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QED atom

1 QED atoms (e+e−, µ+e−, τ+e−, µ+µ−, τ+µ−, τ+τ−), composed of
unstructured, point-like lepton pairs, are simpler than hydrogen formed of a
proton and an electron.

2 The properties of QED atoms have been studied to test QED, fundamental
symmetries, New Physics, gravity, and so on (hep-ex/0106103, 0912.0843,
1710.01833, 1802.01438, Phys.Rept. 975 (2022) 1-61).
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Positronium

1 Only positronium (e+e−) and muonium (µ+e−) were discovered in 1951 and
1960 respectively.

2 Positronium was discovered by Martin Deutsch in 1951.
3 Positronium can be applied to medicine and biology: Nature Reviews Physics 1

(2019)527, Rev. Mod. Phys. 95 (2023) 021002.
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τ+τ− atom

1 τ+τ− atom is the smallest QED atom for Bohr radius is 30.4 fm (Moffat:1975uw)
2 τ+τ− atom is named tauonium (Avilez:1977ai,Avilez:1978sa), ditauonium

(2204.07269, 2209.11439 ), or true tauonium (2202.02316).
3 We name them following charmonium: Jτ (nS) for n2S+1LJ = n3S1 and

JPC = 1−−, χτJ(nP) for n2S+1LJ = (n + 1)3PJ and JPC = J++.
4 The production ητ (2202.02316), and Jτ (2302.07365).

e−

e+

γ γ

µ−

µ+

τ−

τ+
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e+e− → Jτ → µ+µ− at STCF, 2302.07365

8

accuracy, and (iii) to reduce the c.m. energy spread δ√s down to values of the same order. Regarding the first point, the
BES III collaboration performed a fine mass scan experiment in 2018 with five points around the tau pair production
threshold with a

√
s spread of δ√s = 1.24 MeV, and a total integrated luminosity of 140 pb−1 [45]. The final expected

uncertainty in mτ will be around 50 keV. Similarly, Belle II forecasts to reach tau mass uncertainties below 150 keV
(systematic and statistical sources combined) with about 300 fb−1 of data [46]. Combining these results, plus all
others from the PDG world average [11], it is not inconceivable to reach a precision of O(50 keV) in the tau mass
(i.e., twice this value, O(100 keV), in the T mass) whenever a dedicated search for the ditauonium is carried out at
a future STCF. Regarding the

√
s calibration, the BES-III experiment has already achieved a high accuracy, at the

level of 2 · 10−5, by exploiting the measurement of monochromatic laser photons backscattered from the e± beams in
its beam energy measurement system (BEMS) [47]. The application of the same technique at three different lepton
colliders can reach accuracies of the actual c.m. energy not worse than 50 keV [48]. Last but not least, on the c.m.
energy spread, the possibility of monochromatization of electron/positron beams has been considered several times
in the literature [49–51], with values of δ√s = 50 keV at the tau-pair production threshold theoretically achievable.

TABLE IV: Cross sections and expected number of events for the s-channel production of ortho-ditauonium (T1), and for the τ+τ−

and (background) µ+µ− continua, in e+e− at
√

s ≈ mT at various facilities. The last column lists the expected signal statistical
significance.

Colliding system,
√

s (δ√s spread), Lint, experiment σ N S/
√

B

T1 τ+τ− µ+µ− T1 T1 → µ+µ− µ+µ−

e+e− at 3.5538 GeV (1.47 MeV), 5.57 pb−1, BES III 1.9 pb 117 pb 6.88 nb 10.4 2.1 38 300 0.01σ

e+e− at
√

s ≈ mT (1.24 MeV), 140 pb−1, BES III 2.2 pb 103 pb 6.88 nb 310 63 9.63 · 105 0.06σ

e+e− at
√

s ≈ mT (1 MeV), 1 ab−1, STCF 2.6 pb 95 pb 6.88 nb 2.6 · 106 5.3 · 105 6.88 · 109 6.4σ

e+e− at
√

s ≈ mT (100 keV), 0.1 ab−1, STCF 22 pb 46 pb 6.88 nb 2.2 · 106 4.5 · 105 6.88 · 108 17σ

Table IV lists the expected resonant T1 cross sections and number of events at various e+e− facilities. We list first
the two BES-III mτ scan runs performed around the τ-pair threshold in 2011 and 2018 with Lint = 5.57, 140 pb−1

and δ√s = 1.469, 1.24 MeV, respectively [45, 52]. For each of these two cases, we expect about 2 and 60
e+e− → T1(µ+µ−) events produced respectively, which are too small numbers to be observed on top of the orders-of-
magnitude larger dimuon continuum background. On the other hand, the STCF is expected to integrate 1 ab−1 around
the e+e− → τ+τ− threshold with a default δ√s ≈ 1 MeV spread [18, 19]. One single run under these conditions will
produce more than half-a-million T1 particles decaying into dimuons, enough to observe its production with a sig-
nificance around S/

√
B = 6.5σ. For the STCF facility, we consider in addition the possibility to monochromatize the

beams down to δ√s ≈ 100 keV, albeit with a factor of ten loss in the integrated luminosity. Such assumptions should
be considered as conservative given that spreads as low as δ√s ≈ 50 keV are expected at these colliding energy (albeit
with corresponding losses in the beam luminosities) [50, 51]. With such a monochromatization working point, we
expect more than 2.2 million ditauonium events produced per 0.1-ab−1 scan point that would allow a detailed study
of the resonance. In particular, if the c.m. energy is calibrated to within 50-keV with the BEMS (or any similar)
technique, one can then determine the ditauonium mass within this precision by carrying out a scan with e.g., five
collision points around the production threshold even with a reduced 0.1 ab−1 integrated luminosity per point. With
such a setup, one would be able to determine the position of the T1 mass peak within an accuracy just driven by the
O(50 keV) calibration value. This is illustrated in Fig. 4 (right) where the s-channel cross section around the mT
pole for a fixed δ√s = 100 keV spread is shown. The three sets of 5-scan points show the expected extracted T1 cross
sections (with error bars approximating the statistical uncertainties only) for three possible cases where the actual
ditauonium mass corresponds to the assumed PDG mass at the moment of performing the experiment, or where it is
actually shifted by ±50 keV with respect to it. The plot shows clearly that a Gaussian fit (dashed curves) to whichever
measured set of five cross section points should provide a peak value whose position will only be driven by the accu-
racy in the knowledge of the c.m. energy calibration. Such an extraction of the mT value with ±50 keV uncertainty
would allow a direct determination of the τ lepton mass, mτ = (mT − Ebind) /2 (with Ebind = −23.655 keV), to within
±25 keV. Given that the tau lepton decays into final states with invisible neutrinos that complicate the accurate mea-
surement of its mass (and that any approach based on a high-luminosity τ+τ− threshold scan will inevitably produce
ditauonium, even without monochromatized beams, as shown in Table IV), no other mτ-determination method can
likely match the precision and accuracy of the ditauonium-mass presented here. We note that the T1 cross section
is about 2% (50% for monochromatized beams) of the total tau-pair production for the e+e− collisions at

√
s ≈ 2mτ

considered in Table IV. Namely, about 2% of the τ pairs produced in standard e+e− threshold scans will form an ortho
bound state. It is obvious from this study that ditauonium should be an integral part of the experimental programme
of precision studies of the tau lepton at any future STCF.

1 The statistical significance, S/
√
B is 6.4 σ (17 σ) with 1 ab−1 data and

δW = 1(0.1) MeV.
2 Monochromatized beams can also provide a very precise measurement of the tau

lepton mass with an uncertainty at least O(25 keV) .
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τ

Need more precise measurements mτ , Γτ , (g − 2)τ in PDG 2024
18

18

18

18

Lepton Summary Table

ττττ
J =

1

2

Mass m = 1776.93 ± 0.09 MeV

(mτ+ − mτ−)/maverage

< 2.8× 10

−4

, CL = 90%

Mean life τ = (290.3 ± 0.5)× 10

−15

s


τ = 87.03 µm

Magneti
 moment anomaly = −0.057 to 0.024, CL = 95%

Re(dτ ) = −0.185 to 0.061× 10

−16

e 
m, CL = 95%

Im(dτ ) = −0.103 to 0.0230× 10

−16

e 
m, CL = 95%

Weak dipole moment

Weak dipole moment

Weak dipole moment

Weak dipole moment

Re(d

w

τ ) < 0.50× 10

−17

e 
m, CL = 95%

Im(d

w

τ ) < 1.1× 10

−17

e 
m, CL = 95%

Weak anomalous magneti
 dipole moment

Weak anomalous magneti
 dipole moment

Weak anomalous magneti
 dipole moment

Weak anomalous magneti
 dipole moment

Re(αwτ ) < 1.1× 10

−3

, CL = 95%

Im(αwτ ) < 2.7× 10

−3

, CL = 95%

τ± → π±K

0

S

ντ (RATE DIFFERENCE) / (RATE SUM) =

(−0.36 ± 0.25)%

De
ay parameters

De
ay parameters

De
ay parameters

De
ay parameters

See the τ Parti
le Listings in the Full Review of Parti
le Physi
s for a

note 
on
erning τ -de
ay parameters.

ρ(e or µ) = 0.745 ± 0.008

ρ(e) = 0.747 ± 0.010

ρ(µ) = 0.763 ± 0.020

ξ(e or µ) = 0.985 ± 0.030

ξ(e) = 0.994 ± 0.040

ξ(µ) = 1.030 ± 0.059

η(e or µ) = 0.013 ± 0.020

η(µ) = 0.094 ± 0.073

(δξ)(e or µ) = 0.746 ± 0.021

(δξ)(e) = 0.734 ± 0.028

(δξ)(µ) = 0.778 ± 0.037

ξ(π) = 0.993 ± 0.022

ξ(ρ) = 0.994 ± 0.008

ξ(a
1

) = 1.001 ± 0.027

ξ(all hadroni
 modes) = 0.995 ± 0.007

ξ′(µ) = 0.2 ± 1.0

η(µ) = −1.3 ± 1.7

(ξκ)(e or µ) = 0.5 ± 0.4

(ξκ)(e) = −0.4 ± 1.2

(ξκ)(µ) = 0.8 ± 0.6

τ+ modes are 
harge 
onjugates of the modes below. \h

±
" stands for π± or

K

±
. \ℓ" stands for e or µ. \Neutrals" stands for γ's and/or π0's.

S
ale fa
tor/ p

τ− DECAY MODES

τ− DECAY MODESτ− DECAY MODES

τ− DECAY MODES

Fra
tion (�

i

/�) Con�den
e level (MeV/
)

Modes with one 
harged parti
le

Modes with one 
harged parti
le

Modes with one 
harged parti
le

Modes with one 
harged parti
le

parti
le

− ≥ 0 neutrals ≥ 0K

0ντ
(\1-prong")

(85.24 ± 0.06 ) % {

parti
le

− ≥ 0 neutrals ≥ 0K

0

L

ντ (84.58 ± 0.06 ) % {

µ−νµ ντ [g ℄ (17.39 ± 0.04 ) % 885
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mτ and lepton universality, 1405.1076

• Comparing the electronic branching fractions of τ and µ, lepton universality can
be tested.

(
gτ
gµ

)2

=
τµ
ττ

(
mµ

mτ

)5 B(τ → eνν̄)

B(µ→ eνν̄)
(1 + FW )(1 + Fγ),

• BESIII measurement, 1405.1076

(
gτ
gµ

)2

= 1.0016 ± 0.0042,
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Measured mτ , 175 M enents with 190 fb−1, Belle II 2305.19116

1776 1776.5 1777
]2c [MeV/τm

BES (1996)
-0.17
+0.25

-0.21
+0.181776.96

BELLE (2007)
 0.35± 0.13 ±1776.61

KEDR (2007)
 0.15±-0.23

+0.251776.81

BaBar (2009)
 0.41± 0.12 ±1776.68

BES III (2014)
-0.13
+0.10 0.12±1776.91

Belle II Preliminary (2023)
 0.11± 0.08 ±1777.09

PDG Average (2022)
 0.12±1776.86

44 

175 M 

10 

δmτ =

(
∂σ

∂mτ

)−1

·
√
σ

L
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mτ measurement at BESIII, 1405.1076

Scan ECM (MeV) L(nb−1)
J/ψ 3088.7 78.5 ± 1.9

3095.3 219.3 ± 3.1
3096.7 243.1 ± 3.3
3097.6 206.5 ± 3.1
3098.3 223.5 ± 3.2
3098.8 216.9 ± 3.1
3103.9 317.3 ± 3.8

τ 3542.4 4252.1 ± 18.9
3553.8 5566.7 ± 22.8
3561.1 3889.2 ± 17.9
3600.2 9553.0 ± 33.8

ψ′ 3675.9 787.0 ± 7.2
3683.7 823.1 ± 7.4
3685.1 832.4 ± 7.5
3686.3 1184.3 ± 9.1
3687.6 1660.7 ± 11.0
3688.8 767.7 ± 7.2
3693.5 1470.8 ± 10.3

10
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FIG. 5: (left) The distribution in acoplanarity angle between two charged tracks and (right) the distribution in PTEM. Dots
with error bars are data and the histogram is τ pair inclusive MC. The upper two plots are from the second scan point, the
middle two are from the third scan point, and the lower two are from the fourth scan point.
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FIG. 6: (left) The CM energy dependence of the τ pair cross section resulting from the likelihood fit (curve), compared to the
data (Poisson errors), and (right) the dependence of the logarithm of the likelihood function on mτ , with the efficiency and
background parameters fixed at their most likely values.

and σ(Ei
CM,mτ ) is the corresponding cross section for τ pair production which has the form [3]

σ(ECM,mτ , δ
BEMS
w ) =

1√
2πδBEMS

w

∫ ∞

2mτ

dE′
CMe

−(ECM−E′
CM)2

2(δBEMS
w )2

∫ 1− 4m2

E′2
CM

0

dxF (x,E′
CM)

σ1(E
′
CM

√
1− x,mτ )

|1−∏
(ECM)|2 . (15)

Here, δBEMS
w is the CM energy spread, determined

from the BEMS; F (x,ECM) is the initial state radia-
tion factor [25];

∏
(ECM) is the vacuum polarization fac-

tor [24, 26, 27]; and σ1(ECM,mτ ) is the high accuracy,

improved cross section from Voloshin [28]. In carrying
out the maximum likelihood (ML) fit, mτ , RData/MC

and σB are allowed to vary, subject to the requirement
σB ≥0.
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Statistical uncertainty < 45 keV, systematic uncertainty 90 keV, 1812.10056
Data taking scenario (II) 

2018/09/24-28 Zhang Jianyong 16 

Three energy regions: 

 Low energy region 
     Point 1, 14 pb-1, to determine  

     background 

 Near threshold  
     Point 2, 39 pb-1 and point 3,  

     26 pb-1,  to determine tau mass 

 High energy region 
     Point 4, 7 pb-1  for Χ2 check 

     Point 5, 14 pb-1  to determine  

     detection efficiency 

Total lum. ~100pb-1,   

uncertainty: 0.1MeV 

We obtain more than 130 pb-1  

tau scan data! 

Discovering tau atom and tau mass 15 / 43



Introduction The Frame of Calculation Reduce the uncertainties Summary

1 Introduction

2 The frame of Calculation

3 Reduce the uncertainties

4 Summary

Discovering tau atom and tau mass 16 / 43



Introduction The Frame of Calculation Reduce the uncertainties Summary

e+e− → τ+τ− → X+Y −ν̄ν around the τ+τ− production threshold

1 Cross sections in BESIII, 1405.1076

σ(ECM,mτ , δ
BEMS
w ) =

1√
2πδBEMS

w

∫ ∞

2mτ

dE′
CMe

−(ECM−E′
CM)2

2(δBEMS
w )2

∫ 1− 4m2

E′2
CM

0

dxF (x,E′
CM)

σ1(E
′
CM

√
1− x,mτ )

|1−∏
(ECM)|2

2 Updated cross sections

σex(W,mτ,Γτ, δw) =
∫ ∞

m(Jτ)
dW ′ e

− (W−W′)2
2δ2w√

2πδw

∫ 1−m(Jτ)2

W′2

0
dxF(x,W ′)

σ̄(W ′ √1 − x,mτ,Γτ)

|1 − Π(W ′ √1 − x)|2
.

3 Difference: shift 2mτ to m(Jτ ) in the range of integration and add Γτ as a
variable of the cross sections after including Jτ (nS) atom.
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σ̄(W ,mτ , Γτ ), orthogonal complete normalized basis, 1312.4791

1 σ̄(W ,mτ , Γτ )

σ̄(W ,mτ , Γτ ) =
4πα2

3W 2
24π
W 2 Im [GX+Y−ν̄ν(0, 0,W − 2mτ )] ,

2 GX+Y−ν̄ν(r⃗ , r⃗
′,E ) represents a Green function of τ+τ− currents in the

non-relativistic effective theory, where τ+τ− decay to X+Y−ν̄ν

GX+Y−ν̄ν(r⃗ , r⃗
′,E ) =

∑

n

ψn(r⃗)ψ
∗
n(r⃗

′)
En − E − iϵ

Br [n → X+Y−ν̄ν] +
∫

d3k⃗

2π3

ψ
k⃗
(r⃗)ψ∗

k⃗
(r⃗ ′)

E
k⃗
− E − iϵ

,

3 Then

σ̄(W ) = σ̄Jτ (W ) + σ̄(W )con.

Discovering tau atom and tau mass 18 / 43
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Breit-Wigner formula

1 Green function approach to bound states is consistent with Breit-Wigner formula
for a narrow bound states

σ̄Jτ (W ) =
∑

n

6π2

W 2 δ(W −m(Jτ (nS)))Γ(Jτ (nS) → e+e−)Br(Jτ (nS) → X+Y− /E )

Discovering tau atom and tau mass 19 / 43
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Decay mode of Jτ (nS)

Γtotal(Jτ (nS)) = ΓAnnihilation(Jτ (nS)) + ΓWeak(Jτ (nS)) + ΓE1(Jτ (nS))

ΓAnnihilation(Jτ (nS)) = (2 + R)Γ(Jτ (nS) → e+e−)

ΓWeak(Jτ (nS)) = 2Γ(τ → νX−)

Discovering tau atom and tau mass 20 / 43
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Parameters

1 Parameters

mτ = mPDG
τ = 1776.86 MeV, R = 2.342 ± 0.0645,

Γτ = 2.2674 ± 0.0039 meV, δW = 1 MeV,
εX+Y− /E = (8±0.2)%, εµ+µ− = 45%,

α(0) = 1/137.036, ∆αhad(mJτ ) = (74 ± 7)× 10−4.

2 The resulting NLO expression for σ̄Jτ (W ) is given by

σ̄Jτ (W ) = (3.12 ± 0.02) δ
(
W − 2mτ + 13.8 keV

1 MeV

)
pb,

where 13.8 keV =
∑

n BnBr
Jτ (nS)

X+Y− /E
Γ
Jτ (nS)
e+e− /

∑
n Br

Jτ (nS)

X+Y− /E
Γ
Jτ (nS)
e+e− .
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Decay width of Jτ (nS)

2

ments [22], the primary source of statistical uncertainty arises67

from the energy scale and efficiency. And in KEDR measure-68

ments [24], the primary statistical uncertainty is attributed to69

efficiency and luminosity measurement. In the next genera-70

tion of experiments, the statistical uncertainty is anticipated71

to decrease due to the large integrated luminosity, while the72

systematic uncertainty will be mitigated through the adoption73

of new fitting methods and the application of advanced tech-74

nologies to the detector and accelerator.75

The cross section σ(e+e− → X+Y− /E) around the τ+τ− pro-76

duction threshold is [22–25]77

σ(W,mτ,Γτ, δW ) =
∫ ∞

mJτ

dW ′
1√

2πδW
e
− (W−W′ )2

2δ2W ×

∫ 1− m2
Jτ

W′2

0
dx F(x,W ′)

σ̄(W ′
√

1 − x,mτ,Γτ)

|1 − Π(W ′
√

1 − x)|2
. (1)

Here, W is the center-of-mass energy, δW is the center-of-mass78

energy spread, F(x,W) is the initial state radiation factor [27],79

Π(W) is the vacuum polarization factor [28], and σ̄(W,mτ,Γτ)80

is the Born cross section. With Jτ(nS ) atoms included, Eq. (1)81

differs from those given in Refs. [22–25], where 2mτ is re-82

placed by the ground state mass mJτ in the range of integra-83

tion, the τ decay width Γτ is added as a variable, and the con-84

tribution of Jτ(nS ) atoms (σ̄Jτ (W)) is included in σ̄(W,mτ,Γτ)85

as86

σ̄(W,mτ,Γτ) = σ̄Jτ (W) + σ̄con.(W), (2)

where σ̄con.(W) is the cross section from the e+e− → τ+τ−87

continuum process and is calculated to the next-to-leading or-88

der (NLO) of in the fine structure constant α, as has been done89

for σ̄Jτ (W).90

At the NLO [15, 29], the cross section σ̄Jτ from narrow91

atoms is given by the Breit-Wigner function [18]92

σ̄Jτ (W) =
∑

n

6π2|1 − Π(2mτ)|2
(
1 − 3α

4π

)

W2Γ
Jτ(nS )
total

×

δ(W − mJτ(nS ))Γ
Jτ(nS )
X+Y− /E × Γ

Jτ(nS )
e+e− , (3)

where mJτ(nS ) = 2mτ − En is the mass of Jτ(nS ),93

|1 − Π(2mτ)|2(1−3α/4π) is recalled here since the initial state94

radiation factor and the vacuum polarization factor have been95

considered in Eq. (1), ΓJτ(nS )
X+Y− /E is the partial decay width of96

Jτ(nS ) → X+Y− /E, and ΓJτ(nS )
e+e− is that of Jτ(nS ) → e+e−. We97

have98

Γ
Jτ(nS )
e+e− =

α5mτ

6n3|1 − Π(2mτ)|2
(
1 − 13α

4π
+CnS

coulomb
α

π

)
,

Γ
Jτ(nS )
X+Y− /E = 2Γτ + Γ(Jτ(nS )→ γχτJ), and

Γ
Jτ(nS )
total = Γ

Jτ(nS )
X+Y− /E + (2 + R)ΓJτ(nS )

e+e− . (4)

Futher detailed data are available in Table II, which is cal-99

culated to NLO of in the fine structure constant α [15, 30].100

Here, 2Γτ is twice the free-τ decay width of the two leptons101

composing Jτ (since the lifetime of the bound state is about102

10 times shorter than that of its components and relativis-103

tic corrections are neglected due to their minute contribu-104

tions of the order of 10−4). The uncertainties of R and105

Γτ are included in the theoretical uncertainties. The factor106

(2 + R) comes from e+e−, µ+µ−, and hadronic final states107

with Rexp. = 2.342 ± 0.0645 [31], the total τ decay width108

Γτ = 2.2674 ± 0.0039 meV [18], and Γ(Jτ(nS ) → γχτJ) is109

the E1 transition width (The the annihilation decays of χτJ110

are ignored since their contributions are smaller than σ̄Jτ (W)111

by a factor of 10−6.). With Green functions, the Coulomb112

corrections (CnS
coulomb) are calculated [15, 30] as 5.804, 4.428,113

3.810, 3.518, 3.358, 3.256, 3.186, 3.134, 3.093, and 3.061 for114

n = 1 − 10 and are presented in Table I respectively.

TABLE I: The Coulomb corrections (CnS
coulomb).

n 1 2 3 4 5

CnS
coulomb 5.804 4.428 3.810 3.518 3.358

n 6 7 8 9 10

CnS
coulomb 3.256 3.186 3.134 3.093 3.061

115

Most of the NLO corrections of Γ(Jτ(nS ) → e+e−) come116

from the vacuum polarization factor Π. Then we get117

σ̄Jτ (W) = (3.11 ± 0.02) δ
(

W − 2mτ + 13.8 keV
1 MeV

)
pb, (5)

where 13.8 keV =
∑

n EnBrJτ(nS )
X+Y− /EΓ

Jτ(nS )
e+e− /

∑
n BrJτ(nS )

X+Y− /EΓ
Jτ(nS )
e+e−118

with BrJτ(nS )
X+Y− /E being the branching fraction of Jτ(nS ) →119

X+Y− /E. The uncertainty from R is one order of magnitude120

greater than that from mτ and Γτ.121

TABLE II: The decay data of Jτ(nS ) in meV.

n Γ
Jτ(nS )
e+e− 2Γτ Γ

Jτ(nS )
E1 Γ

Jτ(nS )
total Γ

Jτ(nS )
e+e− BrJτ(nS )

X+Y− /E

1 6.484 4.535 0.0000 32.695 0.899

2 0.808 4.535 0.0000 8.044 0.455

3 0.239 4.535 0.0072 5.573 0.195
∑∞

n=1 1.795 ± 0.012

We use the NLO cross sections σ̄con.(W) and take NNLO122

corrections as uncertainties here [32]. To reduce the uncer-123

tainties from the initial state radiation factor and the vacuum124

polarization factor in Eq. (1), and that from the integrated lu-125

minosity [31], we introduce RX+Y− /E , ratio of the cross sections,126

as127

RX+Y− /E(W, δW ,mτ) =
σ(W,mτ,Γτ, δW )
σµ

+µ− (W, δW )
. (6)

Here, σµ
+µ− (W, δW ) is calculated with σ̄µ

+µ− (W) = 4πα2(1+3α/4π)
3W2128

in Eq. (1). The higher order correction terms, such as129

9αm2
µ/πW2 and m4

µ/W
4, are ignored because they are merely130
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Cross sections from Jτ (nS)

1 Then we get the cross section σ̄(W ,mτ , Γτ )

σ̄(W ) = (3.12 ± 0.02)δ
(
W − 2mτ + 13.8keV

MeV

)
pb + θ(W − 2mτ )σ̄con.(W )

2 Continue σ̄con.(2mτ )

σ̄Continue(2mτ ) = 236 pb
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Cross sections from Jτ (nS)

W (MeV)
3550 3555 3560

5−10

3−10

1−10

10

310

σatom(mPDG
τ )

σcon.(mPDG
τ )

σtotal(mPDG
τ )

σ
(p

b)

2mτ

 (MeV)W
3550 3555 3560

 (
pb

)
σ

5−10

3−10

1−10

10

310 )τ
PDGm(atomσ

)τ
PDGm(con.σ

)τ
PDGm(totalσ

τm2
3552.5 3552.52 3552.54 3552.56 3552.58 3552.6

18

20

22

24
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Reduce the uncertainties

1 The measured cross secitons

σX
+Y− /E (W ) =

NX+Y− /E (W )

Lε
2 Uncertaintiy of ISR(∼ 0.5% @ BESIII), the vacuum polarization factor (0.14%),

and the integrated luminosity (∼ 0.5%@ BESIII ) are all larger than 0.1%.
3 Systematical uncertainty of cross section measurement at STCF maybe > 0.2%.
4 The significance of 5σ require S/

√
(∆stat.(B + S))2 + (∆syst.(B + S))2 > 5.

5 If Ignore statistical uncertainty, systematic significance of 5σ require S/B > 1% at
STCF.
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Uncertainty of J/ψ decay: 10 B events, 0.5% uncertainty
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Reduce the uncertainties

1 We introduce RX+Y− /E , ratio of the cross sections, as

RX+Y− /E (W , δW ,mτ ) =
σ(W ,mτ , Γτ , δW )

σµ+µ−(W , δW )
.

Here, σµ
+µ−(W , δW ) is calculated with σ̄µ

+µ−(W ) = 4πα2(1+3α/4π)
3W 2 .

2 The measurement is

RX+Y− /E (W , δW ,mτ ) =
NX+Y− /E

Nµ+µ−
.
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Fit approach

1 The least squares method

χ2 =
∑

i

(
Rdata

i − R̂i (mτ )

∆Rdata
i

)2

.

2 R̂i (mτ ) is the theoretical fit function with Jτ . The expected mτ can be
determined from the minimum value of χ2.

3 To quantify the significance of the Jτ , another fit is performed by excluding the
σ̄Jτ in R̂i . This leads to a new minimum value χ2

without Jτ
at a new τ mass.

4 The significance of the Jτ atom can be calculated from ∆χ2
Jτ

= χ2
without Jτ

− χ2.
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Determine energy points

1 The least squares method

χ2 =
3∑

i=1

χ2
i =

3∑

i=1

(
Rdata

i − R̂i (mτ )

∆Rdata
i

)2

,

2 Where Rdata
i =

Ndata
X+Y−/E , i

Ndata
µ+µ−, i

and ∆Rdata
i is its statistical uncertainty (the systematic

uncertainty is discussed below).

3 The values of χ2
i

Li
are relatively large at W = 3552.56 and 3555.83 MeV.

4 An additional energy point of 3549.00 MeV is needed to obtain the whole
lineshape of the e+e− → X+Y− /E cross section.
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Numbers of the events

3

global factors of about 2 × 10−5 here. With mτ = mPDG
τ131

and δW = 1 MeV [33], the cross sections σatom(mPDG
τ ),132

σcon.(mPDG
τ ), and σtotal(mPDG

τ ) are shown in Fig. 1.133

W (MeV)
3550 3555 3560

5−10

3−10

1−10

10

310

σatom(mPDG
τ )

σcon.(mPDG
τ )

σtotal(mPDG
τ )

σ
(p

b)

2mτ

FIG. 1: Cross sections σatom(mPDG
τ ), σcon.(mPDG

τ ), and σtotal(mPDG
τ ) as

functions of center-of-mass energy W. The black vertical line shows
the τ+τ− mass threshold.

Next, we estimate the sensitivity of observing the Jτ(nS ) at134

a future high luminosity facility such as the super tau-charm135

facility (STCF) in China [33] and the super charm-tau factory136

(SCTF) in Russia [38]. To determine which energy points137

are optimal for the study, we use the χ2 values per integrated138

luminosity as139

χ2
i

Li
=

(σtotal
i (mPDG

τ ) − σcon.
i (mτ))2 · εX+Y− /E

σtotal
i (mPDG

τ )
, (7)

where σtotal
i (mPDG

τ ) = σ(W,mτ,Γτ, δW ) in Eq. (1) is the to-140

tal cross section for energy point i assuming mτ = mPDG
τ ,141

σcon.
i is the cross section when only the continuum is included142

in Eq. (2), εX+Y− /E = 8% is the reconstruction efficiency of143

e+e− → X+Y− /E events [22, 33], and Li is the integrated lu-144

minosity. The reconstruction efficiency is estimated based on145

Monte Carlo simulations, where KKMC [34, 35] is used to146

simulate the production of τ pairs, and TAUOLA [36, 37] is147

used to generate all the τ decay modes. Note that in the cal-148

culation of σcon.
i (mτ), mτ is allowed to vary so that χ2

i
Li

has dif-149

ferent values at each energy point. Here, we choose the best150

solution by minimizing the value of Σi
χ2

i
Li

within the region of151

3.54 < W < 3.56 GeV. In the end, we find the values of χ2
i
Li

152

are relatively large at W = 3552.56 and 3555.83 MeV, and153

that at 3552.56 MeV is about half of that at 3555.83 MeV. Be-154

sides the above two energy points, an additional energy point155

of 3549.00 MeV is needed to obtain the whole lineshape of156

the e+e− → X+Y− /E cross section.157

We determine how large data samples are required in or-158

der to observe the Jτ(nS ) at W = 3549.00, 3552.56, and159

3555.83 MeV by performing 105 sets of simulated pseudo-160

experiments with the reconstruction efficiencies of εX+Y− /E =161

(8.0 ± 0.2)% [22, 33] and εµ+µ− = (45.00 ± 0.01)% [33, 39],162

and other quantities used in Eq. (3). The numbers of expected163

events for e+e− → X+Y− /E and e+e− → µ+µ− in simulated164

data samples are determined by Ndata
X+Y− /E = σtotal(mPDG

τ ) · L ·165

εX+Y− /E and Ndata
µ+µ− = σµ

+µ− · L · εµ+µ− . The statistical uncer-166

tainties of Ndata
X+Y− /E and Ndata

µ+µ− are the square roots of them. For167

e+e− → X+Y− /E at W = 3549.00 MeV, since the signal yield168

(N) is small, the statistical uncertainty of N is estimated with169

the Bayesian approach implemented in the Bayesian Pois-170

son Upper Limit Estimator at a 68.27% confidence level [40],171

where the number of expected background events is zero. The172

numbers of expected events and the statistical uncertainties173

for e+e− → X+Y− /E and e+e− → µ+µ− in the simulated data174

samples are summarized in Table III, where the integrated lu-175

minosities are optimized and determined based on the χ2 value176

to estimate the Jτ(nS ) signal significance reaching a 5σ level177

(discussed below). For each set of pseudoexperiment, we gen-178

erate randomly the numbers of events (Ndata
X+Y− /E, i and Ndata

µ+µ−, i,179

i = 1, 2, and 3) according to Poisson distributions.180

TABLE III: Numbers of e+e− → X+Y− /E and µ+µ− events and their
statistical uncertainties in the pseudoexperiments with mτ = mPDG

τ .

i Li/fb−1 Wi/MeV Ndata
X+Y− /E, i Ndata

µ+µ− , i

1 5 3549.00 0.1+1.2
−0.1 (1.1764 ± 0.0003) × 107

2 500 3552.56 (8.772 ± 0.009) × 105 (1.17394 ± 0.00003) × 109

3 1000 3555.83 (2.4052 ± 0.0005) × 107 (2.34331 ± 0.00005) × 109

A least-square fit is applied to each set of the181

pseudoexperiment pseudoexperiments with182

χ2 =

3∑

i=1


Rdata

i − R̂i(mτ)

∆Rdata
i


2

, (8)

where Rdata
i =

Ndata
X+Y− /E, i

Ndata
µ+µ− , i

and ∆Rdata
i is its statistical uncertainty183

calculated from those of Ndata
X+Y− /E, i and Ndata

µ+µ−, i; R̂i(mτ) is the ex-184

pected ratio at the τmass mτ to be determined from the fit. The185

fit to one pseudoexperiment is shown in Fig. 2(a), and the cor-186

responding contribution from the Jτ(nS ) atom cross section187

(σatom) is shown in Fig. 2(b). For 105 sets of simulated pseu-188

doexperiments, the average value of χ2/ndf is 0.7/2, where189

ndf is the number of degrees of freedom. This indicates a190

very good fit to the simulated data samples.191

By removing the Jτ(nS ) atom contribution in calculating192

R̂i(mτ) and refiting the data, we find a much poorer fit quality193

(the average value of χ2/ndf is 51/2 for the 105 sets of sim-194

ulated pseudoexperiments) and the difference in the χ2s mea-195

sures the statistical significance of the Jτ(nS ) signals. Fig-196

ure 3 shows the normalized distribution of the statistical sig-197

nificances in all the pseudoexperiments. We conclude that in198

the scenario of taking 5 fb−1 data at 3549.00 MeV, 500 fb−1
199

at 3552.56 MeV, and 1000 fb−1 at 3555.83 MeV as indi-200

cated in Table III, we have a 96% chance of discovering the201

Jτ(nS ) with a statistical significance larger than 5σ and an al-202

most 100% chance of observing it with a significance larger203
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Determine χ2 and mτ

1 A least-square fit is applied

χ2 =
3∑

i=1

(
Rdata

i − R̂i (mτ )

∆Rdata
i

)2

,

2 Where Rdata
i =

Ndata
X+Y−/E , i

Ndata
µ+µ−, i

and ∆Rdata
i is its statistical uncertainty.

3 And R̂i (mτ ) is the expected ratio at the τ mass mτ to be determined from the fit.
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Ratio of the events

W (MeV)
3550 3552 3554 3556

9−10
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2−10
-1L dt = 1.505 ab∫

W (MeV)

3552 3553 3554 3555 3556

0.994

0.996

0.998

1

1.002

R

Rwithout Jτ/R
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The cross section of Jτ

W (MeV)
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The statistical significance distribution in 105 sets pseudoexperiments

Significance 
2 4 6 8 10 12

P
ro

ba
bi

lit
y

0

0.05

0.1

-1L dt = 1.505 ab∫

(σ)

-1L dt = 1.505 ab∫

5σ, 96%
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The significance of Jτ (nS) as a function of mNatural
τ −mPDG

τ .
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The significance of Jτ (nS) in 105 sets pseudoexperiments

1 The average value of χ2/ndf is 0.7/2 with Jτ (nS), and 51/2 without Jτ (nS).
2 Considering the systematic uncertainties, the average signal significance of Jτ is

6.7σ, which is 6.8σ without systematic uncertainties.
3 These data samples correspond to 350 (175) days’ runtime at the STCF(SCTF).
4 If the δW is reduced to 0.1MeV, the required integrated luminosity is only 66 fb−1.
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mτ

1 With these data samples, a high precision τ mass is obtained

mτ = (1 776 860.00 ± 0.25 (stat.)± 0.99 (syst.)) keV.

2 The fit with the Jτ (nS) contribution removed gives a shift of −4 keV relative to
the nominal fit with both the bound state and continuum contributions.
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The systematic uncertainties σmτ

1 The uncertainty of the energy scale W is estimated according to the VEPP-4M,
which had a characteristic uncertainty of 1.5 keV in the beam energy in the ψ(2S)
mass scan (hep-ex/0306050). The uncertainty of W2 (W3) is estimated to be
1.5

√
2 = 2.12 keV, leading to 0.72 (0.35) keV in σmτ .

2 σmτ from energy spread and energy scale are 16 keV and +22
−86 keV from BESIII

(1405.1076), and 25 keV and 40 keV from KEDR ( JETP Lett. 85 (2007)
347-352). Take the maximum ratio of 16/22 ∼ 0.73, leading to
0.73 ×

√
0.722 + 0.352 =0.59 keV in σmτ .

3 εX+Y− /E = (8.0 ± 0.2)% lead to 0.04 keV in σmτ .
4 By exchanging the NLO correction with the NNLO correction in the calculation of

the e+e− → X+Y− /E cross sections, which is included in 0.07 keV in σmτ due to
the theoretical accuracy.
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The systematic uncertainties σmτ

5

is listed in Table IV. Taking into account the systematic uncer-258

tainties mentioned above, we obtain an average signal signif-259

icance of the Jτ of 6.7σ, which will be 6.8σ if the systematic260

uncertainties are not taken into account.261

TABLE IV: The systematic uncertainties of the mτ (σmτ ) in keV.

Sources σmτ/keV

Energy scale of W2 0.72

Energy scale of W3 0.35

Energy spread δW 0.59

Efficiency 0.04

Theory 0.07

Systematic uncertainties 0.99

The value of mNatural
τ may be different from the central value262

of mPDG
τ = 1776.86 MeV [18]. We examine the statistical sig-263

nificance of the Jτ(nS ) signals as a function of the difference264

mNatural
τ −mPDG

τ as shown in Fig. 4, and find that the uncertainty265

in mτ remains unchanged, since it is mainly determined by the266

beam properties.267

To conclude, the novel method proposed in this Letter is268

summarized as follows: (1) In contrast to the process e+e− →269

Jτ → µ+µ− proposed in Ref. [20], the continuum contribu-270

tions are much smaller and the selected τ pair candidate sam-271

ple is very pure in the process e+e− → Jτ → τ+τ−. The signal272

to background ratio in e+e− → Jτ → τ+τ− is improved drasti-273

cally. (2) We propose to measure the relative rate R = NX+Y− /E
Nµ+µ−

274

rather than the absolute cross section so that the uncertainties275

are controlled at a low level since those in VP, ISR, and lumi-276

nosity determinations are canceled. (3) The mτ is taken as a277

free parameter to be extracted from the experimental data. A278

high precision mτ measurement can be achieved at the same279

time.280
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FIG. 4: The significance of Jτ(nS ) as a function of mNatural
τ − mPDG

τ .

In summary, we show that the τ+τ− atom with JPC = 1−−,281

Jτ, can be observed with a significance larger than 5σ with a282

1.5 ab−1 data sample at the proposed high luminosity experi-283

ments STCF and SCTF, by measuring the cross section ratio284

of the processes e+e− → X+Y− /E and e+e− → µ+µ−. With the285

same data sample, the τ lepton mass can be measured with a286

precision of 1 keV, a factor of about 100 improvement over287

the existing world best measurements.288
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Summary

1 We show that the τ+τ− atom can be observed with a significance larger than 5σ
with a 1.5 ab−1 data sample at STCF or SCTF, by measuring the cross section
ratio of the processes e+e− → X+Y− /E and e+e− → µ+µ−.

2 With the same data sample, the τ lepton mass can be measured with a precision
of 1 keV, a factor of 100 improvement over the existing world best measurements.

3 We propose to measure the relative rate R =
NX+Y−/E

Nµ+µ−
rather than the absolute

cross section so that the uncertainties are controlled at a low level since those in
VP, ISR, and luminosity determinations are canceled.
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Thank you for your listening!
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