Based on [2312.17207]

With Zhi-Xing Zhang, Shu-Xiang 
Li, Ren-You Zhang, et. al

Mixed QCD-EW corrections to THDM charged 
Higgs-pair production at lepton colliders
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THDM background

✤ Simplest extensions of SM Higgs sector

✤ Scalar sector of many other models (SUSY) 

✤ Rich phenomenology  

• Charged Higgs bosons

• CP-violation

• Dark matter candidates

• …

 @ QCD-EWe+e− → H+H−

• BSM signals
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Feynman Diagrams

 @ QCD-EWe+e− → H+H−
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Two-loop MIs: same as W-pair
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Total cross sections

 @ QCD-EWe+e− → H+H−

LO

LO

QCD-EW  
corrections

80fb

~1%

Potential to be detected!!!



2024.12.21Zhe L i（SDU)NNLO corrections to -pair and  productionW H+H− 30

 scan plotsmH+

 @ QCD-EWe+e− → H+H−

mt + mb

4.5%
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 corrections density plots𝒪(ααs)

 @ QCD-EWe+e− → H+H−

>10% Non-negligible!!!
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Summary

✤ NNLO QCD-EW corrections to W-pair 
production at lepton colliders (~1%)

✤ Planar MIs for NNLO QCD corrections to W-pair 
production at hadron colliders (elliptic integrals)

✤ NNLO QCD-EW corrections to charged Higgs-
pair production at lepton colliders (~1%)
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Thanks 
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Backup 
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NLO EW corrections

✤ EW corrections

✤ Virtual corrections

✤ Real photon radiation

✤ Initial-state radiation

@ QCD-EWe+e− → W+W−

[W. Beenakker, `96]

[B. W. Harris, `02]

On-shell

Slicing method

Structure functions

[A.Denner `97]
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Analytic continuation

Euclidean region 
 s < 0 ∧ m2

W < 0
Physical region 
s > 4 m2

W > 0
s + i0+ , m2

W + i0+

✤ Inverse transfrom

 (MIs)e+e− → W+W−

m2
t − i0+ , m2

b − i0+
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Kinematic distributions
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✤ Symmetry relation

@ QCD-EWe+e− → W+W−
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✤ Lowest-order approximation 

✤ Expansion @ ⃗x0 = (x,1, 0)

Boundary conditions

✤ Degeneration

✤ Boundary
• Known integrals:

• Symmetry relation:

g1, …, g8

g11 = − g9 , g12 = ig10 (x, y, z) = (1,0,1)@
• Regularity condition:

✦   x → 0 : g9 ✦   x → 4 : g14✦   x → 3 : g13

g̃( ⃗x) = g( ⃗x0)

[S. Di Vita, `17]

Two-loop MIs for W-pair
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 @ QCD-EWe+e− → H+H−

THDM types

Same quark 
Yukawa 
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 @ QCD-EWe+e− → H+H−

Constraints on THDM parameters 

✤ Experiment constraints:

✤ Theoretical constraints:

• Direct searches for BSM Higgs bosons

• Flavor constraints: B → Xsγ

• Anomalous magnetic moment of the muon

• SM Higgs boson coupling measurements• SM Higgs boson coupling measurements

•  Oblique parameters

• Vacuum stability

• Perturbative unitarity

[M. Aiko, `10, G. Abbiendi, `13]

[M. Misiak, `20, V. Khachatryan,`14, R. Aaij, `17]

[J. Haller, `18]

[G. Aad, `15]

[W. Grimus, `15, W. Grimus, `08, R. Workma, `22]

[S. Nie, `99, A. Barroso, `13, V. Branchina, `18, ]

[S. Kanemura, `15]
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 @ QCD-EWe+e− → H+H−

 scan plotstan β


