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A simpler and more elegant scheme can be
constructed if we allow non-integral values for the
charges. We can dispense entirely with the basic
baryon b if we assig'n to the triplet t the following
properties: spin 3, z = -3, and baryon number j
We then refer to the members u3, d-3, and s-3 of
the triplet as "quarks" 6) q and the members of the
as apti-quarks . Baryons can now be
constructed from quarks by using the combinations
(@aq), (qaqqqg)] etc., while mesons are made out
of (q q), (qqqq), etc. It is assuming that the lowest

gurdtion (qqq) gives just the represen-
tations 1, 8 and 10 that have been observed, while
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In

general, we would expect that Jbaryons are Jbuilt not only from the product
of three aces, AAA, but also from EAAM., -A—AAAAAA, etc,, where y
denotes an anti-ace, Similarly, mesons could be formed from -A-A, EAA
etcs For the low mass mesons and baryons we will assume the simplest

possibilities, XA and AAA, that is, "deuces and treys",
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Recent DO and TOTEM experiments

* There is currently no definite evidence for the glueball’s existence.
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Interests in glueballs are reviving recently!
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Recent BESIII experiment

* There is currently no definite evidence for the hybrid’s existence.
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a good candidate for the hybrid state.
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BESIII Collaboration, Phys. Rev. D 106, 072012 (2022).

Interests in hybrid states are reviving recently!
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The statistical significance is larger than 19e.

Interests in hybrid states are reviving recently!
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Separated operators
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Separated operators Combined currents
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Color-Singlet Meson Currents
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Color-Octet Meson Currents
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Single-gluon hybrid curents
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Double-gluon hybrid curents

423 qp | Ta¥sA%qp | | Qa0 A2y

qq ) B
QoY Alqy  GaVuVsAnl qp

d"G,G, d"PiG,G, d™1G,G,
fnququ fnqupéq fnpquéq

GG



Double-gluon hybrid curents
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QCD sum rule method

- In sum rule analyses, we consider two-point correlation functions:
I1(q?) & i[d*xe'™(0|Tn(x)n*(0) |0)
~ 2n{0nInXnn*|0)

where n is the current which can couple to hadronic states.
- By using the dispersion relation, we can obtain the spectral density

n(qﬂ):/_ PLS) s

SR —ic

« In QCD sum rule, we can calculate these matrix elements from QCD (OPE) and
relate them to observables by using dispersion relation.

Hadron Level

Observables: Low energy

Quark and Gluon Level Cluark-Hadron Duality

Operator Product Expenszion

spectral densities




| SVZ sum rule

Quark and Gluon Level
(Convergence of OPE)

dispersion relation . .
HopE(qz) ~pope (S) =ap s +a,_;s

S =-¢°
AN

1

Quark-Hadron Duality

Hadron Level v

Ponys (8) = A28(s — M2) + -+

thys(qz) — fxz 2 _ 2
q o
(Positivity)

(for boson case) P4

(Sufficient amount of Pole contribution)




I Nielsen et al, Phys. Rept. 497, 41 (2010); Albuquerque et al, JPG46, 093002 (2019).
SVZ sum rule

Quark and Gluon Level

(Convergence of OPE)
dispersion relation

Mopr(q?) »Pope (S) =a, s +a,_4 5"

S =-¢°
AN

1

Quark-Hadron Duality

Hadron Level v

Ponys (8) = A28(s — M2) + -
(Positivity)

2y — f£2
thys(q ) — fx qz — M2

(for boson case) P4

(Sufficient amount of Pole contribution)




QCD sum rule method

- Borel transformation to suppress the higher order terms:

2 T2 =0 AT A
(M3) = f2 ™M/ = / e=*/Mb p(s)ds

<

- Two free parameters
Mg, Sg

We need to choose certain region of (Mg, s).

- Criteria
1. Stability
2. Convergence of OPE
3. Positivity of spectral density

4. Sufficient amount of pole contribution



QCD sum rule results

G, = 0,A% — 0,A% + gsf AL AS



QCD sum rule results
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QCD sum rule results Is
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QCD sum rule results

G[,Ctlv — auAg _ avAﬁ + gsfabCAﬁAf/ (b-1) (b-2) (b-3)

(d-1) (d-3) (d-4)

(e-2)



QCD sum rule results
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QCD sum rule results
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QCD sum rule results

]1—+ — Saln YvSp gsaﬁv
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0 sBa, m2sia, (g C
= (o3 — + (=
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345672 1672 9"
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Convergence (CVGQG)
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QCD sum rule results

25 25 2.5r

= 2.0 =
o] (]
© <)
2 z
= 15 15 =
1.0 : 1.0 1.0t !
5.2 6.2 7.2 1.5 1.9
AY)) [GeVz]
M = 1.8471775 GeV

= 0.30700¢ Gev*

226 254
Borel Mass? [GeV?]

12.5




QCD sum rule results: Single-gluon hybrid states

Working Regions

State [J7C] Current sg [GeV?] - - Pole (%] | Mass [GeV] | Decay Constant
M3 [GeV?] so [GeV?]
\Gqg: 1) T 4.2 2.03-2.48 5.5 40-54 1.8070-13 0.05179:004 GeV?
|Gqg; 177) JeL 16.2 3.61-4.58 18.0 40-53 4.05192 0.0631( 020 GeV?
lGgg; 177) JeL 5.0 2.29-2.45 5.5 40-45 1.847013 0.04970 051 GeV?
1Gqg;177) J 16.3 3.52-4.56 18.0 10-53 4.0970-29 0.06410-020 GeV?
|Gag: 07 ) JiY 20.6 5.11-6.59 24.0 40-56 4.4570-32 0.12470:052 GeV?
lggg; 0~ ) JiY 7.7 3.58 3.81 8.5 40-45 2.1410:17 0.10510:09% GeV?
1Gqg; 07 7) JI0 21.6 5.48-6.52 24.0 40-50 4491031 0.12370-052 GeV?
|Gqg; 077) Jro 7.1 3.32-3.73 8.5 40-49 2167018 0.1009:052 GeV?
lGqg; 17 7F) Jh 4.8 2.19-2.28 5.2 40-43 1677012 0.243700%0 GeV*
1Gqg; 177) Jl 13.8 3.59-4.10 15.0 40-48 3.5470-15 1.3705042% GeV?
lgqg; 177) Jr 4.6 2.10-2.27 5.2 40-46 1.6870 16 0.24270027 GeV*
Gqg; 1) Ji 13.7 3.57-4.10 15.0 40-49 3.5370-15 1.3667 320 GeV*
|Gqg: 077 Jo++ 11.1 3.48-3.91 12.5 40-49 2.947030 2.8931 5929 GeV*
|Gqg; 0~ ") Jo—+ 11.1 3.47-3.92 12.5 40-49 2.931020 2.8827 0070 GeV*
1Gqg; 177) JE 5.8 1.84-2.06 6.5 40-48 2117017 0.056 10012 GeV?
lgqg: 17F) J, 5.5 1.81-2.00 6.2 40-48 2.00701% | 0.0551000% GeV?
lGqg; 17 1) J, 5.5 1.81-2.00 6.2 40-48 2.0010 15 0.05510 008 GeV?
1Gqg; 177) J0 5.8 1.84-2.06 6.5 40-48 2117017 0.056 0012 GeV?




QCD sum rule results: Double-gluon hybrid states

Working Regions

State [J77] Current 50" [GeV?) Pole [%] | Mass [GeV]
Mg [GeV?] | s0 [GeV?]
|G299;0™") Jo++ 34.9 612692 | 38+8.0 | 4050 5.6170:2
|7999; 0™ ) Jo+ 24.4 534578 | 27£5.0 | 4048 4.2570:32
Gg99;1%7) JeL 32.1 5.51-6.31 354+ 7.0 40-50 5.46102
799917 7) T 20.0 4.60-4.91 22 + 4.0 40-47 3.7410-30
laggg:27%) | Tyl 20.0 5.39-5.76 | 22440 | 4046 | 3.74792
qggg; 2" ) | Jgpireer 6.4 1.61-1.78 7420 40-48 2.2610:2
Gqgg; 2~ ") | Jgrles 16.8 4.39-4.81 19 + 4.0 40-49 3.517022
|5599;077) Jos+ 35.3 6.22-7.61 41 £ 8.0 40-57 5.721029
559907 ") Jo—+ 24.5 5.36-5.95 28 + 6.0 40-50 434703
|5sgg; 177) Tl 32.5 5.60-6.79 37 + 8.0 40-55 5.5270-29
[$s99;177) J 20.2 4.62-5.07 23 £ 5.0 40-50 3.8475:3%
|5599;27) Jyiraz 20.4 5.45-6.11 244+ 5.0 40-51 3.9110 32
[5sggi2t7) | Jprfnenr 7.1 1.79-2.01 8+ 2.0 40-50 2.387019
5s99;27F) Joarozt 17.1 4.44-5.00 20 =+ 4.0 40-51 3.617028




QCD sum rule results: Two- and three-gluon glueballs

Working Regions

Glueball Current sg'" [GeV?] Pole [%] | Mass [GeV]
so [GeV?] | Mg [GeV?]

IGG; 0" ) Jo 7.8 9.0 + 1.0 3.70-4.19 40-48 1.7870 17

GG 2t | Jgraie 8.5 100+1.0 | 3.99-4.60 40-50 1.862017

|GG;07T) Jo 8.2 9.0+ 1.0 3.28-3.70 40-47 217701

IGG;27F) | Jgreise 8.1 10.0+£1.0 | 3.27-4.20 40-55 2247011
IGGG; 07" 0 31.6 33.0+£3.0 | 7.25-7.61 4044 4.461017
IGGG; 2ty | pgrez i 16.0 35.0+£3.0 | 4.77-9.04 40-90 4187059
IGGG; 07" 7o 17.0 33.0+£3.0 | 4.48-8.13 40-88 4134018
GGG 27 1) | qgroz e 33.1 35.0+3.0 | 8.10-8.53 4044 4.2979-29
IGGG; 17 P 9.0 34.0 £4.0 | 3.16-9.09 40-99 4.0170:28
IGGG; 2t7) | ggraziie 32.7 35.0+4.0 | 7.53-8.09 4046 4.427038
IGGG; 317)| grazas s 30.2 33.0£4.0 | 7.69-8.40 4047 4307553
(GGG 177 &’ 31.2 34.04£4.0 | 581-6.77 | 40-51 4.91+0-20
IGGG;27 )| ggranif 19.7 36.0+£4.0 | 5.80-9.47 40-81 4.2570°33
IGGG;377) | grazas il 35.8 38.0+£4.0 | 6.15-7.22 4049 5597055




QCD sum rule results

Lattice QCD results

quenched unguenched
Glueball QCD sum rules Ref. [11] Ref. [12] Ref. [13] Ref. [14]
|IGG; 0T ) 1.7870 1% 1.71 +0.054+0.08 | 1.734+0.05+0.08 | 1.48 +0.03 4 0.07 [ 1.80 + 0.06
|GG;21T) 1.8670 17 2.39+0.03+0.12 | 2.40+0.034+0.12 | 2.15+0.03+0.10 {2.62+0.05
|GG;0™ ) 2177011 2.56 +0.044+0.12 | 2.59+0.04 +0.13 | 2.254 0.06 & 0.10 -
|GG;27F) 2247911 3.04+0.04+0.15 | 3.10+0.03+0.15 | 2.78 +0.05+ 0.13 | 3.46 +0.32
|IGGG; 0T T) 4.461017 - 2.67+0.184+0.13 | 2.76 +0.03 +0.12 | 3.76 4 0.24
|IGGG;27T) 4187019 - - -
IGGG; 0™ ) 4137038 - 3.64+0.06 £0.18 | 3.37+0.15+ 0.1% | 4.49 +0.59
IGGG;27T) 4.2970-29 - - 3.48 +0.14 + 0.16 -
IGGG;177) 4.017928 298+ 0.03+0.14 | 2.94+0.03+0.14 | 2.67+0.07+0.12 §3.27+0.34
IGGG;277) 4.4275-22 423 +0.05+0.20 | 4.1440.05 £ 0.20 - -
IGGG;3T7) 4.307032 3.60+0.04+0.17 | 3.55+0.04+0.17 | 3.27+0.09+0.15 | 3.85+0.35
|IGGG;177) 4.911929 3.83+£0.044+0.19 | 3.854+0.05+£0.19 | 3.244+0.334+0.15 -
|IGGG;277) 4.251023 4.01+0.05+020 | 3.934+0.04+0.19 | 3.66+0.13+0.17 | 4.59+0.74
|IGGG;377) 5.5910-33 4204+ 0.054+ 020 | 4.134+0.09+0.20 | 4.33 + 0.26 + 0.20 -
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Decay analyses

|GG)

1gqG)




Decay analyses — Glueball

|GG)

-t — VVP,VVV (S-wave)
0t* -  VPP,VVP,VVV  (P-wave)
- — VPP, VVP,VVV S-wave)
1t~ — PPP,VPP,VVP,VVV (P-wave)
= 5 VVP,VVV (S-wave)
2t — VPP, VVP,VVV  (P-wave)
377 - 7474 (S-wave)
3T VVP,VVV (P-wave)




Decay analyses — Hybrid

> M,
/M,
(a)
Normal process I I Abnormal processes due to the QCD axial anomaly

The QCD axial anomaly ensures the nnp’ decay mode
to be a characteristic signal of the hybrid nature of the n,(1855).




Decay results — J°¢ = 1= Hybrid

gqg; 17177) lGgg; 0117 T) 3sg; 0t 1)
Channel ) )
M=1671012GeV | M=1671012GeV | M=184"01% GeV
T/ = pm 2427319 - B

1 /m — b1 (1235)7

+25.9
1457557

7T1/T]1 — f1(1285)ﬂ'

+53.9
35.9 3574

7T1/?71 — nm

2.
2.37%5

b
m/m —nw

+65.0
B7.87514

‘Tl']/?’]] — 7]!71'

0.43755%

m/m = n'n

1497152

1 /?71 — a1 (1260)7‘(’

79.5+1124

™ /m =

0.12
0.077¢ 07

b ’
TL/m — nm

1.6217 43

w1 /m = '

11.5% 175

m/m — K*(892)K + c.c.

34.7
25.375%7

34.7
2537577

1 /m — K1(1270)K + c.c.

1 /m — K*(892)K™*(892)

Sum

530550

120190
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JP¢ = 1= Hybrid

I Experiments I

I°JP¢ =1"1"": ©,(1400) m,(1600) m,(2015) I1¢JP¢ = 0t1~*: n,(1855)



JP¢ = 1= Hybrid

I Experiments I

I°JP¢ =1"1"": ©,(1400) m,(1600) m,(2015) I6JP¢ = 071~*: n,(1855)
| 1 ? BESIII: M = 1855 + 9*$ MeV
1(1600) I =188 + 1873 MeV

COMPASS: M = 1564 + 24 + 86 MeV
I' =492 + 54 + 102 MeV




JP¢ = 1= Hybrid

I Experiments I

I°JP¢ =1"1"": ©,(1400) m,(1600) m,(2015) I6JP¢ = 071~*: n,(1855)
| | ? BESIII: M = 1855 + 91% MeV

v 1
1(1600) I =188 + 1873 MeV

COMPASS: M = 1564 + 24 + 86 MeV
I' =492 + 54 + 102 MeV

I Theory (q = up/down, s = strange) I

Compact tetraquark picture:
» Two isovectors: qqqq, qsqs

Hybrid picture: » Three isosinglets: qqqq, qsqs, $5ss
» One isovector: qqg _ .
> Two isosinglets: §qg, Ssg Hadronic molecular picture:

» Maybe not as many states as the tetraquark picture
» Near thresholds

» Widths are possibly limited



JP¢ = 1= Hybrid

I Experiments I

I°JP¢ =1"1"": ©,(1400) m,(1600) m,(2015)

| ?
v

11(1600)

I6JP¢ = 071~*: n,(1855)

BESIII: M = 1855 + 97% MeV
I =188 + 183 MeV

COMPASS: M = 1564 + 24 + 86 MeV

I' =492 + 54 1+ 102 MeV

A

I Theory (g = up/down, s = strange) I

Hybrid picture:
» One isovector: qqg

» Two isosinglets: qqg, ssg

Indistinguishable!

+150

|gqg;1717%): M = 1670%15) MeV
I = 5307330 MeV

|gqg; 0*17*): M = 1670%}53 MeV
I = 1204750 MeV

5sg; 0*17*): M = 18407125 MeV
I = 100*"5) MeV




Decay results — J°¢ = 1= Hybrid

gqg; 17177) lGgg; 0117 T) 3sg; 0t 1)
Channel )
M =1671012 GeV | M =1675012 GeV | M =1.841011 GeV
T/ = pm 2427319 - B

1 /m — b1 (1235)7

+25.9
14.57757

7T1/T]1 — f1(1285)ﬂ'

35.9750

7T1/?71 — nm

2.
2.37%5

b
m/m —nw

+65.0
578151

‘Tl']/?’]] — ’I]!ﬂ'

0.43755%

C ’
7l'1/’l71 —nT
71']/?71 — a1(1260)7r

1491152

79.5+112-4

™ /m =

0.12
0.0715.07

b ’
T /m = nn

1.6217 43

w1 /m = '

11-54—11.7

—11.5

m/m — K*(892)K + c.c.

34.7
25.375%7

34.7
2537577

1 /m — K1(1270)K + c.c.

1 /m — K*(892)K™*(892)

Sum

530550

120190




Summary

« We systematically study two- and three-gluon glueballs as
well as single-gluon and double-gluon hybrid states
through QCD sum rule method.

» The JP¢ = 1~ hybrid states are still of particular interest.
We propose to investigate the a;(1260)m channel in
future experiments to further understand n4(1855).

Thank you very much!



