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Introduction
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Heavy-ion Collision (HIC)

• Heavy-ion collision (HIC) creates 
QCD matter in extreme condition

4

Xin-Nian Wang, Zuo-Tang Liang, PRL05’; Becattini et al, Annals Phys 13’ 

e.g. STAR, 2204.02302; ALICE PRL 20’, 2204.10171 

Spin observables in HIC


• Informative  hyperon polarization


• Vector mesons ( , , )

Λ

K⋆ ϕ J/ψ

• an important way to probe the properties of QGP



Quantum Kinetic Theory (QKT)
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• Kinetic theory is an effective description of many-body systems


• “Top-down” approach is generally used


• start from a microscopic theory


• Derive EoM of the  Wigner function (its Clifford coefficients)4 × 4

W(x, p) = ∫y
e−ip⋅y⟨ψ(x+)ψ̄(x−)⟩, x± = x ± y

2

See Y. Hidaka, S. Pu, Q. Wang, DL, Yang, 

Prog. Part. Nucl. Phys. 127 (2022) as a review

• Clifford decomposition


W =
1
4 (ℱ1 + i𝒫γ5 + 𝒱μγμ + 𝒜μγ5γμ +

1
2

𝒮μνσμν)



“Bottom-up” Methodology
• Effective description of low-energy properties of a many-body system

1. identifying the relevant slow d.o.f., collectively denoted by ;


2. constructing the equation of motion for ;


3. expressing other fast observables in term of  and the resulting expression is 
referred to as the constitutive relation. 


• Massless particle: distribution  and helicity distribution ;


• Massive particle: distribution  and spin distribution . [4 d.o.f.]


• In massless limit, , where the helicity distribution  .

χ
χ

χ

f(t, x; p) fA(t, x; p)
f(t, x; p) s(t, x; p)

s ∝ p̂ fA = p̂ ⋅ s
6

Largely inspired by Jingyuan Chen, Dam T. Son, Annals Phys. 377 (2017)



Spin Kinetic Theory (SKT)
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Massless EoM as a Heuristic
• Assume  (ignore collision; insure the gradient expansion)


• Kinetic equations up to  and  


where  with  the single particle energy.


• : spin independent force


• : energy shift of different helicity states generated by external field , 
. 

τ−1
R ≪ ω, q ≪ Teff

𝒪(∂) 𝒪(ϕ), ϕ = Aμ, hμν

v = p/Ep Ep

F

Φs ϕ
ΦA = Φ+ − Φ−
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(∂t + v ⋅ ∂x + F(x)) f(t, x; p) = 0

(∂t + v ⋅ ∂x) fA(t, x; p) − (∂xΦA) ⋅ ∂p f(t, x; p) = 0



Kinetic Equation in SKT
• In massive case, the EoM of  is the same as massless limit;                      

the EoM of  should be replaced by that of 


• We  the EoM for 





where  is a combination of axial vectors constructed 

by the gradient of the external fields. For example, when  is 
electromagnetic field we have, 


,   
 

f
fA s

propose s

(∂t + v ⋅ ∂x) s(t, x; p) − ∂iΠ(ϕ, p)∂ j
p f(t, x; p) = 0

Π = ∑
τ

λτ(p)Xτ(ϕ, p)

ϕ

Xi
τ(ϕ, p) = {Bi, Δij

vBj, (v × E)i} Δij
v ≡ v2δij − vivj
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Constitutive Relation
• According to the methodology of the effective theory, the constitutive 

relation should contains all possible terms (with right parity) constructed 
by .


• The constitutive relation contains two parts

f, s, ϕ, p

10

kinetic equation

direct response to 

in terms of  and  

ϕ
nF (n′ F) ϕ

The functional relation           is general

eg. Hall conductivity

Largely inspired by Jingyuan Chen, Dam T. Son, Annals Phys. 377 (2017)



Constitutive Relation
• Vector Wigner function:  


where  is a combination of vectors constructed by the external 
fields and should be parity odd. 


• Axial Wigner function:  


where  are some momentum-dependent coefficients. Similar to ,





• In parallel we have   .

−𝒱μ = vμf + (Δ𝒱)μ
ext

(Δ𝒱)μ
ext

𝒜i( f, s, ϕ; p) = si + μ0(p)ϵijkvj∂k f + (Δ𝒜)i
ext

μ0 Π

(Δ𝓐)ext = ∑
τ

κτ(p)Xτ(ϕ, p)

𝒜0 = fA + (Δ𝒜0)ext, fA = v ⋅ s
11



Response to EM field
• Electromagnetic force 


• Expand  around equilibrium  (Fermi-Dirac distribution)
, then the EoM up to  is





• The solution in momentum space are


,  ,  with 

FEM = E + v × B

f nF(p)
f = 2nF + δf, δf ∼ 𝒪(ϕ), s ∼ 𝒪(ϕ) 𝒪(ϕ)

(∂t + v ⋅ ∂x) δf + E ⋅ vn′ F = 0
(∂t + v ⋅ ∂x) s − ΠΔεn′ F = 0

δf = 2DFv ⋅ E s = − 2iDF(q ⋅ v)Π DF =
−inF

ω − q ⋅ v + iϵ
12



Linear Response matches SKT
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Covariant Wigner Function
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• Covariant two-point correlation function with gauge link (up to )
𝒪(∂), 𝒪(ϕ)

S(x, y; β, ϕ) = ⟨U(x, x+; ϕ)ψ(x+)ψ̄(x−)U(x−, x; ϕ)⟩

The covariant Wigner function: W(x, p) = ∫y
−g e−ip⋅yS(x, y; β, ϕ)

• Invariant under :  


• Covariant under GCT:  


   and LLT:  

U(1) Aμ → Aμ + ∂μθ

x → x − ξ(x)

eμ
I → eμ

I + Ω J
I eμ

J

using field theory in Schwinger-Keldysh formalism

closed time path



Response to EM field
•  (1-Loop level), retarded correlation + gauge link


• 1-loop calculation gives the vector Wigner function





which matches the solution of EoM. And the axial Wigner function





with                                                            
in , and          

Wϕ = W0 + GRϕ + Lϕϕ

−𝒱μ = 2vμnF + vμDFv ⋅ E = vμ(2nF + δf ) = vμf

𝒜0 = v ⋅ s + κ3v ⋅ B
𝒜i = si + μ0ϵijkvj∂k f + κ2Δij

vBj + κ3(v × E)i

λ1 = − λ2 = − 1/(2Ep), λ3 = 0
s μ0 = 1/Ep, κ1 = 0, κ2 = n′ F /Ep, κ3 = nF /E2

p
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Response to Weak Gravity
• Gravitational “force”:  


• Choose a coordinate s.t. , and define 





The results are very similar to the response to EM field.





with                                                           
in , and         

Fi = dpi/dt = Γρ
iμpμpρ/Ep

h00 = h0j = 0, hjk ≠ 0

ai ≡ hijpj/2, ei ≡ ∂tai, bi ≡ ϵijk∂jak

−𝒱μ = vμf − nF(2hμνvν − δμ
i vihνρvνvρ)

𝒜0 = v ⋅ s
𝒜i = si + μ0ϵijkvj∂k f + κ2Δij

vbj

λ1 = − λ2 = − 1/(2Ep), λ3∼7 = 0
s μ0 = 1/Ep, κ1 = 0, κ2 = n′ F /Ep, κ3∼7 = nF /E2

p
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Covariant Kinetic Equation
• The EoM of  given by horizontal lift derivative 





• In the EoM of ,  is not covariant since the first order derivative of  is 
not covariant, so we replace  with tensor , 

a combination of tensors constructed by the (second order) gradient of the 
external fields, which should be parity odd since  is parity even. The 
curvature is the second order derivative of  and covariant.


f Dμ = ∂μ + Γρ
μνpρ∂ν

p

vμDμ f = vμ(∂μ + Γρ
μνpρ∂ν

p)(nF + δf ) = 0

s Πi hμν

∂jΠi Πi
j = ∑

τ

λ′ τ(p)(Xτ)i
j(ϕ, p)

s
hμν

17

O.A. Fonarev, J. Math. Phys. 35 (1994) Y.-C. Liu, L.-L. Gao, K. Mameda and X.-G. Huang, Phys. Rev. D 99 (2019)

(∂t + v ⋅ ∂x) si(t, x; p) − Πi
j(ϕ, p)∂ j

p f(t, x; p) = 0



Response to Weak Gravity
• ,   


• , with





• Axial Wigner function         


with                    .


 is forbidden in  by covariance. (Again, ) 
 

δf = iEpDFωhμνvμvν −𝒱μ = vμf − nF(2hμνvν − δμ
i vihνρvνvρ)

si = − DFΠi
jv

j

(Xτ)i
j = {ϵijkRjk0l, Δim

v ϵmjkRjk0l, ϵijkvjR0k0l, ϵijkvjR0kvl, ϵijkvjRkl}

𝒜0 = v ⋅ s
𝒜i = si + μ′ 0ϵijkvjDk f

λ1 = − λ2 = i/2, λ3∼5 = 0, μ′ 0 = 1/(2Ep)

(𝒜)μ
ext 𝒪(∂) R ∼ 𝒪(∂2)
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Summary and Outlook
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Summary
We construct an effective “bottom-up” SKT and confirm this 
approach in finite temperature under EM field and weak gravity, 
using field theory up to 1-loop level.


• SKT has less d.o.f. ( , 4 in total) than traditional QKT.

• The EoM in SKT is simple and easy to solve.

• SKT covers all the possible structure (the spirit of effective theory).


Outlook: 1. A unified covariant EoM of ;

  2. More constrain to the EoM and the constitutive relation.

  3. SKT is hopeful to become a complement of QKT.

f & s

s
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THANK YOU!
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Back Up
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Schwinger-Keldysh Formalism
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• Closed time path (CTP)
•  basis: for arbitrary operator 


, .


• : averaged behavior (classical)


    : stochastic effects (quantum)

r/a Ô

Ôr =
1
2

(Ô1 + Ô2) Ôa = Ô1 − Ô2

r − field

a − field

“1” path

“2” path

• Expectation value


 is the external field .ϕ (Aμ, gμν/eμ
I )

𝒞β

⟨Ô⟩ =
1
Z ∫𝒞β

𝒟ψ Ô eiI[ψ,ϕ]



Relevant Transformations
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• EM field 


•  gauge transformation:  ,  

Aμ

U(1) ψ′ = ψe−iθ(x) A′ μ = Aμ + ∂μθ

• Weak gravity 


• general coordinate transformation (GCT)


,  ,  


• local Lorentz transformation (LLT)


,  ,  

gμν = ημν + hμν, hμν ≪ 1

x̃(x) = x − ξ(x) g̃μν(x̃) = gμν(x) + 2∂(μξν) ψ(x) = ψ̃(x̃)

éμ
I = eμ

I + Ω J
I eμ

J ψ́(x) = e− i
2 ΩIJSIJψ(x) SIJ ≡

i
4

{γI, γJ}



Gauge Link
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• Covariant two-point correlation function (up to )
𝒪(∂), 𝒪(ϕ)

S(x, y; β, ϕ) = ⟨U(x, x+; ϕ)ψ(x+)ψ(x−)U(x−, x; ϕ)⟩
The gauge link is defined as





 is the connection.  (spin connection).

U(x1, x2; ϕ) = exp [∫
x2

x1

dzμ Cϕ
μ (z)]

Cϕ
μ ϕ = Aμ, Cϕ

μ = iAμ; ϕ = eμ
I , Cϕ

μ = Γμ

The covariant Wigner function: W(x, p) = ∫y
−g e−ip⋅yS(x, y; β, ϕ)



• 


•  is the retarded correlation. 


 with  the current coupling to the external field .


•  is the contribution from the gauge link.

Wϕ = W0 + GRϕ + Lϕϕ, ϕ = Aμ, hμν

GR GR ∼ ⟨ψr(x+)ψ̄r(x−)ja⟩ =

j ϕ

Lϕ

1-Loop and Gauge Link
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• Ward identity


:  .


GCT:  

U(1) (Gμ
R + Lμ

A)∂μθ = 0 ⇒ qμ(Gμ
R + Lμ

A) = 0

(Gμν
R + Lμν

h − pν∂μ
pW0 − Ḡμν)∂μξν = 0 ⇒ …


