
Ds → [ππ]S e+ν and Dipion LCDAs

Shan Cheng (程山)

Hunan University

The 6th International Workshop on Future Tau Charm Facilities, Guangzhou

November 19, 2024

1 / 19



Overview

I Semileptotic D(s)decays

II Dipion Light-cone distribution amplitudes

III Ds → [f0, · · · →]ππe+ν

IV Conclusions and Prospects

2 / 19



Semileptotic D(s) decays
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Semileptotic D(s) decays

play a crucial role in the precision era of particle physics

• fundamental parameters, like the CKM matrix
element |Vcs| = 0.975± 0.006 [PDG 2022]

◦ the result measured via D → Klν and Ds → µνµ
consist with each other (∼ 1.5σ derivation)

◦ ∼ 3σ tension three years ago [PDG 2020, 2021]
◦ the improvement mainly due to the high precision of D → K

form factor from lattice evaluation and the fDs from the BESIII

• new physical mechanism via the FCNC

◦ anomalous measured in B → K∗µ+µ−, 3.6σ derivation of dB/dq2 in q2 ∈ [1, 6] GeV2,
1.9σ derivation of p′5 = S5/

√
FL(1 − FL) in [4, 8] GeV2

◦ a plausible effect in up-type FCNC process c → ull [Bharucha 2011.12856]

SM B(D → πl+l−) ∼ O(10−9), current best-world limit O(10−8)

◦ first measurement of D0 → π+π−e+e−
[LHCb-PAPER-2024-047, prelim.]
(4.53 ± 1.38) × 10−7 in ρ/ω and
(3.84 ± 0.96) × 10−7 in ϕ
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Semileptotic D(s) decays

• my talk in the ” 超级陶粲装置研讨会” at LZU, July 8th, 2024

• STCF is still competitive in hunting the NP via D → πµ+µ−, ππµ+µ−
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Semileptotic D(s) decays

• a clean environment to study the scalar mesons
◦ f0(1370), f0(1500), a0(1450),K∗

0(1430) form a SU(3) flavor nonet
◦ f0(500)/σ, f0(980), a0(980),K∗

0(700)/κ form another flavor nonet
compact tetraquark and KK̄ bound state in spectral analysis, qq̄ is dominated in the Bs decay

◦ how about the energetic qq̄ picture f0(980) in Ds decays ?

• The solution of the above questions deduces to not only the precise pertuabtive
QCD, but also the accurate nonperturbative prediction of the form factors

◦ unstable particle are measured in the lineshape of ππ, Kπ invariant mass

◦ dynamics of Bl4 is governed by B → ππ form factors, a big task of the QCD methods

• Dipion LCDAs are introduced in the LCSRs prediction of B → ππ form factors
[SC, Khodjamirian, Virto 1709.0173, SC 1901.06071]

◦ high partial waves give few percent contributions to B → ππ form factors, ρ′, ρ′′ and NR background
contribute ∼ 20% − 30% to P-wave

◦ qualitatively explain the |Vub| tension (3σ) [Belle II 2407.17403]

|Vub|B→πlν = (3.93 ± 0.19 ± 0.13 ± 0.19(theo)) × 10
−3

[LQCD]

|Vub|B→πlν = (3.73 ± 0.07 ± 0.07 ± 0.16(theo)) × 10
−3

[LQCD + LCSRs]

|Vub|B→ρlν = (3.19 ± 0.12 ± 0.18 ± 0.26(theo)) × 10
−3

[LCSRs]
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Dipion LCDAs
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DiPion LCDAs

• The study of DiPion distribution amplitude will shine a light on the width effect
encounted in Flavor Physics (multibody decays, B → [ππ] lν, b → sll, c → ull
· · · ) and the controversial structure of scalar meson ?

• Chiral-even LC expansion with gauge factor [x, 0] [Polyakov ’99, Diehl ’98]

⟨πa(k1)πb(k2)|qf(zn)γµτqf′ (0)|0⟩ = κab kµ
∫

dx eiuz(k·n) Φab,ff′
∥ (u, ζ, k2)

n2 = 0, f, f′ respects the (anti-)quark flavor, a, b indicates the electric charge
κ+−/00 = 1 and κ+0 =

√
2, k = k1 + k2 is the invariant mass of dipion state

τ = 1/2, τ3/2 corresponds to the isoscalar and isovector 2πDAs

higher twist ∝ 1, γµγ5 have not been discussed yet, γ5 vanishes due to P-parity conservation

• Three independent kinematic variables
momentum fraction u carried by anti-quark with respecting to the total momentum of DiPion state
longitudinal momentum fraction carried by one of the pions ζ = k+1 /k+, 2q · k̄ (∝ 2ζ − 1), k2

• Normalization conditions∫ 1

0
Φ

I=1
∥ = (2ζ − 1)Fπ(k2),

∫ 1

0
dz (2u − 1)Φ

I=0
∥ = −2M(π)

2 ζ(1 − ζ)FEMT
π (k2)

Fem
π (0) = 1, FEMT

π (0) = 1, M(π)
2 is the moment of SPD
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DiPion LCDAs
• 2πDAs is decomposed in terms of C3/2

n (2z − 1) and C1/2
ℓ (2ζ − 1)

Φ
I=1

(z, ζ, k2, µ) = 6z(1 − z)
∞∑

n=0,even

n+1∑
l=1,odd

BI=1
nℓ (k2, µ)C3/2

n (2z − 1)C1/2
ℓ

(2ζ − 1)

Φ
I=0

(z, ζ, k2, µ) = 6z(1 − z)
∞∑

n=1,odd

n+1∑
l=0,even

BI=0
nℓ (k2, µ)C3/2

n (2z − 1)C1/2
ℓ

(2ζ − 1)

◦ Bnℓ(k2, µ) have similar scale dependence as the an of π, ρ, f0 mesons

Bnℓ(k2, µ) = Bnℓ(k2, µ0)

[
αs(µ)

αs(µ0)

][γ(0)
n −γ

(0)
0 ]/[2β0]

γ
⊥(∥),(0)
n = 8CF

n+1∑
k=1

1

k
−

3

4
−

1

2(n + 1)(n + 2)


◦ Soft pion theorem relates the chirarlly even coefficients with aπn

n+1∑
ℓ=1

B∥,I=1
nℓ (0) = aπn ,

n+1∑
ℓ=0

B∥,I=0
nℓ (0) = 0

◦ 2πDAs relate to the skewed parton distributions (SPDs) by crossing
express the moments of SPDs in terms of Bnl(k2) in the forward limit as

Mπ
N=odd =

3

2

N + 1

2N + 1
BI=1

N−1,N(0), Mπ
N=even = 3

N + 1

2N + 1
BI=0

N−1,N(0)
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DiPion LCDAs
◦ In the vicinity of the resonance, 2πDAs reduce to the DAs of ρ/f0

relation between the aρn and the coefficients Bnℓ

aρn = Bn1(0) Exp

N−1∑
m=1

cn1
m m2m

ρ

 , c(n1)
m =

1

m!

dm

dk2m [ln Bn1(0) − ln B01(0)]

fρ relates to the imaginary part of Bnl(m2
ρ) by ⟨π(k1)π(k2)|ρ⟩ = gρππ(k1 − k2)αϵα

f∥ρ =

√
2 Γρ ImB∥

01(m2
ρ)

gρππ
, f⊥ρ =

√
2 Γρ mρ ImB⊥

01(m2
ρ)

gρππ f⊥2π

• The subtraction constants of Bnℓ(s) at low s

(nl) B∥
nℓ(0) c∥,(nl)

1
d

dk2 ln B∥
nℓ(0) B⊥

nℓ(0) c⊥,(nl)
1

d
dk2 ln B⊥

nℓ(0)

(01) 1 0 1.46 → 1.80 1 0 0.68 → 0.60
(21) -0.113 → 0.218 -0.340 0.481 0.113 → 0.185 -0.538 -0.153
(23) 0.147 → -0.038 0 0.368 0.113 → 0.185 0 0.153
(10) -0.556 - 0.413 - - -
(12) 0.556 - 0.413 - - -

◦ firstly studied in the effective low-energy theory based on instanton vacuum [Polyakov 1999]

◦ updated with the kinematical constraints and the new aπ2 , aρ2 [SC ’19, ’23]
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DiPion LCDAs

• How to describe the evolution from 4m2
π to large invariant mass

k2 ∼ O(m2
c ) ? furtherly to O(mbλQCD)

◦ Watson theorem of π-π scattering amplitudes
△ implies an intuitive way to express the imaginary part of 2πDAs

△ leads to the Omnés solution of N-subtracted DR for the coefficients

BI
nℓ(k2) = BI

nℓ(0)Exp
[N−1∑

m=1

k2m

m!

dm

dk2m ln BI
nℓ(0) +

k2N

π

∫ ∞

4m2
π

ds
δI
ℓ(s)

sN(s − k2 − i0)

]

◦ 2πDAs in a wide range of energies is given by δI
ℓ and a few subtraction

constants

• All discussions are at leading twist, subleading twist LCDAs are not
known yet
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Ds → [f0, · · · →]ππe+ν
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Ds → [f0, · · · →]ππeν

• Semileptonic D(s) decays provide a clean environment to study scalar mesons

◦ Ds → f0e+ν [CLEO ’09], D(s) → a0e+ν [BESIII ’18, ’21], D+ → f0/σe+ν[BESIII ’19]

◦ Ds → f0(→ π0π0, KsKs)e+ν [BESIII 22], Ds → f0(→ π+π−)e+ν[BESIII 23]

B(Ds → f0(→ π
0
π
0
)e+ν) = (7.9 ± 1.4 ± 0.3) × 10

−4

B(Ds → f0(→ π
+
π
−
)e+ν) = (17.2 ± 1.3 ± 1.0) × 10

−4

ff0+ (0)|Vcs| = 0.504 ± 0.017 ± 0.035

• Theoretical consideration

dΓ(D+
s → f0 l+ν)

dq2
=

G2
F |Vcs|2λ3/2(m2

Ds , m2
f0 , q2)

192π3m3
Ds

|f+(q2)|2, Ds → f0 FF

• Improvement with the width effect (ππ invariant mass spectral)

dΓ(D+
s → [ππ]S l+ν)

dsdq2
=

1

π

G2
F |Vcs|2

192π3m3
Ds

|f+(q2)|2
λ3/2(m2

Ds , s, q2) g1βπ(s)
|m2

S − s + i (g1βπ(s)) + g2βK(s)) |2
, BESIII

d2Γ(D+
s → [ππ]S l+ν)

dk2dq2
=

G2
F |Vcs|2

192π3m3
Ds

βππ(k2)
√

λDs q2

16π

∞∑
ℓ=0

2|F(ℓ)
0 (q2, k2)|2, Ds → ππ FF
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Ds → f0 form factor

• LCSRs calculations start with the correlation functions j1,µ = s̄γµγ5c, j2 = c̄iγ5s

ΠS
µ(p1, q) = i

∫
d4xeiqx⟨f0(p1)|T{j1,µ(x), j2(0)}|0⟩

• The hadron dispersion relation of invariant amplitudes (p1 + q)2 ≡ p2 > 0

Π
had
µ (p1, q) =

⟨f0(p1)|j1,µ(x)|Ds(p)⟩⟨Ds(p)|js(0)|0⟩
m2

Ds − p2
+

1

π

∫ ∞

s10
ds

ρh
µ(s, q2)
s − p2

=
−im2

Ds fDs
[
2f+(q2)p1ν +

(
f+(q2) + f−(q2)

)
qµ
]

(mc + ms)
[
m2

Ds − p2
] +

1

π

∫ ∞

s10
ds

ρh
+(s, q2)p1µ + ρh

−(s, q2)qµ
s − p2

• The OPE calculation in the Euclidean momenta space with negative q2

OPE is valid for large energies of the final state mesons ⇒ 0 ⩽ |q2| ⩽ q2max ∼ m2
c − 2mcχ, the

operator product of the c-quark fields can be expanded near the LC due to the large virtuality

Π
OPE
µ (p1, q) =

∑
t

∫ 1

0
du
[

T(t)
µ (u, q2, p2) ⊗ ϕ

(t)
(u) +

∫ u

0
Dαi T′

µ(u, αi, q2, p2) ⊗ ϕ3f0 (αi)
]

≡
1

π

∫ 1

0
du

∑
n=1,2

 ImΠOPE
+,n (q2, u) p1µ + ImΠOPE

−,n (q2, u)qµ
un [s2(u) − p2

]n + 3p

 s2(u) =
ūm2

f0 + (m2
c − ūq2)

u
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Ds → f0 form factor
• quark-hadron duality & Borel transformation

−im2
Ds fDs

[
2f+(q2)p1ν +

(
f+(q2) + f−(q2)

)
qµ
]

(mc + ms)
[
m2

Ds − p2
]

=
∑

t

∫ 1

u0
du
[
T(t)
µ (u, q2, p2) ⊗ ϕ

(t)
(u) + 3p

]

B̂
[∫ 1

u0
du

F(u)
u
[
s(u) − p2

] ] =

∫ 1

u0
du

F(u)
u

e
− s(u)

M2

• Ds → f0 form factors under the s̄s description and narrow width approximation

f+(q2) =
mc + ms
2m2

Ds fDs


∫ 1

u0

du
u

e
−s2(u)+m2

Ds
M2

[
−mcϕ(u) + umf0ϕ

s
(u) +

mf0ϕσ(u)
3

+
mf0ϕσ(u)

6

m2
c + q2 − u2m2

f0
uM2

 +
mf0ϕσ(u0)

6

m2
c + q2 − u20m2

f0
m2

c − q2 + u20m2
f0

e
−s10+m2

Ds
M2

 + 3p

◦ M2 ∼ O(um2
Ds + ūq2 − uūm2

f0 ) < s0
◦ factorisation scale µ2

f = m2
Ds − m2

c = 1.482 GeV2 with mc(mc) = 1.30 GeV
◦ a compromise between the overwhelming chosen of ground state in hadron spectral that demands a small

value and the convergence of OPE evaluation that prefers a large one ⇒ d
d(1/M2)

lnf+(q2) = 0

◦ s0 is usually set to close to the outset of the first excited state s0 ≈ (mDs + χ)2, which is finally
determined by considering the maximal stable evolution of physical quantities on M2
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Ds → f0 form factor and D+
s → (f0, [ππ]S)e+νe decay

• M2 = 5.0± 0.5GeV2 and s0 = 6.0± 0.5GeV2

this wrok 3pSRs(07) LFQM(09) CLFD/DR(08) LCSRs(10)
0.63 ± 0.04 0.96 0.87 0.86/0.90 0.30 ± 0.03

◦ the BESIII result in the π+π− system f+(0) = 0.518± 0.018± 0.036 [BESIII 23]

different input of the decay constant f̃f0 = 335 MeV, much larger than 180 MeV in LCSRs(10)
we add the first gegenbauer expansion terms in the LCDAs, up-to-date parameters
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[SC, Zhang 2307.02309]
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Differential decay width of D+
s → (f0, [ππ]S)e+νe

s̄s-nn̄ mixing scenario of f0 with θ = 20◦ ± 10◦

◦ the uncertainty estimation is conservative, without NLO correction
◦ we need a model independent calculation, not only for the QCD understanding, but also for the future partial-wave measurement
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Ds → [ππ]S form factors

• Definition of Ds → [ππ]S form factor

⟨[π(k1)π(k2)]S |̄sγµ(1− γ5)c|D+
s (p)⟩ = −iFtkt

µ − iF0(q2, s, ζ)k0µ − iF∥k∥µ

kt
µ =

qµ√
q2

, k0µ =
2
√

q2√
λDs

(
kµ −

k · q
q2

qµ
)

, k∥µ =
1

√
k2

(
k̄µ −

4(q · k)(q · k̄)
λDs

kµ +
4k2(q · k̄)

λDs
qµ

)

• LCSRs calculations start with the correlation functions

Π
ab
µ (q, k1, k2) = i

∫
d4xeiq·x⟨πa

(k1)πb
(k2)|T{j1,µ(x), j2(0)}|0⟩

• Introduce a parameter angle to describe the mixing
[ππ]S = |n̄n⟩ cos θ + |̄ss⟩ sin θ, [KK]S = −|n̄n⟩ sin θ + |̄ss⟩ cos θ

• The chiral even two quark isoscalar 2πDAs our knowledge of 2πDAs is still at leading twist

⟨
[
π

a
(k1)πb

(k2)
]

S
|̄s(xn)γµs(0)|0⟩ = 2δ

abkµ sin θ

∫
dueiux(k·n)

Φ
I=0
∥,[ππ]S

(u, ζ, k2)

Φ
I=0
∥,[ππ]S

= 6u(1 − u)
∞∑

n=1,odd

n+1∑
l=0,odd

BI=0
∥,nl(k2, µ)C3/2

n (2u − 1)C1/2
l (2ζ − 1)

• Do the similar LCSRs to Ds → f0 and consider the partial-wave expansion

F0(q2, k2, ζ) =
∞∑
ℓ=0

√
2ℓ + 1 F(ℓ)

0,t (q2, k2)P(0)
ℓ

(cos θπ)
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Ds → [ππ]S form factor and Ds → [ππ]S e+ν decay

• The LCSRs ℓ′-wave Ds → [ππ]S form factors (ℓ′ = even & ℓ′ ⩽ n + 1)

F(ℓ′)
0 (q2, k2) =

mc(mc + ms) sin θ

m2
Ds fDs

√
λDs
√

q2

∞∑
n=1,odd

βπ(k2)
√
2ℓ′ + 1

J0n (q2, k2, M2
, s0) BI=0

nℓ′,∥(k2)

J0n (q2, k2, M2
, s0) = 6

∫ 1

u0
du ū C3/2

n (2u − 1)
[
λDs + 2uk2

(
m2

Ds + q2 − k2
)]

e
−

s′2(u)−m2
Ds

M2

• Leading twist Ds → f0, [ππ]S form factors and Ds → [ππ]S e+ν decay
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Ds → f0 form factor

[SC, Zhang 2307.02309]
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Differential decay width of D+
s → [ππ]S e+νe

• Twist-3 LCDAs give dominate contribution in Ds → f0, [ππ]S transitions
does not indicate a breakdown of the twist expansion, the asymptotic term in the leading twist LCDAs is
zero due to the charge conjugate invariance

• Further measurements would help us to understand high twist DiPion LCDAs
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Conclusions and Prospects

• The introduction of DiPion LCDAs provides an opportunity to study the
width effects and the structures of nonstable mesons in Hl4 processes

◦ a new booster on the accurate calculation in flavor physics
◦ improvement study in the CKM determinations and the flavor anomalies

• DiPion LCDAs study is at leading twist so far QCD definitions and double expansion

◦ determine the parameters by low energy effective theory and data constraints
◦ evolution of k2 from the threshold to large scale O(m2

c , mbλQCD)

◦ universal phase shift in ππ scattering and heavy decay ?

• Go further to high twist LCDAs, not only to match the precise measurement

◦ B → ππlν,B → [ρρ →] → 4π, Ds → ππlν,D → Kπµν, D → ππe+e− et al.

Thank you for your patience.
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