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Practicalities
These slides (and the Lecture Notes) will be made available at an Indico page being prepared

http://cicpi.ustc.edu.cn/indico/categoryDisplay.py?categId=309

Attending a course in English is difficult for young persons who are not too familiar with foreign languages

I understand your difficulty and appreciate your effort
The world of HEP (High Energy Physics) is a world-wide collaboration and English is the 

standard tool of communication. Attending these lectures will help you to improve your foreign 
language skills

There are several ways to contact me:

1. By sending a mail to toni.baroncelli@cern.ch, please indicate “Student of Collider Physics” in the  subject
2. Knock at my Office, 6th floor of the Modern Physics building (A606)

Do not hesitate to contact me for any question concerning the course
At the beginning of each new lecture I will give a short summary of the previous lecture  with a list of main 
physics points

Lecture notes will be prepared for (most) of the course 3

http://cicpi.ustc.edu.cn/indico/categoryDisplay.py?categId=309
mailto:toni.baroncelli@cern.ch
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Overview of the Course
The Course will be shared between 

Haiping Peng and me, Toni Baroncelli

And is organized in several parts, lasting in total 16 weeks + 2 weeks for examinations:

(Tentative schedule)
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Lecture Notes

I have prepared Lecture Notes for most of the course 
(.. Dynamic document, it will evolve with passing lectures). 

Freely available

5
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Forward: (Particle) Physics?

Observation 1

Observation 2

Observation 3

Observation n

Observation n+1

Observation n+2

Observation n+3

Experimental Science! Observation of different variables 1…n+3
Theory: establishes relations among observables 

(experiments)
• All observables are accounted for in the theory →

numerical predictions;
• Errors in the measurement;
• Infinite theories may describe the same set of 

observables;
• Two different theories are different IF they predict 

different observables or different outcomes of the 
same observables;

• → consistency of the theory 
• → accuracy in the prediction;
• A theory can be falsified because of wrong 

predictions (… better say ‘incompatible with 
observables’); 

• A theory cannot be qualified (proven) because a 
newer experiment can always disprove an older 
theory → THEORIES EVOLVE !

6
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Forward: why ‘Collider Physics’?

Maximilien Brice (CERN) - CERN Document Server, CC BY-SA 3.0, 
https://commons.wikimedia.org/w/index.php?curid=29027732

We will see that to access the intimate structure of matter we have to 
use probes with wave-lengths as small as possible → high energy!

1. Accelerate particles onto targets (used in the past) or
2. Collide two beams against each other

The second option became accessible only with ~modern 
technologies. 

Unprecedented high energies are reached → many discoveries

LHC accelerator at CERN

LHC tunnel

CMS Experiment

7
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Part One - Structure

1. Probing the Structure of Matter

2. Constituents of Matter & Quantum Numbers
3. The Standard Model, Interactions and Vector Bosons

4. Symmetries and Conservation Laws
5. The Electro-Magnetic Case
6. Feynman diagrams
7. Cross Sections & the Golden Rule

8. Electron – Nucleus Scattering
9. Rutherford Scattering
10. Form Factors

Topics

The way we see things today, 
no historical approach  → SM

Basic  Ingredients

First Experiments
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Prologue: Many Order of Magnitude

bacteria
0.5-5 µm,

cells
1-100 µm

nuclei
> 10-15 m

W±, Z, H
80-130 GeV

molecules,
atoms

> 10-10 m

visible light 
l=380-750 
´10-9 m ?wo/men, 

dogs, cats, 
...

ℏc  =   197.3 MeV fm ®
2 × 108 eV "=" 10-15 m

c = 2.998´108 m s-1 ®
3 × 10-9 s "=" 1 m

LEP

LHC

E = 3×1020 eV 
(highest energy 
ever, University 
of Utah's Fly's 
Eye Cosmic Ray 
Detector, 1991).

0 -3 -6 -9 -12 -15 -18 -21 Log10 d (m)

-6 -3 0 3 6 9 12 15 Log10 E,p (eV)

-9 -12 -15 -18 -21 -24 -27 -30 Log10 t (s)

The uncertainty principle: 
“position x (with uncertainty 
Dx) and momentum px
(with uncertainty Dpx) 
cannot simultaneously be 
known to better than

DxDpx ~ℏ/2. 

A relation for the energy is 
obtained by multiplying c, 

DxDE ~ℏ"
#

which gives numerically, 
∆𝐸 𝑀𝑒𝑉 = $.&'(!""(*+, "-)

#∆0("-)

Also  Dx=cDt → DtDE ~ℏ
#

1fm = 10-15m  
~ size of proton

(Reduced) Planck’s Constant (ℏ = ℎ/2𝜋) ℎ

9
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• Discovery range is limited by available data, i.e. by resources (like a microscope).
• The true variable is the resolving power of our microscope.

Prologue: the Quest for High Energy

Quantum Mechanics, wave-particle duality:

• a particle has wave-like properties. A wave is characterized by its wavelength;
• a wave has particle-like properties.; a particle is characterized by its energy or 

its momentum. 

The larger the particle energy, the smaller the associated wavelength.

10
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• Resolving Power µ Energy transferred in interaction, 1/ÖQ2 [i.e. µ 1/Ös, the CM energy]
• For non point-like objects, replace Ös with the CM energy at component level, Ös ̂ (Ös<̂Ös)

(quarks in a proton, will see later).

Prologue: the Quest for High Energy

ECM

E’CM < ECM

Proton Proton

LHC, as an example
7 TeV proton 7 TeV proton

The CM energy at component level is lower! Quarks 
carry a fraction of the proton energy 11
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● LEP2

LHC ● ?
ILC ●

CLIC ●

● Doris

PETRA ●

● Spear 2
● CESR

● PEP
SPS ●

Fermilab ●

Spear ●

• In the last half a century, the physicists have been
able to gain a factor 10 in Ös every 10 years (see
the "Livingston plot").
• Fixed target (1 beam on a thin target)
• Two head-on beams (more complex technology)

• No Country in the world can sustain the cost of an
accelerator of the future
• Hope it will continue like that, but needs IDEAS,

since not many $$$ (or €€€) will be available.

● Tristan
Spp̄S ●

Tevatron ●

LEP1 ●

1960 20101970 1980 1990 2000 2020
10-1

100

101

102

103

104

Ös / Öŝ
(GeV) 

year of first collision

● e+e- (circ./lin.)
● p fix target
● pp
● p̄p

Livingston plot

● VEP-1

● VEP-2
● ACO

● Adone

ISR ●

● PS

● AdA

Prologue: the Quest for High Energy
CEPC in China(*)?

(*) http://cepc.ihep.ac.cn/intro.html 12
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The Livingston Plot

13
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Prologue: The Standard Model

Quantum 
Mechanics

Terrestrial 
mechanics

Celestial 
mechanics

Electricity

Magnetism

GravitaXon

Electro-
magneXsm

Classical
theories

Quantum
theories

Quark Model

QED

Strong
interactions

Relativity
Electron
theory

Weak 
interacXons

Electroweak
interacXons

STANDARD
MODEL

?

~1900 ~2000

H

~1950 ~2019

• SM designates the theory of the Electromagnetic, Weak and Strong interactions. The theory 
has grown in time, the name went together.
• The development of the SM is an interplay between new ideas and measurements.

SM

LHC is planned 
to operate up to 
year 2040!

• Many theoreticians contributed : since the G-S-W (S.Glashow, A.Salam,S.Weinberg) model is at the core of 
the SM, it is common to quote them as the main authors.

14
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Theory and Experiments

Theory! You do not 
see what is (happens) 
inside.

Experiments: instruments 
and devices that allow 
you to ‘see’ the result of 
an interaction described 
by Theory.

‘see’ is a proxy for 
‘visualise’!

15



To
ni

 B
ar

on
ce

lli
: I

nt
ro

du
ct

io
n 

to
 P

ar
tic

le
 P

hy
sic

s

Reminder (mostly) of Quantum Mechanics

Look at Lecture Notes!

• Contravariant four vectors (index up) 𝑥1 = 𝑡, 𝑥, 𝑦, 𝑧
• Covariant four vectors (index down) 𝑥1 = 𝑡,−𝑥, −𝑦, −𝑧
• 𝑥1𝑥1 = 𝑥2𝑥2 + 𝑥$𝑥$ + 𝑥#𝑥# + 𝑥(𝑥(

QM = Quantum Mechanics 
ℏ = Planck Constant

• all the information regarding a physical system is contained in 
the corresponding wavefunction 

• Free particles (we use natural units ℏ, 𝑐 = 1) can be expressed 
as 

𝜓 𝒙, 𝑡 = 𝑁 : 𝑒3 𝒑5𝒙789
• Operators acting on a wavefunction return an observable (real 

number)  ;𝐴𝜓 = 𝑎𝜓
• Hamiltonian: 𝐸 = 𝐻 = 𝑇 + 𝑉

Quantity kg,m, s ℏ, c, GeV ℏ = c = 1

Energy kg m! s"! GeV GeV

Momentum kg m s"# GeV/c GeV

Mass kg GeV/c2 GeV

Time s (GeV/ℏ)"# GeV-1

Length m (GeV/ℏc)"# GeV-1

Area m2 (GeV/ℏc)"! GeV-2

Natural Units

• If an Hamiltonian leaves unchanged an 
observable then @𝐻, A𝑂 = @𝐻 A𝑂 − A𝑂 @𝐻 = 0

• 𝑝̂ = −𝑖∇ and	 A𝐸 = 𝑖 :
:9

• 𝑝̂ returns  𝒑, A𝐸 returns E

16
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Non-relativistic Schröedinger equation

𝐸 = 𝐻 = 𝑇 + 𝑉 = 𝒑𝟐

"#
+ 𝑉

𝑝̂ = −𝑖∇ and	 A𝐸 = 𝑖 :
:9

applied to 𝜓 𝒙, 𝑡 = 𝑁 : 𝑒3 𝒑5𝒙789 gives

→ @𝐻𝜓 𝒙, 𝑡 = $
#-

(−𝑖∇)#𝜓 𝒙, 𝑡 + A𝑉𝜓(𝒙, 𝑡)

𝑖
𝜕𝜓(𝒙, 𝑡)
𝜕𝑡 = −

1
2𝑚

𝜕#𝜓 𝒙, 𝑡
𝜕𝑥# + A𝑉𝜓(𝒙, 𝑡)

Two ‘weak’ points: 

Ø it contains 2nd order derivatives in space and 1st order in time → it is not relativistic invariant → inadequate to 
describe high energy phenomena (low energy approximation)

Ø Has some other theoretical weakness

~Valid at low energy

17
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The Klein-Gordon Equation
The Schrödinger equation is not relativistic invariant → go to the Einstein relation between energy and momentum:

𝐸 =
𝒑𝟐

2𝑚
→ 𝐸# = 𝒑𝟐 +𝑚#

(Note that you go from E to E2 )

The 𝐸#𝑎𝑛𝑑 𝒑𝟐 terms of this equation are interpreted as operators that act on a wavefunction (as before 𝑝̂ = −𝑖∇
and A𝐸 = 𝑖 :

:9
):

A𝐸#𝜓(𝑥) = R𝒑𝟐𝜓(𝑥) + 𝑚#𝜓(𝑥)

𝜕1𝜕1 +𝑚# 𝜓 𝒙, 𝑡 = 0

Where 𝜕$𝜕$ =
%2

%&2
− %2

%'2
− %2

%(2
− %2

%)2

Problem is that the solution gives 𝐸 = ± 𝑝# +𝑚#

(and other theoretical difficulties)
Alternative solution needed

It gives an unphysical 
negative energy solution !

18
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The Dirac Equation
Dirac tried a different approach and wrote an equation with first order derivatives only

@Eψ 𝐱, t = (α : R𝐩 + β : m) : ψ 𝐱, t

If we write this explicitly (using the usual replacement 𝑝̂ = −𝑖∇ and	 A𝐸 = 𝑖 :
:9

) we get

𝑖 :
:9
𝜓 = −𝑖𝛼0

:
:0
− 𝑖𝛼<

:
:<
− 𝑖𝛼=

:
:=
+ 𝛽𝑚 𝜓

The solutions of the Dirac equation have to be a solution of the Klein-Gordon equation. → Constraints on the α
and β terms. 

𝛼0# = 𝛼<# = 𝛼=# = 𝐼
𝛼>𝛽 + 𝛽𝛼> = 0

𝛼>𝛼? + 𝛼?𝛼> = 0 (𝑗 ≠ 𝑘)

Where I represents unity. → α and β are 
matrices.  It can be shown that α and β
matrices, have even dimensions, the 
minimum value being 4x4

• have trace 0
• have eigenvalues ± 1
• are Hermitian

the solution for the Dirac
equation has to be a four-
component (Dirac-spinor)
wavefunction:

𝜓 =

𝜓$
𝜓#
𝜓(
𝜓@

Attention!! Terms α 𝑎𝑛𝑑 𝛽 are 
NOT necessarily numbers! 

𝐸# = 𝒑𝟐 +𝑚#

19
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Physical Interpretation – Association to Spin

𝑢$ 𝐸, 𝒑 = 𝑁

1
0
A#
8B-
A$B3A%
8B-

and 𝑢# 𝐸, 𝒑 = 𝑁

0
1

A$73A%
8B-
7A#
8B-

𝑢( 𝐸, 𝒑 = 𝑁

A#
87-
A$B3A%
87-
1
0

and 𝑢@ 𝐸, 𝒑 = 𝑁

A$73A%
87-

`
7A#
87-
0
1

These solutions satisfy both the Einstein relation 𝐸# = 𝑝# +𝑚# and the Dirac equation. 
• The first two solutions have 𝐸 = 𝑝# +𝑚# while 
• the other two solutions have 𝐸 = − 𝑝# +𝑚# .

Positive energy solution, 𝑢$ and 𝑢# wave functions 
with positive energy and spin up and spin down 
respectively

Negative energy solution, 𝑢( and 𝑢@ wave 
functions with negative energy and spin up and 
spin down respectively

It is natural to think of spinors as associated to spin

Again negative energy solutions !!

20
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Physical Interpretation – Negative Energies?

The existence of negative energy solutions is a problem.

Dirac tried to solve it by saying that all negative energy states are ‘occupied’ and 
there is no room to accept ‘positive states’.→ Historical interest only

Later Stückelberd and Feynman proposed a different interpretation:

The time dependence of the solutions to the Dirac 
equation is 

𝑒*+,&
term. If you change 

𝑡 → −𝑡 and 𝐸 → −𝐸

the time behaviour is unaffected. 

Solution → existence of an antiparticle with positive 
energy, opposite charge to that of the corresponding 
particle and propagating forward in time. 

E	>	0

E	<	0

This interpretation was later validated by many 
experimental observations.

time →

21
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Dirac equation, spin & negative energy values 

Let us elaborate a bit more:
𝜓 𝒙, 𝑡 = 𝑢(𝐸, 𝒑)𝑒3(𝒑5𝒙789)

For a particle at rest 
𝜓 𝒙, 𝑡 = 𝑢(𝐸, 𝟎)𝑒7389

𝐸

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

𝜙$
𝜙#
𝜙(
𝜙@

= 𝑚

𝜙$
𝜙#
𝜙(
𝜙@

With 4 solutions:

Positive energy solutions 𝑢$ 𝐸, 0 = 𝑁

1
0
0
0

, 𝑢# 𝐸, 0 = 𝑁

0
1
0
0

Negative energy solutions 𝑢( 𝐸, 0 = 𝑁

0
0
1
0

, 𝑢@ 𝐸, 0 = 𝑁

0
0
0
1

22
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Explicit solutions to the Dirac equation

Two explanations:

• Dirac: negative energy states 
are all occupied, the Pauli 
principles makes impossible to 
fill one such state with two 
identical particles;

• Feynman observed that : the 
time dependence is contained 
in the 𝑒7389 term. If you change 
𝑡 → −𝑡 and 𝐸 → −𝐸 the time 
behaviour is left unaffected;

• When one ‘negative energy’ 
state is excited (by a photon) →
leaves a ‘hole’ state with less 
negative energy and a positive 
charge with respect to the fully 
occupied –E states.

Existence of the physical state of an antiparticle with 
positive energy, opposite charge to that of the 

corresponding particle and propagating forward in time
23
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Spin and Helicity

𝑣$ 𝐸, 𝒑 𝑒73(𝒑5𝒙789) = 𝑢@ −𝐸,−𝒑 𝑒73(7𝒑5𝒙7(78)9)

𝑣# 𝐸, 𝒑 𝑒73(𝒑5𝒙789) = 𝑢( −𝐸,−𝒑 𝑒73(7𝒑5𝒙7(78)9)

At this point we may introduce two antiparticle spinors 𝑣$ 𝐸, 𝑝 and 𝑣# 𝐸, 𝑝 where, simply, 
the sign of 𝑬 𝒂𝒏𝒅 𝒑 have been reversed:

If we choose 𝑝= ≠ 0. , 𝑝0,< = 0., (as an example!) the spinors for 
particles and anti particles become

𝑢$ 𝐸, 𝒑 = 𝑁

1
0
A#
8B-
0

and 𝑢# 𝐸, 𝒑 = 𝑁

0
1
0
7A#
8B-

𝑣$ 𝐸, 𝒑 = 𝑁

A#
87-
0
1
0

and 𝑣# 𝐸, 𝒑 = 𝑁

0
7A#
87-
0
1

Particles

Anti Particles

24
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Spin and Helicity
If we define a spin-operator and we apply it to the spinors just introduced we get

A generalisation has to be introduced by defining the concept of helicity ℎ:
ℎ =

𝑺 : 𝒑
𝑝

The helicity ℎ is the component of the spin along the direction of motion. The corresponding operator 
,ℎ is now defined as (see the ‘Matrix section’ in the Lecture Notes)

Aℎ = ⁄1 2 𝜎 : 𝑝̂ 0
0 𝜎 : 𝑝̂

@𝑆= = ⁄1 2 𝜎= 0
0 𝜎=

=

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

;𝑆=𝑢$ 𝐸, 0.0, ±𝑝 = + ⁄1 2𝑢$ 𝐸, 0.0, ±𝑝
;𝑆=𝑢# 𝐸, 0.0, ±𝑝 = − ⁄1 2𝑢# 𝐸, 0.0, ±𝑝
;𝑆=𝑣$ 𝐸, 0.0, ±𝑝 = + ⁄1 2 𝑣$ 𝐸, 0.0, ±𝑝
;𝑆=𝑣# 𝐸, 0.0, ±𝑝 = − ⁄1 2 𝑣# 𝐸, 0.0, ±𝑝

• The helicity commutes with the free-particle Hamiltonian → the spinors are both eigenstates of the helicity 
operator and of the free particle Hamiltonian. 

• The corresponding eigenvalues are ±1/2. 
• Particles with helicity +1/2 are righthanded, particles with helicity -1/2 are lefthanded. 25
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The Standard Model

The Standard Model (SM) is the best description we have today of the microscopic world:

• Describes accurately known phenomena
• Important predictive power
• Incorporates known particles, forces and the interaction among them
• Predicted the existence of the Higgs Boson (discovered in 2012). 

However the SM is not really a theory, it is rather a ‘Model’: 

• Many parameters(*) have to be fixed ‘by-hand’ to 
describe data

• SM created an infrastructure with locations for particles 
and forces but is not able to explain why it is like that

(*) SM parameters: masses of twelve fermions, three strengths 
of gauge interactions, two parameters for the Higgs potential, 
eight parameters of the mixing matrix CKM → 25 parameters 

The SM is not the end of the story!
More has to exist and needs to be discovered.

→ BSM is called the ‘Beyond Standard Model’ 
Physics. It will incorporate the SM and its 
capacity to describe / predict microscopic 

phenomena 26
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Constituents of Matter (a ‘picture of the World’)

Leptons and quarks 
considered to be the ultimate
fermionic constituents of 
matter. Quarks (and 
antiquarks) appear in three 
different colours (and 
anticolours)

the force carriers of the fundamental interactions, 
the vector (spin 1) bosons, must be added

scalar (spin 0) Higgs boson. The Higgs boson has been observed; it is thought 
to be the main ingredient in the mechanism that attributes mass to the particles.

The fact that there are so many particles and that so few constitute the present 
stable matter is not currently understood. It is also unclear why the ultimate 
fermionic constituents appear in three families, each constituted of two leptons 
and two quarks, and each being a replica of the same type, see Table 1

Table 1 : Fundamental fermions and bosons in the standard model of the microcosm
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Quantum Numbers of Quarks and Leptons

• The first family includes the quarks u, d and the leptons e , ne. 
• The ordinary matter is constituted of quarks u, d and of electrons e. 
• The second and third families seem to be “replicas” of the first one. Leptons and quarks of generations 

higher than first can be produced at accelerators

Table 2 : Leptons and quarks 
(spin ½ fermions) of the first 
family

For each particle we have 
an anti-particle: it has the 
opposite quantum 
numbers of the particle
and opposite charge but 
same mass and spin

Stable particles are: 
• photon 
• neutrinos and the 

antineutrinos
• the electron, the 

positron 
• proton and the 

antiproton p 

All others are unstable.
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The Standard Model (2)

The hadrons are composed of quarks and are known in two topologies: 
• those constituted by three quarks (the baryons, like the proton and neutron) and 
• those constituted by a quark-antiquark pair (the mesons). 
• As for leptons, antiquarks also exist and particles composed of three antiquarks are called antibaryons. 

As will be discussed later, the number of baryons and leptons is conserved (one anti-particle counts with a “-” 
sign). This means that, as described by the relationship E = mc2, the energy can be converted in mass in the form 
of particles; nevertheless, 

the total number of baryons and leptons must be conserved. 

→ If an electron is produced, it must be created in association with a positron (its antiparticle, with electric charge 
and leptonic number of opposite sign) as expected from the Dirac theory.

Force Carrier Photon W & Z Boson Gluons Graviton
EM Weak Strong Gravitational

Quarks ✅ ✅ ✅ ✅

Leptons ✅ ✅ ✅

Neutrinos ✅ the neutrinos, being uncharged, are only subject to the 
weak interaction



To
ni

 B
ar

on
ce

lli
: I

nt
ro

du
ct

io
n 

to
 P

ar
tic

le
 P

hy
sic

s

Interactions and Vector Bosons

Interactions are mediated by the exchange of 
vector bosons, i.e. particles with spin 1: photons, 
gluons, W+ , W− and Z0 bosons.  Gravity is 
mediated by a spin 2 boson, the graviton

Graphic representation of the different type of 
interactions between two particles are shown in the 
diagrams to the left. 

• leptons and quarks by straight lines, 
• photons by wavy lines, 
• gluons by spirals, and 
• W± and Z0 by dashed lines. 

Each of these three interactions is associated with a charge: electric charge, weak charge and strong charge. 
The strong charge is also called colour charge or colour for short. 

A particle is subject to an interaction if and only if it carries the corresponding charge:
– Leptons and quarks carry weak charge.
– Quarks are electrically charged, so are some of the leptons (e. g., electrons).
– Colour charge is only carried by quarks (not by leptons).
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Interactions

Vector 
Boson Mass Charge Comment

Photon 0 N
The rest mass of the photon is zero. Therefore, the 
range of the electromagnetic interaction is infinite. 
Photons, however, have no electrical charge → do 
not interact with each other

W± ≈ 80 
GeV/c2 Y Heavy particles can only be produced as virtual, 

intermediate particles in scattering processes for 
extremely short times. Therefore, the weak 
interaction is of very short rangeZ0 ≈ 91 

GeV/c2 N

Gluon 0 Y

The gluons, like the photons, have zero rest mass. 
Gluons, however, carry colour charge. Hence they 
can interact with each other. As we will see, this 
causes the strong interaction to be also very short 
ranged. 
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Symmetries and Conservation Laws

If physical predictions do not change under @𝑈 →

• @𝑈{𝑈D must be unitary (if you go & come back you get to the starting point) → no change ;
• The operator @𝑈 commutes with the Hamiltonian: @𝐻, @𝑈 = @𝐻@𝑈 − @𝑈@𝐻 = 0

A continuous transformation (translation or rotation) ~ sequence of ‘many’ infinitesimal transformations

!𝑈 𝜖 = %𝐼 + 𝑖𝜀 *𝐺

If @𝐻, @𝑈 → @𝐻, A𝐺 → An operator acting on a system returns an observable → The observable is conserved

Effect on a system 𝛹 of a ‘transformation operator’ @𝑈

𝛹 → 𝜓- = 0𝑈𝜓 (0𝐻𝜓. = 𝐸.𝜓)

(*) or rather the invariance of the equations that describe how a system evolves under transformations

‘Infinitesimal transformation →
transformation 𝜀, of ‘type’ A𝐺

Symmetries are associated to conservation laws and conservation laws are associated to symmetries.

32
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Invariance & Symmetry

Symmetry Conserved 
Quantity

Spatial Rotation Angular 
Momentum

Temporal 
Translation Energy

Spatial 
Translation Momentum
EM gauge 
invariance Electric charge

There are two types of transformations:
• continuous (like a translation or rotation, it can be seen as a series of

infinitesimal transformations)
• discrete (like the transition from one state to another).

Classical mechanics: a state with n degrees of freedom is characterised by n qi coordinates and n conjugated 
momenta pi. The evolution of the system is described, in the Lagrangian formalism, by 

ℒ = 𝑇 − 𝑉 = 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦 − 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦

If ℒ does not depend on qi then 
��!
�"

= 0 → the conjugated momentum pi is constant

𝑝+ =
𝜕ℒ
𝜕𝑞̇+

��!
�"

− �ℒ
��!

= 0
Noether’s theorem:

A conserved quantity is 
associated to a 
continuous symmetry

physical systems are described by an equation. 
The system is considered as invariant if the equation describing it is 

invariant under given transformation
Important: Invariance properties → conservation laws. 

33
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Continuous Transformations 

• Translation along x

Ø Let us consider the system Lagrangian ℒ = 𝑇 − 𝑉 = $
#
𝑚 𝑥̇#. In this case, ℒ does not depend on x and 

is invariant under translations along the x axis → 𝑝0 =
:ℒ
:0̇
= 𝑚𝑥̇ = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 i.e., the momentum 𝑝0= 𝑚𝑥̇

is conserved.
Ø In Lecture Notes the translation 𝑥 → 𝑥 + 𝜖 inducing Ψ(x) → 𝜓G(𝑥) = 𝜓(𝑥 + 𝜖) in the Hamiltonian 

representation is also examined to show the same result

• Rotations

Ø The Lagrangian ℒ = 𝑇 − 𝑉 = $
#
𝑚 𝜑̇#𝑟# where 𝜑̇𝑟 = 𝜈 does not depend on 𝜑 ; this implies that ℒ is 

invariant under spatial rotations 𝑝H = �:I
:Ḣ = 𝑚𝜑̇𝑟# = 𝑚𝜈𝑟 is constant, i.e., that the angular momentum 

is conserved.

��!
�"

− �ℒ
��!

= 0
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Discrete Transformations
Three discrete symmetries are very important in particle physics:

• spatial parity (P ): 𝜓(𝒓, 𝑡) → 𝜓(−𝒓, 𝑡)
• charge conjugation (C ): 𝑝 → 𝑝̅
• time reversal (T ): 𝜓(𝒓, 𝑡) → 𝜓(𝒓, −𝑡)

Also important

• CP
• CPT

All are good symmetries of both the electromagnetic and strong interactions. 

• The weak interaction breaks both C and P symmetries maximally but is CP-invariant for many processes.
Violation of CP invariance has been observed in the interactions of neutral meson systems, particularly kaons
and beauty mesons.

• The product of all three, CPT, is expected to be a universal symmetry of physics and is an important
assumption of quantum field theory.

Symmetry Spatial 
Parity (P)

(C) Charge 
Conjugation

(T) Time 
Reversal (CP) (CPT)

Strong 
Interactions Conserved Conserved Conserved Conserved Conserved
Elec.magn. 
Interactions Conserved Conserved Conserved Conserved Conserved
Weak 
Interactions

Not 
conserved

Not 
conserved Conserved Not always 

violated Conserved

Constraints on possible reactions 

Symmetry Properties 
based on 

Observations

35
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Parity of Fermions & Bosons

The total wave function of two particles is the product of 
two terms

Spatial function x Spin function

Motion of 1 particle with respect to the other ~ 
described by spherical harmonics 𝑌J-(𝜗, 𝜑)

Dirac theory → Spin function is symmetric if the 
two spins are parallel ↑↑ and anti-symmetric if 

they are opposite ↑↓

Bosons : both Spatial and Spin functions are symmetric or 
anti-symmetric

Fermions : one function is symmetric while the other one is 
anti-symmetric

Bosons and antibosons have integer spin (follow the Bose-Einstein statistics) & the same intrinsic parity. 
Fermions and antifermions have half integer spin and opposite parities.

It is assumed that
• 𝐵𝑜𝑠𝑜𝑛𝑠: 𝜓 1,2 = 𝜓(2,1) symmetric
• 𝐹𝑒𝑟𝑚𝑖𝑜𝑛𝑠: 𝜓 1,2 = − 𝜓(2,1) anti- symmetric

• Y(x) = cos(x) has positive parity [cos(x) = cos(-x)]
• Y(x) = sin(x) has negative parity [sin(x) = - sin(-x)]
• Y(x) = cos(x) + sin(x) parity is not defined

P(quarks/leptons) = 
+1 = Pe- = Pµ- = Pt- = Pu = Pd = Ps = …;
-1 = Pe+ = Pµ+ = Pt+ = Pu ̄ = Pd̄ = Ps̄ = … 
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Symmetries in Particle Physics: Parity

Parity (P ) reflection symmetry: depending on whether the sign of the wave function changes under reflection or not, 
the system is said to have negative or positive P respectively. For those laws of nature with left-right symmetry, the 
parity quantum number P of the system is conserved. 

Parity refers to a transformation that inverts spatial coordinates, like a reflection:

x, y, z → -x, -y, -z    r → -r Exchange right ↔ left    [ Q → p – Q and f → f + p ]

If applied twice gives back the original wave function

This implies that eigenvalues of P are ± 1.

• Y(x) = cos(x) has positive parity [cos(x) = cos(-x)]
• Y(x) = sin(x) has negative parity [sin(x) = - sin(-x)]
• Y(x) = cos(x) + sin(x) parity is not defined
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Bound States in Atomic Physics: Parity (.. But Why?)

An example from atomic physics 
bound states: Spin neglected Spherical 

harmonics
Legendre 
polynomials

The space inversion in this case gives: r → -r , Q → p – Q and f → f + p ] 

If we apply the parity operator P to both Legendre polynomials and to the eimf term

l = orbital quantum number
m = azimuthal quantum number 

P = parity operator

Reminder: cos(q) = - cos(p-q)

Reminder! Please note that 𝑒30 = cos 𝑥 + 𝑖 sin(𝑥)

Spatial function x Spin function

(−1)-B- = 1
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Exp (if)

39
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Hydrogen Atom (.. But Why?)

P = +1

P = +1

P = -1

‘electric dipole transition’, Dl = 1

In ‘electric dipole transitions’ in the hydrogen atom, Dl = 1, a photon 
is emitted

1. The parity of the atom changes
2. To conserve the parity of the total system (hydrogen atom + photon)  

Photon must have parity -1

Naming: JP = SpinParity

Photon → JP = 1-1

40
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Parity Violation in Weak Interactions

Experimental finding: the spin of the electron neutrino is always anti-parallel 
to the direction of the momentum “left-handed” while the spin of the electron 

anti-neutrino always points in the same direction of the momentum “right-
handed”

Parity transformation changes the momentum but not the spin. If applied to an electron neutrino would create a 
right-handed electron neutrino

Since the neutrino only has weak interactions and since the electron neutrino is ONLY left-handed then

Parity is not conserved in weak interactions

The electron neutrino has spin = 1/2→ has (in principle!) two polarization 
states ±1/2

41
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Charge Conjugation in Particle Physics

• Its eigenvalues are ±1; they are multiplicatively conserved in strong and e.m. interactions.
• Only particles (like p0, unlike K’s) which are their own antiparticles, are eigenstates of ℂ, with values C = (± 1) :

C = -1 for g (accelerated charged particles emit photons; C changes the sign of the particle → the photon
must compensate!

C = +1 for p0 𝜋2 → 𝛾𝛾 , h, h’;
C = -1 for r0, w, f;

• Why define ℂ ? →
C-conservation constraints e.-m. decays:

p0 ® gg : +1® (-1) (-1) ok;
p0 ® ggg : +1® (-1) (-1) (-1) no.
Br(p0 ® ggg) measured to be ~10-8.

C, charge conjugation, changes particles into antiparticles and vice versa, leaving space coordinates, time and spin 
unchanged. Therefore, the signs of all the additive quantum numbers, electric charge, baryon number and lepton 

number are changed.



To
ni

 B
ar

on
ce

lli
: I

nt
ro

du
ct

io
n 

to
 P

ar
tic

le
 P

hy
sic

s

Time Reversal
The time reversal operator T reverses the time coordinate t :

In classical mechanics, the systems are invariant under time 
reversal: 

• planet moving on a circular orbit around the sun = planet 
following the same orbit in opposite direction (depending 
on the initial conditions). 

• Similarly, the application of T to a two body scattering 
process would reverse the reaction:

If the parity P (or T ) is conserved → the Hamiltonian must 
not contain terms that change sign due to P or T. 

→ particles with spin may have a magnetic dipole moment, 
but not a static electric dipole moment (as in ordinary matter) 
because the term is not invariant under T . 

43
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Invariance Properties of Fundamental Interactions

Will see later! 

Additive (A) or Multiplicative (M) quantum number
Continuous 
Symmetries

Discrete 
Symmetries

44
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CP and CPT
Weak interactions violate C and P. However they were (believed to be) invariant under the CP transformation

Non-existing state

Non-existing state

In ‘60 a rare decay of a neutral Kaon was discovered which was violating CP. A very small effect (→ rare decay!)
→ important consequence in the evolution of the Universe: 
• At the time of Big Bang the number of particles = the number of anti-particles 
• Due to CP violation the number of particles became slightly larger than the number of anti-particles 
• Annihilations left only particles in excess → Universe is made of particles

However the invariance under CPT transformations is a fundamental property of quantum field theories 
→ the CP violation also involves a violation of T to maintain this symmetry 45
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Isospin, a new Quantum Number

baryons mesons

• 𝑚A ≈ 𝑚K ; 𝜎AA ≈ 𝜎AK
• If you exchange 𝑛 ↔ 𝑝 in Nuclei they remain very similar: '𝐿𝑖 3𝑝 + 4𝑛 ≈ '𝐵𝑒 4𝑝 + 3𝑛 , $(𝐶 6𝑝 + 7𝑛 ≈

$(𝑁 7𝑝 + 6𝑛
In ~1930 Heisenberg, Condon and Carren made the hypothesis:
proton and the neutron are two different states of the nucleon. 

→ A new quantum number: the Isospin, I. The nucleon was chosen to have I=1/2 → I3 projections: 
the proton (+1/2) and the neutron (-1/2)

Isospin combines like the spin: 
for a value I of the Isospin you 
have (2I + 1) possible 
combinations → I3 values.
0 → singlet
½ → doublet
1 → triplet
The state np (I3=+1/2-1/2) may 
belong to a singlet or triplet

46
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Isospin and Symmetry of Wave Functions
A rotation in the space of the Isospin does not change the state, Isospin is a conserved quantity in strong 

interactions (but not in weak and electro-weak). Mass differences are only due to EM interactions

If you have a nucleus with Z protons and N neutrons the projection of the Isospin will be

𝐼( =
$
#
𝑍 − $

#
𝑁 = L7M

#

Considering that the baryon number is  B = Z + N and that the charge is Q = Z one can write
𝑄 = 𝐼( + 𝐵/2

Isospin has to be considered when studying the symmetry of a pair of fermions:

Ψ = 𝜓 𝑆𝑝𝑎𝑐𝑒 𝜒 𝑠𝑝𝑖𝑛 𝐼 𝐼𝑠𝑜𝑠𝑝𝑖𝑛
𝑆𝑝𝑎𝑐𝑒 → −1I
𝑆𝑝𝑖𝑛 → −1NB$
𝐼𝑠𝑜𝑠𝑝𝑖𝑛 → −1OB$

The symmetry of a system with L, S, I goes like 
𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑦 → (−1)I (−1)NB$ (−1)OB$

A system with two nucleons has to be anti-symmetric as requested by the Pauli principle 47
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Mesons Isospin

baryons mesons

Pion’s masses are close by 
and may be considered as 
members of the same triplet 
with I=1 and I3=-1,0,1 
Also the charges are 
correctly computed using the 
standard formula (baryon 
number=0) 

The h has a mass very different from 
the pion’s mass and it is ~isolated →
only member of a singlet. Charge is 
OK, I=0, I3=0

𝑄 = 𝐼8 + 𝐵/2

𝐾B𝐾2 are also close in mass, like the pair 
𝐾7𝐾2, may be assumed to be members 
of a doublet, I=1/2, I3=-1/2,1/2. However 
the Q formula fails.

Protons and neutrons we 
saw already, all OK

𝑄 = 𝐼 +
𝐵 + 𝑆
2

= 𝐼 +
𝑌
2

All is restored if we include S, the strangeness, in the charge 
formula and define a new quantum number, the 

Hypercharge Y = B + S 48
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Baryon Isospin

baryons mesons

Protons and neutrons we 
saw already, all OK

𝑄 = 𝐼 +
𝐵 + 𝑆
2

= 𝐼 +
𝑌
2

Baryons seem to be organised into multiplets as mesons: 1 singlet, 2 doublets, 1 triplet.
The charge-formula works well for baryons!

49
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Extension to Other Generations (→c, b, t quarks)

Generalised charge formula 

Baryon number

Bottomness number

hy
pe

rch
arg

e

isospin

ch
ar

m

Angular 
momentum

Y
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Life-time of Particles (.. the path to Resonances)
Stability of particles:

Stable particles: (…believed to be…) are:
• the photon g, 
• the electron e-, 
• neutrinos n. 
• the proton (and the antiproton) (only stable hadron!) 

In some models ‘Beyond Standard Model’ BSM also the proton and the neutrinos may be unstable.

Interaction Life-time (s) Comment Example
Weak 10-6 to 10-12 ~ directly measurable 𝜇7 → 𝑒7 𝜈+𝜈1
Electro-magnetic 10-16 to 10-20 𝜋2 → 𝛾𝛾

Hadronic 10-23 ‘Resonances’ (more in the 
following!) Λ → 𝑝𝜋7

W+, W-, Z0 ~10-25 Decay is very fast due to large 
mass → light particles 𝑍2 → 𝜇B𝜇7

(and the corresponding antiparticles)

How to measure these short filetimes? 51
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Of the Uncertainty Principle

Sylvie Braibant, Giorgio Giacomelli, Maurizio Spurio: 
Particles and Fundamental Interactions

∆𝑡, ∆𝐸, ∆𝑥, ∆𝑝: a 
measurement 

repeated many times 
will be in 67% of 

cases ‘within’
1 ∆𝑡, ∆𝐸, ∆𝑥, ∆𝑝

Resonance (more in 
the following!):  
∆𝑡, Lifetime 𝜏
∆𝐸,Width Γ
→ 𝜏Γ ≥ ℏ

52
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Resonances and the Uncertainty Principle

The Uncertainty Principle relates pairs of conjugated physics variables: 
(energy and time), (position and momentum)

∆E∆t ≥ ℏ
® ∆p¯∆x ≥

ℏ
®

𝑎 + 𝑏 → 𝑅 → 𝑎G + 𝑏′

In the case of a resonance, we consider the energy (mass) and width G 
(uncertainty on the energy → on the mass), lifetime of the particle at rest t.

DE~ G 
Dt~t
→ ∆E∆t = Γ𝜏 ≥ ℏ

®
• For a G ~ 100 MeV → t ~ 10-23 s
• If a resonance is produced with an energy E → lifetime is increased by a 

factor g = E/m → t g

Too short to be measured!
The width can be measured!

Invariant mass 
a’+b’ = mR

mR

interaction of two particles
𝑹: possible intermediate state 

𝑅: unstable → decays
Peak at the resonance 

mass

53
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Hadronic Resonances

• a particle with 𝜏 ≥ 107$# P (→ weak interactions) travels enough to be detected. 
• Hadron resonances → strong interactions → their life-time is so short that it cannot be measured.

How to get their life-time? → ∆E∆t = Γ𝜏 ≥ ℏ
#

→ repeated measurements of the mass will give different results.
The width of the distribution is connected to the life-time: Γ = ΔMc2=ℏ

#
/𝜏

A width of ~100 
MeV corresponds to 
a life-time of 10-23 s 
→ much too short 
to be measured! 

‘Breit-Wigner’ distribution

(Will derive this expression soon)

Cr
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s 
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n 
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Measured 
mass value

Resonance 
mass value

Resonance 
width Γ

Measured resonance mass 
(inv.mass final state particles)

The presence of a resonance is signalled 
by increase of cross section !!!! 54
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Getting the Breit Wigner Shape

Elastic scattering case → same particles of the initial state also in the final state 
(but different momenta)

Intermediate excited states may show up in hadronic interactions. These states R are called resonances. →
described by a wave function with a de Broglie 𝜆 = Q

A
= 2𝜋ℏ/𝑝𝑐 and described by a wave-function like 

𝜓 𝑡 = 𝜓(0)𝑒*
3 45
ℏ &. 

This state is unstable and will decay to a’ and b’ → decay law

If you increase the energy of particle 𝑎 an 
intermediate state R may be produced →

increase in the cross section.

dP = probability of decay per unit time
N = number of produced resonances
→ -dN = lN dt where l is a constant that describes how quickly the resonance decays.

𝑁 𝑡 = 𝑁/𝑒*0& = 𝑁/𝑒*&/2

Ideal Experiment:

Beam 𝑎 of variable 
energy

Target 
containing 
b (at rest)

𝑎 + 𝑏 → 𝑅 → 𝑎¶ + 𝑏′
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Getting the Breit Wigner Shape

𝜓 𝑡 = 𝜓 0 𝑒73R&9 : 𝑒79/#T= 𝜓 0 𝑒 U!'(&)
ℏ : 𝑒795V/#ℏ (where 𝜔W =

8&
ℏ

and 𝜏 = ℏ
V

)

The probability I 𝑡 of finding the resonance decay at a time t is
I 𝑡 = 𝜓∗𝜓 = 𝜓(0)# : 𝑒7

9
T

I 𝑡 = 𝐼(0) : 𝑒7
)
+

Which is the probability 𝜒(𝐸) of producing a resonance with energy 𝐸? → Do a Fourier transform

Exponential  life-time

The Fourier transform is a transformation that decomposes functions depending on space or time into functions 
depending on spatial or temporal frequency → in our case (resonance) gives us the energy distribution

𝑎 + 𝑏 → 𝑅 → 𝑎¶ + 𝑏′ Scattering → 2 particles in the final state
Elastic scattering → same particles of the initial state

𝜓(0)𝑒73R&9 𝑁 𝑡 = 𝑁2𝑒79/T
free particle wave function decay probability vs time

𝜒 𝐸 = ∫𝜓 𝑡 𝑒389 𝑑𝑡 = 𝜓 0 ∫ 𝑒 U!'(&)
ℏ : 𝑒7V/#ℏ 𝑒389 𝑑𝑡

𝐸W

1 2
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Relation between Width and Cross Section

The 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 has to be related to the cross 
section: the square of the wave function 𝜒(𝐸)

represents the probability of finding the particle in 
the energy state E, it must be proportional to the 

process cross-section, that is

Maximum at ER → we can write
1 = 𝜒∗ 𝐸4 ∗ 𝜒 𝐸4 =
5678&97&2

:2/;
→ 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡" = :

;

"

Maximum at E=ER

𝜎 𝐸 = 4𝜋𝜆"
Γ"/4

(𝐸4 − 𝐸)" + Γ"/4

𝜒 𝐸 = ∫𝜓 𝑡 𝑒+,& 𝑑𝑡 = 𝜓 0 ∫ 𝑒 <73458
ℏ M 𝑒*:/"ℏ 𝑒+,& dt

(Let’s remember that ∫2
Y 𝑒7Z0𝑑𝑥 = $

Z
)

→ 𝜒 𝐸 =
𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝐸4 − 𝐸 − 𝑖Γ/2

𝜎 𝐸 = 𝜎2 : 𝜒∗ 𝐸 : 𝜒 𝐸 = 𝜎2 :
𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡#

𝐸W − 𝐸)# + Γ#/4

𝜎 𝐸 = ~ 4𝜋𝜆" M 5678&97&2

,5*,)2?:2/;

Breit – Wigner formula (sometimes 
used as synonym of ‘resonance’)

We have put ℏ = 1

𝜎2~𝑤𝑎𝑣𝑒 − 𝑙𝑒𝑛𝑔ℎ𝑡# ~ 4𝜋𝜆# ∝ �1 𝑝#

57



To
ni

 B
ar

on
ce

lli
: I

nt
ro

du
ct

io
n 

to
 P

ar
tic

le
 P

hy
sic

s

Taking Spin into account

Spin sub-states of the resonance: (2J + 1)

Spin sub-states the initial state: (2 sa + 1) (2 sb + 1)

→ The cross-section must be averaged over the number of spin states 
of the incoming particles and multiplied by a factor (2J +1)

• The measurement of the cross section also allows to constraint the spin of the resonance. 
• Spins of the incoming particles are known → Factor (2J+1) gives the spin of the resonance

J = spin of R

Resonance with spin J produced by the collision of two particles a, b, with spin sa, sb

𝑎 + 𝑏 → 𝑅 → 𝑎¶ + 𝑏′

𝜎 𝐸 = 4𝜋𝜆"
(2𝐽 + 1)

(2𝑠9 + 1)(2𝑠@ + 1)
Γ"/4

(𝐸4 − 𝐸)" + Γ"/4
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One observation for inelastic collisions
What we said is valid in the elastic case when particles in the final state are the same of the initial state 

𝜎 𝐸 = 4𝜋𝜆"
(2𝐽 + 1)

(2𝑠9 + 1)(2𝑠@ + 1)
Γ"/4

(𝐸4 − 𝐸)" + Γ"/4

Elastic case

Γ# is ok for the elastic case because 
you have the same particles in the 

initial and final state
Γ tells us how strongly R couples to 

(ab) once in the initial state and once in 
the final state

→ Γ9@ M Γ9@ → Γ"

Inelastic case
In the inelastic case a + b → R →

X (‘many particles’) → ΓZ[ : Γ\

𝑎 + 𝑏 → 𝑅 → 𝑎¶ + 𝑏′

In the inelastic case you may have different decays → define different ‘Branching fractions’ 

a

b

a

b

a

b

a

b

ΓZ[ ΓZ[

ΓZ[ Γ\
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Resonance :sR Inelastic Case

𝜎2~𝑤𝑎𝑣𝑒 − 𝑙𝑒𝑛𝑔ℎ𝑡#, 𝜆 =
ℎ
𝑝 =

2𝜋ℏ
𝑝𝑐

𝐸]*
9Z^_+9 = 𝑠 = 2𝐸[+Z- : 𝑚#
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Resonance : Different Functions

Many more parameterizations used in literature (semi-empirical or theory inspired), e.g.:

( )
( )

( )( ) ( )
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Resonances: Practicalities
There are two mechanisms for the creation of 
resonances:

• Formation: the two interacting particles have 
both quantum numbers and energy to produce 
a resonance. → increase of the cross-section 
at an energy corresponding to MR → mass & 
width → life-time → EASY!

• Production: the two interacting particles do 
NOT have the quantum numbers to create a 
resonance → an intermediate virtual particle is 
needed (with correct quantum numbers!). 
Determining the presence of this resonance will 
be more DIFFICULT →
• identify decay products of R (use 2 right 

particles out of 3)
• construct of the invariant mass.

‘formation’

Baryonic resonance 
in ‘production’

Mesonic resonance 
in ‘production’

Invariant 
mass of the 
resonance

Invariant 
mass of the 
resonance
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The Electromagnetic Paradigm

• Electromagnetic (EM): The analytic form of the interaction potential between charged particles is precisely known 
→ Maxwell’s original formulation → relativistic representation → quantized field theory. 

• Quantum electrodynamics (QED): includes the spin of particles, the interaction between charged particles 
through the exchange of a photon. Many physics quantities (cross-sections, particle lifetimes, magnetic moments, 
and so on) can be computed very precisely. 

• QED extended to the weak and (partially) to the strong interactions → comparison of theoretical predictions with 
experimental measurements. 

Braibant, Giacomelli, Spurio

• electromagnetic and weak interactions are different 
manifestations of a single interaction, the electroweak 
interaction. The unification of the two interactions occurs 
at an energy ~ W+,	W- , and Z0 masses ~100 GeV. At 
lower energies, the electromagnetic and weak 
interactions are separate and different. 

• At much larger energies, the electroweak and strong 
interaction unification (the so-called Grand Unification 
Theory) can be hypothesized.
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𝐹 = 𝐾
𝑞À𝑞®
𝑟®

𝑟

The Electro-Magnetic Case

Coulomb force:

• q1 e q2 are the point-like particle electric charges, 
• r is the distance between them, 
• 𝑟 is a unit vector directed from q1 to q2 (positive or negative) and 
• K is a proportionality constant. The dependence on r is similar to that of Newton’s law. 
• The electrostatic force can attract or repel particles, depending on the relative sign of the charges.

Magnetic field is generated by electric charges in motion; the force acting on a moving charge q with velocity v in 
an electric field E and a magnetic field B is:

𝐹 = 𝑞𝑬 + 𝑞𝒗×𝑩.  Classical approach: interaction between particle & field

• (a), the electron in the bottom part emits a 
“virtual” photon which is then absorbed by 
the electron at the top;

• (b) the other way around. 
• (c) the interaction without specifying who 

emits the photon

Today’s view: Graphic representation ( → Feynman diagrams) for the elastic electron–electron interaction. 

The time goes ➔

Classical 
Approach
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The EM Case & Feynman Diagrams

• Feynman diagrams have been very successful for describing the EM interactions.

• both an intuitive representation of the interaction and 
• a rigorous way to obtain numerical quantities through a perturbative 

calculation method (see later)

An electron at rest cannot, however, emit a “real” photon because this would violate the energy conservation law

Eg is the total energy of the emitted photon, pe is the (nonrelativistic) momentum acquired by the electron, me is the 
electron mass. According to Heisenberg’s uncertainty principle, if energy is measured with an uncertainty of DE, 
the uncertainty on the time measurement is

The interaction between two electrons: they repel each other. 
The interaction happens through the exchange of a photon (in this case).

(non relativistic case)
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The Nature of the Electromagnetic Interaction

No solution??? Let’s follow the time evolution of the process:

The electron quantum numbers, particularly its spin, must remain unchanged. →

• If all this happens within Dt of the uncertainty principle, the two violations cannot be observed: they are 
“hidden” by the uncertainty principle. 

This process is considered as possible. 

The net effect is an exchange of energy and momentum between the two electrons, and is therefore a way in 
which two electrons, and more generally two charged particles, can interact.

As a consequence, the exchanged particle must have integer spin and is therefore a 
boson (all the force mediators have spin 1, except the graviton that has spin 2). 

• A photon is emitted from the first electron violating the energy conservation (by a 
quantity DE). 

• The photon is absorbed by the second electron after a time t, → a second 
violation of energy conservation by a value of -DE. 
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The Nature of the Electromagnetic Interaction

The photon is massless → moving at the light speed, it travels in the time interval Dt a distance 
Dr=cDt

Placing this quantity in the uncertainty relation, one obtains 
∆𝐸 ≥ ℏ/(𝛥𝑡) ≈ ℏ𝑐/(𝛥𝑟). 

Since the interaction energy V is of the order of DE  one has

The dimensionless constant ai gives the interaction intensity → the forces due to the exchange of virtual massless 
particles decrease with the distance r as

𝐹~𝑑𝑉/𝑑𝑟~1/𝑟#
Ø From the opposite approach, 1/𝑟# → the exchanged virtual particle is massless. 
Ø Since the gravitational force has a similar dependence in 1/𝑟#, the graviton should also be massless.

Comment:
Since the virtual field (the photon) is not observable, and since 
the final states are identical, we do not know if the photon is 
created (destroyed) by the electron at the top or at the bottom 
of the diagram: the two processes are indistinguishable. 
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Elaborating more

The dimensionless parameter characteristic of the EM interaction is the fine structure constant (also called 
electromagnetic coupling constant) already known from atomic physics. It can be derived by equating  

with the Coulomb energy potential: 
⁄𝛼+ℏ𝑐 𝑟 = 𝐾𝑞"/𝑟

from which one finds (q = e is the electric charge of the electron):
𝛼+ = 𝑒"/ℏ𝑐

numerically, one has (S.I., cgs, cgs)

electromagnetic coupling constant

1/137 is a ~small number →
the perturbation induced by the 

exchange of one photon is ~small 

Will discuss more about it
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Macroscopic world

Micro to Macro world

?
Incoming 

beam Interaction products

Target

Microscopic 
world

Experiment

Macroscopic world

No way to ‘see’ what is in the 
microscopic world → can only see 
the effect of sending a projectile on 

your target

Physics

‘Incoming beam’ and ‘Target’ may be not 
point-like, 

it may have a structure, 
like a proton 
(or a nucleus)

69
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Nuclear Sizes → why electron scattering?

Nuclear sizes and shapes → use scattering technique → use a projectile (accelerated or from radioactivity) that 
hits a target

Protons are extended and complex objects

nuclear forces 
between the projectile 

and the target are 
complex and complex 

to describe

• The interactions between an electron and a nucleus, nucleon or quark takes place via the exchange of a 
virtual photon — this may be very accurately calculated in quantum electrodynamics (QED). 

• These processes are in fact manifestations of the well known electromagnetic interaction, whose coupling 
constant α ≈ 1/ 137 is much less than one. This last means that higher order corrections play only a tiny role

Use electrons! Point-like projectiles!
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Preparing electron scattering studies!

In electron scattering experiments one employs highly relativistic particles → use four-vectors in calculations. The 
zero component of space–time four-vectors is time, the zero component of four momentum vectors is energy:

Let’s compute the four-momentum squared

This squared product is equal to the square of the rest mass m2c2. In fact it is always possible to find a reference 
frame in which the particle is at rest → p = 0, and E = mc2. The quantity

Three-vectors are ‘bold’. The Lorentz-invariant scalar product of two four-vectors a and b is defined by

𝑚 = 𝑝#/c is called the invariant mass 

From the two relations above we obtain

for electrons ~ high energy electrons (already at energies of a few MeV)
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The ‘low energy’ case

𝐸# = 𝑚# + 𝑝# (𝑐 = 1)

E = 𝑚 : 1 + A,

-,

≈ 𝑚 : 1 +
1
2
𝑝#

𝑚# +⋯ ≈ 𝑚 +
𝑝#

2𝑚

≈
𝑝#

2𝑚
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(Geometric) Cross Sections – 1 (Povh…)
Thin scattering 
target thickness d

Ideal Simplified Experiment:
Beam particles a bombard scattering centres b. 
• reaction occurred  when a hits b. 
• The beam particle a disappears after the interaction

𝑎 + 𝑏 → 𝑎𝑛𝑦𝑡ℎ𝑖𝑛𝑔

Structure of the matter is studied with scattering 
experiments. Energetic projectiles → small 
equivalent wave length

𝜆 = ℏ/𝑝

Particle beam a coming from left with density na and 
velocity va The corresponding flux is

𝜙Z = 𝑛Z×𝑣Z
Target with Nb scattering centres b and particle density nb

ba

Be
am

 c
ro

ss
 s

ec
tio

n 
ar

ea
 A

𝑵𝒂 beam rate 𝑵̇𝒂 beam 
rate

𝜙Z = 𝑛Z×𝑣Z 𝑁[ = 𝐴 𝑑 𝑛[
= (density x Volume)target
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(Geometric) Cross Sections - 2 (Povh…)

Thin scattering 
target thickness dIdeal Simplified Experiment:

After the interaction beam particles disappear (we do 
not distinguish different final topologies, we sum elastic 
+ inelastic cross sections). Reaction rate is

𝑵̇ = 𝑵𝒂 − 𝑵̇𝒂

Particle beam a coming from left with density na and 
velocity va The corresponding flux is

𝜙Z = 𝑛Z×𝑣Z =
𝑵𝒂
𝑨
(𝒂𝒓𝒆𝒂×𝒕𝒊𝒎𝒆)7𝟏

Target with Nb scattering centres b and particle density nb.
Target particles within the beam area A are

𝑁[ = 𝐴×𝑑×𝑛[
→ the reaction rate 𝑵̇ is

𝑵̇ = 𝜙Z×𝑁[×𝝈𝒃

𝝈𝒃 =
𝑵̇

𝜙Z×𝑁[
=

𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒓 𝒓𝒆𝒂𝒄𝒕𝒊𝒐𝒏𝒔 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒕𝒊𝒎𝒆
𝒃𝒆𝒂𝒎 𝒑𝒂𝒓𝒕𝒊𝒄𝒍𝒆𝒔 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒕𝒊𝒎𝒆 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒂𝒓𝒆𝒂×𝒔𝒄𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈 𝒄𝒆𝒏𝒕𝒓𝒆𝒔

ba

Be
am

 c
ro

ss
 s

ec
tio

n 
ar

ea
 A

𝑵𝒂 beam rate 𝑵̇𝒂 beam 
rate

s b cross section

Limitations: HP, scattering centres 
do not overlap + only one scattering
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(Geometric) Cross Sections - 3 (Povh…)

• Energy dependence
• Particle types..

𝝈𝒃 =
𝑵̇

𝜙Z×𝑁[
=

𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒓 𝒓𝒆𝒂𝒄𝒕𝒊𝒐𝒏𝒔 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒕𝒊𝒎𝒆
(𝒃𝒆𝒂𝒎 𝒑𝒂𝒓𝒕𝒊𝒄𝒍𝒆𝒔 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒕𝒊𝒎𝒆 ×𝒔𝒄𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈 𝒄𝒆𝒏𝒕𝒓𝒆𝒔) 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒂𝒓𝒆𝒂

If beam is not uniform

The total cross section 𝜎9c9 is as the sum of elastic and inelastic cross section 
𝜎ÑÒÑ = 𝜎ÓÔ + 𝜎ÕÖÓÔ

and has dimensions of area. a common unit to define cross sections is the barn

spp(10 GeV) ~ 40 mb, snp(10 GeV) ~ 70 fb (ratio is → 10-12)

In the expression 

𝝈𝒃 =
𝑵̇

𝜙××𝑁Ø

(𝜙Z×𝑁[) = Luminosity, 𝓛 in this case

𝑵̇ = 𝓛×𝝈𝒃

Physics!

Experiment
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The Luminosity (~ Technology, not Physics)

Luminosity : [(area x time)−1 ]. From 𝜙Z = 𝑛Z×𝑣Z and 𝑁[ = 𝑛[: 𝑑 : 𝐴 we have

Luminosity → defined as one of two products below
1. number of incoming beam particles per unit time Na, the target particle density in the scattering material nb, and 

the target’s thickness d; 
2. beam particle density na, their velocity va and the number of target particles Nb exposed to the beam.

j packets with Na or Nb particles, a ring of circumference U. velocity v ~ c in opposite directions and cross at an 
interaction point  

The luminosity is then:

A = beam cross-section at the collision point. For a Gaussian distribution of the beams (σx and σy respectively), 

→ beams must be focused at the interaction point into the smallest possible area possible. Typical beam diameters 
are of the order of tenths of millimetres or less.

ℒ = 𝜙× O 𝑁Ø

… and have to be well aligned: 
LHC ~27Km circumference!

ℒ = 𝜑9 M 𝑁@ = 𝑁̇9 M 𝑛@ M 𝑑 = 𝑛9 M 𝑣9 M 𝑁@

Beam on a target

two beams in a storage ring. 

76
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Differential and Doubly-Differential Cross Sections

Detector of area AD at a distance r and at an angle 
q, it covers a solid angle equal to ΔΩ = 𝐴d/𝑟#.

E

E’̇
𝑁 𝐸, 𝜃, ΔΩ = ℒ

𝑑𝜎(𝐸, 𝜗)
𝑑Ω ΔΩ

̇
𝜎ÑÒÑ(𝐸) = S

Ý#!$

Ý#%&

S
Þ#!$

Þ#%& 𝑑®𝜎(𝐸, 𝐸¶, 𝜃)
𝑑Ω𝑑𝐸

𝑑Ω𝑑𝐸′

If the energy & direction of the products is measured then the doubly differential cross section is also measured 
𝑑#𝜎(𝐸, 𝐸G, 𝜃)/𝑑Ω𝑑𝐸′ . The total cross section, in this case, will be the integral over the solid angle and over the 
scattering energies

Acceptance!
detector

Real life: In all experiments only a fraction of all reactions are 
measured or accessible because of limited acceptance of 

the experimental set-up. 

The reaction rate (assumed to depend on the energy of the incoming beam and 
on the angle q) will be:

Only a part of 
𝜎&6&(𝐸) measured 
due to acceptance 
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Cross Sections from Theory: The Fermi Golden Rule

Scattering processes → cross sections. Can we compute it with theory?

Particle Physics: based on the study of cross-sections and decays → interaction rates & decay rates. These rates 
can be derived using the Fermi’s Golden Rule.

Reaction rate 𝑊 from an initial 𝜓3 to a final state 𝜓e is given by

𝑊 = 2𝜋 : |𝑀e3|#𝜌 𝐸
where𝑀e3 (‘Transition Matrix element’) is

𝑀e3 = 𝜓e ℋ3K9 Ψ3 + ℎ𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟𝑠

And 𝜌 𝐸 is the ‘density of states (: “in how many possible ways can you create the final state you are studying?”)

• 𝑀e3 contains Physics
• 𝜌 𝐸 contains kinematics

If interaction rate is ~low → perturbation expansion

𝑀e3 = 𝜓e ℋ3K9 Ψ3 +⋯ .
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Consider a particle scattered into a volume V in a momentum interval p’, p’+dp’. The volume of 
this spherical shell is 4𝜋𝑝′#𝛿𝑝′ and the total number of final states is

𝑑𝑛 𝑝G =
𝑉4𝜋𝑝′#𝛿𝑝′
(2𝜋ℏ)(

the density of final states r(E’) is (𝑑𝐸G = 𝓋′ 𝑑𝑝′)

𝜌 𝐸′ =
𝑑𝑛
𝑑𝐸′ =

𝑑𝑛
𝑑𝑝′

𝑑𝑝′
𝑑𝐸′ =

𝑉4𝜋𝑝′#

𝓋′(2𝜋ℏ)(
(you may consider V = 1)

The Golden Rule: the Density of States

Cross section also depends on the 
number of final states available to the 
reaction. 

According to the Heisenberg 
uncertainty principle each particle 
occupies a volume ℎ(= (2𝜋ℏ)( in 
the  6-dim position-momentum 
space ∆0. ∆< ∆= ∆𝑝0 ∆ 𝑝< ∆ 𝑝=

Volume occupied by 1 particle

Spherical shell 
radius p to p+dp.

𝐸 = 𝑚 + 𝑝# +𝑚#

𝑑𝐸 = ⁄𝑑𝑝 𝑝 𝐸
𝐸 = 𝑚𝑐#𝛾,𝑝 = 𝑚𝓋𝛾 → ⁄𝑝 𝐸 = 𝓋
𝓋 = velocity of scattered particle
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The Fermi Golden Rule - continued 
According to the Fermi second golden rule (not derived here): reaction rate W (per beam particle and per target 
particle), transition matrix and density of final states

𝑊 = 2𝜋 O |𝑀åÕ|®𝜌 𝐸

Few slides ago 𝝈𝒃 =
𝑵̇

E!×G"
(𝜙9 = 𝑛9×𝑣9)→𝑊 =

̇G(,)
G"G!

= I"J!
K

where V = is the spatial volume occupied by 
beam particles

𝜎 = ®æ
ℏç%

|𝑀åÕ|® 𝜌 𝐸′ 𝑉
• If interaction potential is known or calculable → compute the cross section
• if Mfi is not known one can measure s and derive Mfi from it.

The Golden Rule applies both to scattering and decay processes. In the second case the lifetime of the process will be
τ =

1
W

• if the lifetime is (can be) measured then Mfi can be derived. 
• If t cannot be measured then the uncertainty principle can be used and  we can take ∆𝐸 = ℏ/𝜏

Theory Transition matrix MLi
Reaction rate W
Cross section 𝜎
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Feynman Diagrams (Povh…)

• The time axis runs ↑ and the space axis →. 
• The straight lines correspond to the wave functions of the initial and final fermions. 
• Antiparticles → arrows pointing backwards in time; by wavy lines; 
• photons
• heavy vector bosons by dashed lines; 
• and gluons by corkscrew-like lines. 

Feynman diagrams → graphic representation of scattering → symbols into the matrix element. 

• Works for 
• QED and 
• weak interactions also for 
• strong interactions (quantum chromodynamics, QCD). time ↑

space →

Uncertainty principle → virtual particles do not satisfy the energy-momentum relation E2 = p2c2 +m2c4

• 1] the exchanged particle has a mass different from that of a free (real) particle, or 
• 2] that energy conservation is violated for a brief period of time.

virtual particle
Photon exchange 

→ EM

Drawing rules:
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Feynman Diagrams for Em, Weak, Strong Interactions
Feynman diagrams for 
the electromagnetic (a, b, c), 
weak (d, e) and
strong interactions (f).

Ti
m

e

Space

virtual particles

an
ti 

-f
er

m
io

ns

electron 
scattering off 
positron

Vertex

fe
rm

io
ns

Po
in

ts
 a

t w
hi

ch
 th

re
e 

or
 m

or
e 

pa
rti

cle
s 

m
ee

t a
re

 c
all

ed
 v

er
tic

es
.

Vertex → one 
term in Mfi
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Feynman Diagrams – EM
One vertex → one term in the transition matrix ( structure and strength 
of the interaction). 
← the exchanged photon couples to the charge of the electron at the left 
vertex and to that of the positron at the right vertex. For each vertex the 
transition amplitude contains a factor which is proportional to e → √α . 

More vertices implies higher powers of α . 

Diagram (b) is ∝ 𝛼 Diagram (c) is ∝ 𝛼#. 

(b) → annihilation of an 𝑒B𝑒7 pair. A photon is created as an 
intermediate state which then decays into a 𝜇B𝜇7 pair. 
(c) same process with one additional diagram contributing to the 
same final state → higher-order diagrams . The transition matrix is 
the sum of of all diagrams → same final state.

2 
ve

rti
ce

s 4
ve

rti
ce

s

𝜎 = #h
ℏi-

ℏ |𝑀e3|# 𝜌 𝐸′ 𝑉

Ti
m

e 
→

Ti
m

e 
→

𝛼 =
𝑒#

ℏ𝑐
𝛼 ∝ 𝑒

𝑒B𝑒7 → 𝜇B𝜇7 is given by graph (b) + higher diagrams produce only small corrections to (b). 𝛼 ~ 1/137



To
ni

 B
ar

on
ce

lli
: I

nt
ro

du
ct

io
n 

to
 P

ar
tic

le
 P

hy
sic

s

Feynman Diagrams – EM

2 
ve

rti
ce

s 4
ve

rti
ce

s

Annihilation of 
an 𝑒f𝑒g pair into 
a 𝜇f𝜇g pair. 

=

+=

+

a a2 +….
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Feynman Diagrams – Weak & Strong

Figure (d) shows electron-
positron annihilation followed 
by muon pair production in a 
weak interaction: exchange of 
the neutral, heavy vector 
boson Z0 → weak interaction

In Figure (e), we see a 
neutron that  transform into 
a proton via β -decay in 
which it emits a negatively 
charged heavy vector 
boson W− which then 
decays into an electron 
and antineutrino νe . 
→ weak interaction

Figure (f) strong interaction process 
between two quarks q and q’ which 
exchange a gluon → strong interaction

Ne
ut

ra
l C

ur
re

nt

Charged Current

tim
e 
→
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Feynman Diagrams: Weak & Strong Interactions

1
Q® +M®c®

Exchanged photon (EM interactions): 

→ 1/Q2 in the amplitude and 1/Q4 in the cross-section. 

Exchanged W±,Z (Weak interaction):

→ large mass → the cross-section is much smaller than EM interaction 

BUT at very high momentum transfers, of the order of the masses of the vector bosons, the two cross-sections 
become comparable in size.

• In weak interactions, a heavy vector boson is exchanged which couples to the “weak charge” g and not to the 
electric charge e . → weak interaction, Mfi ∝ g2 ∝ αw . 

• In strong interactions the gluons which are exchanged between the quarks couple to the “colour charge” of the 
quarks, Mjk ∝ αl : αl = αl.

The exchanged particles contribute a propagator term to the transition matrix element:

Q2 is the four-momentum2 of the virtual exchanged particle
M is the mass of the virtual exchanged particle

The ‘propagator’
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Of the Scattering Processes (real life)

• electrons, as far as we know, are point-like 
objects, the interaction between electrons and a 
nucleus or a quark proceeds via the exchange of a 
photon;

• Processes mediated by photons have two 
advantages: 

1. The first one is that they are well known since 
long. 

2. The second positive fact is that these 
interactions are characterised by a strength 
(i.e. a coupling constant) a=1/137 which is 
rather small and allows the perturbation 
theory to be applied. 

Scattering experiments → determine the transition matrix element. 
Scattering experiment = beam projectiles particles hit a target (or two beams clashing against each other). 

• Projectiles are or may be extended objects (low energy particles have a large 𝜆 = ℏ/𝑝; The more energetic 
projectiles are used the smaller is the equivalent de Broglie wave length 𝜆 = ℏ/𝑝 , small wave lengths allow the 
inspection of the inner structure of the matter).

• protons have an internal structure, we know they are composite objects (alfa particles even more);

‘tree’ level diagram

higher level diagram →
small contribution to 

cross section
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Electron Nucleus Kinematics 

The energy conservation implies that
and also…                                               P’= p + P - p’ 

And, once squared,

4 momenta p2 and p’2 are invariant and equal to me
4 momenta P2 and P’2 are also invariant and equal to M

Elastic Scattering of an Electron on a Particle at Rest with Mass M
(assumed to be a proton)

→ electron and particle with mass M remain unchanged in the final state

me M

Kinematics of elastic electron – nucleus 
scattering

4 – Momenta 
!

Initial state Final state
electron E,p E’,p’
nucleus Ep,P Ep’,P’

𝑝 + 𝑃 = 𝑝G + 𝑃G → 𝑝G = 𝑝 + 𝑃 − 𝑃′
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Electron Nucleus Kinematics 

me M

only the electron is detected → use electron kinematics 

Let’s choose the laboratory frame where particle P is at rest →

At high energy we may neglect the electron mass and take 𝐸~|𝒑| : 𝑐 →

q is the scattering angle between p and p’    

In elastic scattering (and only there!) there is a one-to-one correlation between the  scattering angle q end the 
energy of the electron. The recoil energy transferred to the target proton is given by E’-E

→ if the term E/M increases E’ decreases → small recoil energy
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Kinematics of Electron Scattering off Nucleus

A=Z(protons)+N(neutrons) A=1→proton 

• Term (1−cos θ) E/Mc2 → angular dependence 
• recoil energy increases with decreasing E/Mc2

In electron scattering at 0.5 GeV off a nucleus with mass 
number A=50 the scattering energy varies by only 2% at 
most.

At 10 GeV electrons scattering off protons (A=1) E varies 
between 10 GeV (θ ≈ 0◦) and 445 MeV (θ=180◦).

A=50 → Sn (tin) Electron on heavy nucleus

Electron on proton
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Scattering of electrons on nucleus/proton

electron Target, charge Ze (Z=1 proton)

Expression 
(we visit these formulas in next slides)Calculation

ele
ct

ro
n

El
ec

tro
n 

w
ith

 
sp

in

Po
in

t-l
ike

 ta
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et
, 

in
fin

ite
 M

as
s 

Po
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t-l
ike

 ta
rg
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w
ith

 m
as

s 
M

Po
in

t-l
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 p
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n

Po
in

t-l
ike

 p
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n

w
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 s
pi

n 

Fi
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ize
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to

n 
w

ith
 s

pi
n

Rutherford ✅ ✅ (mn
mo
)W =

L,+.

@8/, (lkp q/#).

Mott ✅ ✅ (mn
mo
)*=(mn

mo
)W : (cos

q
#
)#

sNS ✅ ✅ (mn
mo
)MN=(mn

mo
)* : �1 (1 − #8/

*
sin 𝜃/2#)

s ✅ ✅ (mn
mo
)=(mn

mo
)* : (1 +

r,

#*, 𝑡𝑎𝑛 𝜃/2#)

Rosenbluth ✅ ✅ (mn
mo
)=(mn

mo
)* :

s(
, t, BT5s0

, (t,)
$BT

+ 2𝜏𝐺*# (𝑄#) 𝑡𝑎𝑛 𝜃/2#

e nucleus e proton

Increase of Com
plexity 

Account for, electron spin, target spin, charge 
distribution, magnetic moment 
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Rutherford scattering – Classical Calculation

Particles at a large distance from the scattering centre are 
deflected less than particles closer to the nucleus.

→ larger impact parameter b, diffusion occurs at a smaller 
angle . A negative dq corresponds to a positive db

Incoming charged particle 
Nucleus → Coulomb forceb

Is the target a point-like object? 
If ‘not’, how to probe its internal structure?
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Rutherford scattering – Classical Calculation

• Charged particles arrive on the ring (2pb db) 
• Are elastic scattered by ~ the Coulomb potential created by a heavy nucleus
• In the angular range [q, q – dq]

→ relation between the impact parameter b and the deflection angle in the Coulomb elastic scattering.

The number of incident particles elastically scattered per time unit in the interval  (q , q – dq)  is

• N0 is the number of incident particles per area and time units (𝑓𝑙𝑢𝑥)
• ds = 2pbdb is the surface of the ring hit by the incident particles in the angular range (q , q – dq).
• 𝑑𝑁 is number of particles arriving at b and scattered at q

You measure this!

𝑑𝑁 = 𝑁/2𝜋𝑏 𝑑𝑏 = 𝑁/ 𝑑𝜎 → 𝑑𝜎 = 2𝜋 𝑏 𝑑𝑏

Nucleus
𝑁2

𝑑𝑁

Compute this!

𝑑𝑁

𝑑𝜎 𝜃 = cross section for 
scattering (q→ q – dq) 
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Rutherford Scattering - continued

Elastic differential cross-section:

Total cross-section: size of the “transverse” 
area of the diffusion centre 

Scattering of few MeV a particles (4He nuclei, 2p, → z=2) 
against gold (Z = 79) nuclei.  The Coulomb potential nucleus 
(charge Z) + a particle (charge z) is

𝑉 𝑟 = 𝑧𝑍𝑒®/𝑟

Integral over 2p in f

𝑑𝜎 𝜃 =
𝑑𝜎
𝑑Ω

𝜃 𝑑Ω =
𝑑𝜎
𝑑Ω

2𝜋 sin 𝜃 𝑑𝜃

𝜎&6&NO = m
𝑑𝜎
𝑑Ω

𝜃 𝑑Ω = 2𝜋m
/

P 𝑑𝜎
𝑑Ω

(𝜃) sin 𝜃 𝑑𝜃
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Rutherford scattering - continued

|𝑝-| = 𝑝⃗ ; Δ𝑝 = 𝑝- − 𝑝⃗ = 2 𝑝 𝑠𝑖𝑛(
𝜃
2
)

tan Þ
®
= íîÓ'ï

�'Ø
→ b = íîÓ'ðñò ó/®

�'
íîÓ'ï

�'òôõ((')

Point like electron on a point like nucleus with 
infinite mass. Spin-less electron & nucleus 

q

q/2

𝑝= momentum of a particle, 

Δ𝑝

𝑝⃗

𝑝-

After a bit of mathematics … Look at Lecture Notes!!

(
𝑑𝜎
𝑑Ω
)Wu9Q+^ec^m = (

𝑧𝑍𝑒#𝑚
4𝜋𝜀2

)#
1

4𝑝@𝑠𝑖𝑛@ 𝜃
2

= (
𝑧𝑍𝑒#𝑚
4𝜋𝜀2

)#
4

(Δ𝑝)@

And using 

• 𝑑 cot 𝑥 = −(sin 𝑥)#𝑑𝑥
• Introduce solid angle 𝑑Ω = 2𝜋𝑠𝑖𝑛𝜃𝑑𝜃
• and use 𝑠𝑖𝑛𝜃 = 2 sin q

#
cos(q

#
)

• mn
mo

𝜃 2𝜋 sin 𝜃 𝑑𝜃 = −2𝜋 𝑏 : 𝑑𝑏 (2 slides before)                                       
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Rutherford scattering - continued

|𝑝-| = 𝑝⃗ ; Δ𝑝 = 𝑝- − 𝑝⃗ = 2 𝑝 𝑠𝑖𝑛(
𝜃
2
)

tan 𝜃/2 =
𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑎𝑡 𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 2𝑏

𝐾𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦
=
𝑧𝑍𝑒"

2𝑏𝐸Q

→ b =
𝑧𝑍𝑒"cot θ/2

2𝐸Q
And using 

• 𝑑 cot 𝑥 = −(sin 𝑥)#𝑑𝑥
• mn

mo
𝜃 2𝜋 sin 𝜃 𝑑𝜃 = −2𝜋 𝑏 : 𝑑𝑏 (2 slides before)                                       

𝑑𝑏
𝑑𝜃

=
𝑧𝑍𝑒"

2 M 4 𝑏𝐸Qsin(𝜃/2)"

We get 
Valid for a spinless particle

Classical Relation

q

q/2

𝐸Q = kinetic energy 
of a particle, 

Δ𝑝

𝑝⃗

𝑝-

𝑑𝜎
𝑑Ω 𝜃 = −

𝑏
𝑠𝑖𝑛𝜃

𝑑𝑏
𝑑𝜃 =

(𝑧𝑍𝑒#)#

(4 𝐸")# sin(𝜃/2)@

Look at Lecture Notes!!

NEGLECT
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Targets with Extended Charge Distribution
We treated a simple case, nucleus is point-like (→ low energy particles)

Let’s consider the case of Extended Charge Distribution
→ the probe (=the electron) sees the internal structure

• an electron beam with a density  na particles per unit volume, 
• scattering on a very heavy nucleus → recoil is so small that ~0.
• If target charge Ze is ~ small → the electro-magnetic interaction will be small Za<<1 (a=1/137). 
• In this case the wave functions Yi and Yf of the initial and final state (i.e. electron) will be described by plane 

waves:
Ψ3 =

1
𝑉
𝑒3𝒑0/ℏ Ψe =

1
𝑉
𝑒3𝒑G0/ℏ

We assume that the process takes place in a volume V (large with respect to the scattering centre) and that wave 
functions of the incoming and outgoing electrons are normalised in this volume. We have a total number of Na
electrons in the beam

The nucleus is NOT 
point-like
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1) Scattering reaction rate: W = IJ!
K

2) We apply Fermi’s Golden Rule: 𝑊 = "P
ℏ
|𝑀R+|"𝜌 𝐸′ = #h

ℏ
| 𝜓e ℋ3K9 𝜓3 |#

mK
m81

3) Density of final states: 𝑑𝑛 𝑝- = ⁄𝑉4𝜋𝑝′"𝑑𝑝′ (2𝜋ℏ)S

Extended Charge Distribution

The beam particle velocity va ~ c and |p’|~E’/c →

PhysicsKinematics

If we combine 1, 2, 3

Ev is the total energy 
of the final state
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Some Calculation…

The interaction operator that transforms the initial state into a final one for a charge e in an electric potential f is:
ℋ3K9 = 𝑒𝜙(𝑥)

And the matrix element 𝜓e ℋ3K9 𝜓3 becomes

𝜓e ℋ3K9 𝜓3 =
𝑒
𝑉ö𝑒

73𝒑20
ℏ 𝜙(𝑥)𝑒

3𝒑0
ℏ 𝑑(𝑥

The momentum transfer between p and p’ is defined as q=p-p’  →

𝜓e ℋ3K9 𝜓3 =
𝑒
𝑉
ö𝜙(𝑥)𝑒

3𝒒0
ℏ 𝑑(𝑥

And with some calculation (Green’s theorem & Poisson’s equation, see next slide)

𝜓e ℋ3K9 𝜓3 =
𝑒ℏ#

𝜀2𝑉 𝒒#
ö𝑓(𝑥)𝑒

3𝒒0
ℏ 𝑑(𝑥 =

𝑒ℏ#

𝜀2𝑉 𝒒#
𝐹(𝒒)

Where we have defined F(q)= ∫𝑓(𝑥)𝑒
'𝒒$
ℏ 𝑑(𝑥, called form factor of the charge distribution. 

𝜙 → 𝜙 𝑥 , diffused charge, not point-like

The form factor describes the charge distribution of the target we are studying in our scattering experiment.
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Green’s Theorem

100
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Getting the point-like Rutherford Cross Section

Let’s remember that
• If we neglect recoil E=E’
• |p| = |p’|
• E=|p| c is a good approximation

We get the classical expression for a point-like target

𝜓R ℋ+7& 𝜓+ =
𝑒ℏ"

𝜀/𝑉 𝒒"
m𝑓(𝑥)𝑒

+𝒒'
ℏ 𝑑S𝑥 =

𝑒ℏ"

𝜀/𝑉 𝒒"
𝐹(𝒒)

If we neglect the fact that our target has an extended charge distribution then 𝐹(𝒒) becomes a d function 
→𝐹 𝒒 = 1. If we do this approximation then we get Rutherford cross section in the case of a point-like charge 
distribution and expressed as a function of the momentum transfer q.

⁄𝑑𝜎 𝑑Ω =
4𝑍"𝛼"(ℏ𝑐)"𝐸-"

|𝒒𝑐|;

The 1/q4 dependence indicates that the cross section drops very quickly for large values of q and that the largest 
part of the cross section is limited to small values of q.

ε0 is the permittivity of free space
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Understanding F(q2)

F(q2) indicates how well the nucleon 
‘holds together’ (= is not ‘broken’) if hit 
by a photon of momentum q2

q2~ large → diffused charge → the photon sees only 
a part of the charge of the nucleon →

F(q2) ~ very low

q2~ 0 → point-like interaction, the nucleon 
is seen by the photon as a unique object 
→ F(q2) ~ 1

Electron – proton scattering

When q2 increases → the probe becomes very small 102
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Changing Point of View: Field Theory
The scattering of an electron on a target with charge Ze is mediated by the 

exchange of a virtual photon emitted by the electron and absorbed by the target 
(see picture here →).

The transition matrix ~ 𝑒 : 𝑍𝑒 and the cross section ~ (𝑒 : 𝑍𝑒)#. 
The momentum transfer q is the momentum carried by the photon and transferred 

from the electron to the target. 
The equivalent de-Broglie wave-length of the photon is

𝜆 =
ℏ
𝒒 =

ℏ
𝒑

1

2𝑠𝑖𝑛 𝜗2

• if the de-Broglie wave-length of the photon is NOT small enough with respect to the extension of the target it 
cannot probe the internal structure of the scattering centres and the target appears to be point-like. 

• The Rutherford cross section was obtained with low energy electrons corresponds to this situation.

The propagator in the matrix element 
À

ø'ùú'û' becomes simply  
À
ø'
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Rutherford Scattering 

104
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Scattering of electrons on nucleus/proton

electron Target, charge Ze (Z=1 proton)

Expression
Calculation

ele
ct

ro
n

El
ec

tro
n 

w
ith

 
sp

in

Po
in

t-l
ike

 ta
rg

et
, 

in
fin

ite
 M

as
s 

Po
in

t-l
ike

 ta
rg

et
 

w
ith

 m
as

s 
M

Po
in

t-l
ike

 p
ro

to
n

Po
in

t-l
ike

 p
ro

to
n

w
ith

 s
pi

n 

Fi
ni

te
 s

ize
 p

ro
to

n 
w

ith
 s

pi
n

Rutherford ✅ ✅ (mn
mo
)W =

L,+.

@8/, (lkp q/#).

Mott ✅ ✅ (mn
mo
)*=(mn

mo
)W : (cos

q
#
)#

sNS ✅ ✅ (mn
mo
)MN=(mn

mo
)* : �1 (1 − #8/

*
sin 𝜃/2#)

s ✅ ✅ (mn
mo
)=(mn

mo
)* : (1 +

r,

#*, 𝑡𝑎𝑛 𝜃/2#)

Rosenbluth ✅ ✅ (mn
mo
)=(mn

mo
)* :

s(
, t, BT5s0

, (t,)
$BT

+ 2𝜏𝐺*# (𝑄#) 𝑡𝑎𝑛 𝜃/2#

e nucleus e proton
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Electron Spin →The Mott Cross Section (point-like objects)

The Rutherford cross section neglects the spin of the electron

The electron spin modifies the Rutherford cross section introducing a term  1 − 𝛽#𝑠𝑖𝑛# q
#
, 𝛽 = ⁄𝓋 𝒸

( ⁄𝑑𝜎 𝑑Ω)U6&& = ( ⁄𝑑𝜎 𝑑Ω)4V&WNXR6XY M (1 − 𝛽"𝑠𝑖𝑛"
Z
"
)

Large scattering angles are suppressed

In the limit case b →1 we get: ( ⁄𝑑𝜎 𝑑Ω)*c99 = ( ⁄𝑑𝜎 𝑑Ω)Wu9Q+^ec^m : 𝑐𝑜𝑠#
q
#

→ for a scattering angle of 180o we have a zero cross-section

This is understood with the conservation of helicity, the projection of the spin in the 
direction of the motion : ℎ = 𝒔 : 𝒑/( 𝒔 : 𝒑 ) spin s

spin s’Impossible!

Neither the orbital angular momentum L	(pointing up with respect to the plane of motion) nor the spin-less target 
can compensate the flip of the helicity. The situation changes in case of a target with spin.

Axis of quantization
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Nuclear Form Factors

• The Rutherford Cross Section represents well data only for small q.
• For higher values of q data are lower that predicted by the Rutherford formula
• This is understood with the fact that assuming that the charge distribution F(q) of a nucleus is point-like is 

acceptable only when q is small → the reduced wave length of the photon is too large to probe the charge 
distribution of the nucleus.

• In this picture (q small) the photon sees the nucleus (or the nucleon) as a unique object.
• When q increases the photon starts to see the inner structure of the proton → the photon starts to see only a 

part of the charge and not all of it
• → the cross section decreases with q faster than expected.

• The form factor, F(q2),	carrying the information on how the charge is distributed inside the nucleus 𝑓(𝑥) ~ 
modulates the Mott cross section

𝐹 𝑞® = ∫𝑒
!)&
ℏ 𝑓(𝑥)𝑑¨𝑥 (�!�")Ó#�. = (�!�")úÒÑÑ O 𝐹 𝑞® 2

• The ratio between measurements and the Mott cross section for a point-like charge distribution allows the 
measurement of the charge distribution inside the nucleus.

• You measure the angle of the scattered electron, you compute q, you do the ratio. 107
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More on Form Factors (Povh)

𝐹 𝑞! = .𝑒
"#$
ℏ 𝑓(𝑥)𝑑&𝑥

One could measure the ratio

𝐹 𝑞# 2 = (
𝑑𝜎
𝑑Ω)+0A./(

𝑑𝜎
𝑑Ω)*c99

But in practice one assumes different analytical shapes and 
compares data with predictions 

𝑓(𝑥)

108
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Measuring the Charge Distribution of Nuclei

12C

Charge distribution 
different nuclei

~ universal charge 
distribution ~ 
sphere with a 
diffuse surface

109
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Magnetic Moments of Charged Spin ½ Particles

• M is the mass of the particle and the g =2 factor is a result of relativistic quantum mechanics;
• The magnetic interaction is associated with a flip of the spin of the nucleon. 
• Scattering through 0◦ is not allowed: conservation of both angular momentum and helicity and scattering through 

180◦ is preferred. The magnetic interaction thus introduces into the interaction an additional factor containing a 
factor of 𝑡𝑎𝑛# ⁄q # and due to the interaction of the magnetic interaction proton/electron:

(YI
Y[
)\6+7& 8\+7'(

= (YI
Y[
)U6&& 1 + 2τ tan

Z
"

"
where 𝜏 = ](

U(Q(

• The magnetic moment of a charged, spin 1/2 point-like particle (a Dirac particle) is:

𝜇 = 𝑔 M
𝑒
2𝑀

M
ℏ
2

Additional effect:  interaction between the current of the electron and the nucleon’s magnetic moment.

Interaction with charge of target Interaction with magnetic moment of target
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Magnetic Moments of Charged Spin ½ Particles

• The interaction with magnetic moment of target is proportional to  1/(M2),		to the deflection of the electron (i.e., 
to the momentum transfer Q2 ). 

• The magnetic term in the expression is large at high four-momentum transfers Q2 and if the scattering angle θ is 
large. 

(YI
Y[
)\6+7& 8\+7'(

= (YI
Y[
)U6&& 1 + 2τ tan

Z
"

"
where 𝜏 = ](

U(Q(

The g-factor of a spin ½ charged particle is exactly 2 (but for small understood very small deviations) while the g-
factor of a spin ½ neutral particle is exactly 0.

HOWEVER Nucleons are made up of quarks and this changes things
Their g-factors for protons and neutrons are determined by the internal structure

Where µN is 

This additional term causes the cross section to fall off less strongly at larger angles → at 
large values of Q2 a flatter distribution is found then what predicted by the electric interaction.

Measured!
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Magnetic Moments of the Proton and Neutron
Nuclei ↔ form factors ((nucleus has a structure)
Nucleons (with internal structure) ↔ form factors to describe electric GE(Q2)		and magnetic GM(Q2)		interactions 
(nucleon has a structure)

(YI
Y[
)=(YI

Y[
)U6&& M

^+
( ]( ?2_^,

( ](

`?2
+ 2𝜏𝐺U" 𝑄" 𝑡𝑎𝑛 Z

"

"
where τ = ](

U(Q(

Q2 dependence of the form factors ↔ the radial charge 
distributions and the magnetic moments. 

• At low Q2                 (YI
Y[
)/( YI

Y[
)U6&& ≈ 𝐺," 𝑄"

• At high Q2                (YI
Y[
)/( YI

Y[
)U6&& ≈ 𝐺U" 𝑄" (1 + 2𝜏 𝑡𝑎𝑛 Z

"

"
)

→ Vary electron beam energy → vary Q2

→ measure electron scattering angle → 𝑡𝑎𝑛 Z"
"

Slope→
GM

Intercept → GE



To
ni

 B
ar

on
ce

lli
: I

nt
ro

du
ct

io
n 

to
 P

ar
tic

le
 P

hy
sic

s

Introductory Part

Particle Physics
Toni Baroncelli
Haiping Peng
USTCEnd of Introductory Part
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Conservation Laws (~Invariance): Parity
• Invariance properties applies to physical systems described by an equation. The system is considered as invariant 

if the equation describing it is invariant under given transformations (say rotation or translation)

• Invariance properties are closely connected to conservation laws.

Transformations can be either continuous or discrete.

Symmetries are of great importance in physics. The conservation laws of classical physics (energy, momentum, 
angular momentum) are a consequence of the fact that the interactions are invariant with respect to their 

canonically conjugate quantities (time, space, angles). In other words, 
physical laws are independent of the time, the location and the orientation in space under which they take 

place.

Parity (P ) is a reflection symmetry: depending on 
whether the sign of the wave function changes under 
reflection or not, the system is said to have negative or 
positive P respectively. For those laws of nature with 
left-right symmetry, the parity quantum number P of the 
system is conserved. 

Parity
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Symmetries in Particle Physics: Parity
One has to ascribe an intrinsic parity P to particles and antiparticles. 

• Bosons and anti-bosons have the same intrinsic parity. 
• fermions and antifermions have opposite parities. 

L
21

L1

L2

1 2

3

• For a many-body system, P is a multiplicative quantum number :

ℙy(x1,x2…xn,t) = P1P2…Pny(x1,x2…xn,t). 

• Particles in a state of orbital angular momentum are parity eigenstates :

Ykm(q,f) = (-1)k Ykm(p-q,f+p) ® ℙ |ykm (q,f)> = (-1)k |ykm(q,f)>

• Therefore, for a two or a three particle system:

Psys(12) = P1P2 (-1)L ;                       Psys(123) = P1P2P3(-1)L1+L2

It is an experimental fact that parity is conserved in all transitions due to electromagnetic and strong 
interactions. Parity is instead violated in weak interaction transitions
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Wave function for two identical particles

Take a system with two identical particles and define an operator I that exchanges the two particles

I(1,2) → (2,1)

The corresponding wave function will not change

IY(1,2) = Y(2,1)

If we apply “I” twice we go back to the initial situation

I2Y(1,2) = Y(1,2) → possible eigenvalues of I are ±1

It is assumed that
• Bosons and antibosons have integer spin (follow the Bose-Einstein statistics) and the same intrinsic parity. 

Y(1,2) = Y(2,1) are symmetric
• Fermions and antifermions have half integer spin and opposite parities. Y(1,2) = - Y(2,1) anti- symmetric

• Convention: P(quarks/leptons) = 
+1 = Pe- = Pµ- = Pt- = Pu = Pd = Ps = …;
-1 = Pe+ = Pµ+ = Pt+ = Pu ̄ = Pd̄ = Ps̄ = … 

The concept of parity has been generalised in relativistic quantum mechanics. One has to ascribe an intrinsic 
parity P to particles and antiparticles. 



To
ni

 B
ar

on
ce

lli
: I

nt
ro

du
ct

io
n 

to
 P

ar
tic

le
 P

hy
sic

s

Getting the Breit Wigner Shape
Let us imagine the elastic formation process of a generic resonance R, which decays with lifetime t into the same 
initial particles. The presence of a interaction process is demonstrated by the different directions and momenta of 
the particles in the final state, that is,

The unstable resonance R is described by the free particle wave function 𝜓(0)𝑒73R&9 multiplied by a real function 
describing its decay probability as a function of time, that is,

where the relations 𝜔W =
8&
ℏ

and 𝜏 = ℏ
V

have been inserted in the last equality. The probability of finding the particle 
at a time t is 

corresponding to the radioactive decay law.

Exponential  life-time

The Fourier transform is a transformation that 
decomposes functions depending on space or time 
into functions depending on spatial or temporal 
frequency → gives us the energy distribution

𝑎 + 𝑏 → 𝑎¶ + 𝑏¶ Elastic scattering case

?

𝑎 + 𝑏 → 𝑅 → 𝑎¶ + 𝑏′

117
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The Transition Matrix Element
The cross-section can be experimentally determined from the reaction rate ˙N , as we saw above. We now outline 
how it may be found from theory. First, the reaction rate is dependent upon the properties of the interaction 
potential described by the Hamilton operator Hint . In a reaction, this potential transforms the initial-state wave 
function ψi into the final-state wave function ψf . The transition matrix element is given by:

Furthermore, the reaction rate will depend upon the number of final states available to the reaction. According to the 
uncertainty principle, each particle occupies a volume h3 = (2π)3 in phase space, the six-dimensional space of
momentum and position. Consider a particle scattered into a volume V and into a momentum interval between p and 
p +dp. In momentum space, the interval corresponds to a spherical shell with inner radius p and thickness dp which 
has a volume 4πp2dp. Excluding processes where the spin changes, the number of final states available is:
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The Transition Matrix Element

The energy and momentum of a particle are connected by:

Hence the density of final states in the energy interval dE is given by:

The connection between the reaction rate, the transition matrix elementand the density of final states is expressed 
by Fermi’s second golden rule (not discussed here). It expresses the reaction rate W per target particle and per 
beam particle in the form:

with cross section
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The Transition Matrix Element
The golden rule applies to both scattering, to the decay of unstable particles, to the excitation of particle
resonances and to the transitions between different atomic or nuclear energy states. In these cases we have

𝑊 =
1
𝜏

and the transition probability per unit time can be either directly determined by measuring the lifetime τ or 
indirectly read off from the energy width of the state 

Δ𝐸 = ℏ/𝜏


