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Introduction

1. Hydrodynamic frameworks work well in high-energy physics.

2. There are still unsolved doubts about its applicability.

fast equilibration

Michal P. Heller etc, PRL 115, 072501 (2015) ...

What really defines a hydro !

small systems / p-p, p-A collisions

James L. Nagle etc, Ann. Rev. Nucl. Part. Sci., 68:211-235 (2018)...

fluctuations / phase transition Thermodynamic fluctuations

L. D. Landau and E. M. Lifshitz, Fluid Mechanics ... are inherently there within the fluids !
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Introduction

Hydrodynamics is a low energy effective theory (often dissipative).

Then the question is how to include dissipation in an effective field theory ?

Schwinger-Keldysh transport

In a Schwinger-Keldysh path, we need to double dofs: one coin, two sides

t Ults,ti; 01) { ¢ = ¢+ P, physical dof
/)(): : | 1
Ut(tg,ti;0o) ¢, = 5(651 — ) noise

FDT (Fluctuation Dissipation Theorem)

fluctuation <@ dissipation

Michael Crossley etc, JHEP 09 (2017) 095...



Introduction

Dissipation + fluctuation

Hydrodynamic fluctuations of the medium are often ignored.

They are crucially enhanced approaching the critical point !

P. C. Hohenberg and B. I. Halperin, Rev. Mod. Phys. 49 (1977),435 ...



Introduction to projection operator

What is projection operator suitable for

A clear separation of typical scales should exist.

There are the following typical slow processes :

Brown motion : slow Brown motion large mass
hydrodynamics : slow hydro dofs conservation laws
order parameter near 2nd-order phase transition critical slowing down



Introduction to projection operator

What Is projection operator

A splitting way of variables into relevant and irrelevant.

e.g. Brown motion : Brown particles and pollens.
B(x) = PB(x) +(1 — P)B(x)

formally, PB ~ = Zﬁn(ﬁn,é)
projection onto relevant set A

A\

P2=1, PA=A, (1-PA=0
e.g. hydrodynamics : slow hydro dofs and fast micro dofs.

A= {5,3, e, 5?01'} hydrodynamics with noise
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Linear projection operator

In Heisenberg picture
0,B(t) = i[H, B(t)] = iLB(?), B() = ' B(0),

with the decomposition
[

iLt _ ilt;y _ iltp: iLt(1 _ D\ iLt _ ,(1-P)iLt iL(t—$) p; T ,(1—P)iLs
0. e“iL=e™"PiL+e™(1 —P)L, e e + | dse Pile
0

N

we arrive at the Generalized Linearized Langevin Equation (GLLE)
obtained from Laplace transform

[

0,B(t) = e PiLB + J dse™ =9 Pi[.N(s) + N(7)

0 Below, we talk about the set A.

Note that (1 — P)iLA # 0!

with N(l‘) — 6(1_P)iLt(1 — P)iLE, PN(t) = () Akira Onuki - Phase transition dynamics
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nonlinear projection operator
With linear projection operator
PB~ ) A(A, B)
how about (A%,E), (Afl,ﬁ)---? (A" NY! =0, m > 1

nonlinear projection operator is needed. Robert Zwanzig, Phys.Rev.124.983 (1961)

fla) = 8(A — a) = dxexp(ix - (A — a
fla) = 8(A - a) (zﬂ)NJ p(ix - (A — a))
t Weyl correspondence rule
f(a) — 5(A — Cl) — H];/Yzlé(An — Cln) H. Weyl, Gruppentheorie und Quantenmechanik

V. G. Morozov, TMF 48, 373(1981)
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nonlinear projection operator

f(a) = E(A —qa) = dx exp(ix - (A —qa))

2m)N [
linear: PB ~ A(A, B)

why nonlinear? A

l A" = Jdaa”é(fi — a)

nonlinear: PB ~ f(a){f(a), B)

ensemble

7 — iLty - A .
e f}— CHO T e fan=Tran) Semmeons
~da (- for Ai + the distribution of (3
Eokker—PIanck °qa| == |_angevin eq Fokker-Planck eq
in operator form
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nonlinear projection operator

V. G. Morozov, TMF 48, 373(1981)
Specify the def of projection  PB ~ f(a){f(a), B)

PB = Jdada’f(a) W_,(a, a\Tr(Bf(a’))

with  W(a,a)) = Tr(fa)f(@)) Jda”W(a, a")W_i(a",a’) = o(a — a’)
new: non-locality from the non-commutativity of guantum operators

W(a,a’) = W(a)(é(a —a’) — R(a, a’)), W_i(a,a’) = W‘l(a’)(é(a —a')+ r(a, a’))

without non-locality, PB = Jdaf(a)W‘l(a)T r(l?f(a)) classical version
Below, | will talk about slow variables set A (B=A). Note (1 — P)iLA # 0!
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Plan A (enough time)



Fokker-Planck equation in operator form

A
0,A(t) = eM"PiLA + [ dse =9 PiLN(s) + N(¢) replacement of A — f(a)
0

af(a’ t) 0 s t 0 0 o 1"/ 0 .
= da'vi(a,a)f(a’,t) + | du— |da'K,(a,a’,t —u)— [da"f(a",u)W_,(a", a’) X(a, 1),
ot oa; o 04 aa; oa;
oA . ajl(a) : s . N — d //W A/ T f o
iLf(a) = streaming velocity: vi(a,a’) = |da"W_,(a’,a”)Tr(J (a)f(a”))
0al-
noise: )A(i(a, 1) = e =Py — P)fi(a), diffusion kernel: Kl-j(a, a,t) = Tr()A(l-(a, t))A(j(a’))
Properties:
1. The correlation of slow and fast part is nonlinearly vanishing ! Tr(G(A))A((a, 1) =0
2. Generalized fluctuation-dissipation theorem ! K(a,a’,t) =Tr (X{a, t)f(j(a'))
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Generalized langevin equation

of(a, 1) 0 ) L9 0 ) 0 .
= da'v(a,a’)f(a’,t) + | du— da’Kij(a, a,t—u) da’f(a”,u)W_,(a",a’) Xi(a, 1),
ot oa; o 04, aa; oa;
Jdaa--- the Langevin equation for the slow variables.
0A (1) ) ! 0 ) .
- ” == |da |da'v (a,a)f(a’,t)+ | du da’(?Kaj(a’, t—u)) |da"f(a”",u)W_i(a",a’) + R (1)
0 4
Ri(1) = "D — P)ILA,, K (a',1) = JdaKij(a, a',t) = JdaTr(Xi(a, NX(a")) = Tr(R(HX(a)) .
1. The correlation of slow and fast part is nonlinearly vanishing ! T’”(G(A)IA{(G, 1) =0
2. Generalized fluctuation-dissipation theorem is implicit! Kja',t) = Tr(ﬁi(t)f(j(a’))

Mori, Hazime and Fujisaka, Progress of Theoretical Physics, 49, 764 (1973)
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Generalized Langevin equation

0A(1)
ot

— = Jdajda’va(a,a’)f(a’, f) + J

[

0

0 . n
du Jda’(?Kaj(a’, t—u)) Jda”f a’,u)W_,(a",a’) + R (¢)
a.
]

local approximation or classical approximation suitable for high temperature

v(a,a’) = v(a)o(a — a’),

0A (1)
ot

= va(A, f) J

0

0
du Jda’(

/
aaj

K=KIW Tr(fla,0) = Tr(fa)) = W(a)

[

w-  0A (1)
ot

=v (A, 1)+ J

0

Fi(a) = i In W(a)

0 -
du Jda(—K

aj
@aj

Gak

W_,(a",a’) = wW=la"é(a’ — a”)

@t =)Wl a)f(@', u) + R (1),

[

(a,t—u))f(a,u) + J

du Jdak (a1 — wkFia) f(a, u) + ﬁa(t)
0

thermodynamic force
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Generalized Langevin equation

[ [

0A (1)
ot

= va(A, 1) + J

0

du Jda(aikaj(a, t — u))f(a, u) + J du Jdakaj(a, t — u)F(a)f(a, u) + R (1)
4 0

with Kaj(a, t—u) — JdaW(a)Kaj(a, f—u) = JdaKaj(a, t—u)=T r(ﬁa(t — u)IAQj)

GGaussian

_ _ Mori, Hazime and Fujisaka, Progress of Theoretical Physics, 49, 764 (1973)
approximation

[

+ 8A;;(t) — Va(A’ l‘) -+ J' dl/tTl"(iéa(t — M)I%])F}(A(u)) + I/é(x(t)
0

Generalized fluctuation-dissipation theorem is obvious !

The diffusion term takes the form of generalized Onsager relation

iIn a convolution form with memory effects ! Robert Zwanzig, Phys.Rev.124.983 (1961)

16



Familiar Langevin equation

0A (1) A ! A .
= =v (A, 1)+ J duTr(R (WR)F(A(t — u)) + R (1)
0
Markov t p Aa(t) X X X
= 1> = 1, (A(D) + 7, FfAD) + R, (1)
approximation ot

0
with bare diffusion coefficients ;i = [ dulr (Ri(u)Rj)
0

We have recovered the familiar Langevin equation with white Gaussian noise

Tr(R(OR(1)) = 2¢;5(t = 1)
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Plan B (all for small system )



Flow Chart

A
0,A(f) = e PiLA + J dse L= PiLN(s) + N(7) GLLE
0

replacement of A — f(a) l

Fokker-Planck equation in operator form

fian) _ 0 WP . 0 { 4arf ° 5
— da'v(a,a’)f(a’,t) + | du— da’Klj(a, a,t—u)— |da"f(a",u)W_,(a”",a’) X(a, ),
ot oa; o 04 aa; oa;
. 0J (a) .
iLf(a) = o streaming velocity: vi{a,a’) = Jda”W_l(d', a”)Tr(J(a)f(a”))
noise: X(a, ) = ¢'!=PL(1 — P)J(a), diffusion kernel: K(a,a’,t) = Tr(X{a, f)f(j(a'))
Jdaa--- dAa(t) A t 3 ) A
—_—_— ” = = Jda Jda’va(a, a)f(a',t) + J du Jda’(FKaj(a’, t—1u)) Jda”f(a”, wW_,(a",a’) + R (1)
0 4

Generalized quantum Langevin equation
19



Rethinking the derivation

[

0A (1) A
o = = Jdajda’va(a, a)f(a',t) + J'

0
local/classical
approximation

dqua’( 0 K (a',t—u)) Jda”f a’, u)W_,(a",a’) + ﬁa(t)

/ aj
061]-

No quantum non-locality

@Aat A ot . 9 A nt o 3 . .
- at() = VoA, + | du|da(=—K (@, =u))f(a,u) + | du|daKa,t = wF(@)f(a,u) +Ry(D
Jo J aj J

0 y
Gaussian
approximation A () A t X X X A
- 5; =v,(A, 1)+ J duTr(R (1 — u)R]-)Fj(A(u)) + R (1) No multiplicative noise
0
Markov
approximation 9 A (f)

- 5; = Vo(A() + Vaij(A(t)) + R (1) No memory effects
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Application to stochastic hydrodynamics

Vo

stochastic hydrodynamics A= {5'%, 5e,6m; =T }

057 - kngTy  _,8InWA)
—— ==V - (ndV) Vv - R, (1, x)
ot (60 + p0)2 on

N

doe — V. higher terms in én can appear!
ot
0%, . 1 5 In W(A) ,SInW(A) .
—=—=V,0p+(C+—=n)V,(V - —)+1nV " - R(2, x)
with 5 14 )~ o0Iln W(A) 55 0 In VY(A)
T O on
kni T,

Tr(R (t,X)R (', x")) = 2 ~V26(t — 1)5(x — X,

(eg ‘|ipo)

A A 5 , , Minami Yuki, PRD.83.094019 (2011)
Tr(Ri(t, )Rt x")) = 2(({ + ViVt n6;V )8(t — 1)8(x — x') .

Jin Hu, 24903.15825
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0A(t,x) =V (A) + }/aij(A) + R (1, x)
Fourier transferm

—IwA(@, k) = Vv, (A) +7,;F(A) + R (w, k)

Generally,
A(w, k) = NA) + C(w, k)R (w, k)

N(A) = Nonlinearity in A

Then we can follow a perturbation iteration procedure,

Application to stochastic hydrodynamics

A=A 4+ AW 4 ... AY = C(w, bR (@, k)

the lowest order of A is Gaussian !

22

Akira Onuki - Phase transition dynamics



Application to stochastic hydrodynamics
Generally,
A(w, k) = N(A) + C(w, k)R (o, k)
N(A) = Nonlinearity in A
A=AO 4+ AD 4 .. AV = C(w, k)R (w, k)
the lowest order of A is Gaussian !

Considering a coarse-grained technique(coarse grain Short wavelength dofs),
A=Ag+Ap N(A) = Ng(A) + Ny (A)

Cannot distinguish Short wavelength dofs from noise / as new source of noise

Akira Onuki - Phase transition dynamics
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Application to stochastic hydrodynamics

Considering a coarse-grained technique(coarse grain Short wavelength dofs),

A=Ag+A; N(A) = Ny(A) + N, (A)
Cannot distinguish Short wavelength dofs from noise / as new source of noise

e.g: the generalized Kubo formula for bulk viscosity

Yr(w) =y + J

0

o0

dtJdre_iwt(NS(r, HN¢(0,0))

l Ab(,()) is Gaussian !

Products of two point hydrodynamic correlations !
+ some of them are divergent near critical points

l

The renormalized transport coefficients are divergent !

Akira Onuki - Phase transition dynamics
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Summary and Outlook

» Stochastic hydrodynamics with Gaussian noise
» multiplicative noise hydro (done!)

» dynamic renormalization group applies to multiplicative noise.

the scaling of transport coefficients
Gas-liquid PT in progress!

critical transport in phase transition
» totally microscopic construction.

» dissipation-fluctuation gauge ambiguity. T.Dore etc, Annals Phys. 442 (2022) 168902
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Back up

Microscopic aspect

L>/A1>R K = A/L
Standard paradigm: Linearized kinetic equation (Boltzmann or Landau eq)
moments expansion: ~ JdP(u - P)'" (AP PP
1. First 5 moments flve zero modes or collision invariants
2 First 14 moments IS : promote the statues of dissipation quantities

Higher moments are beyond the range of hydro description !
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Introduction

1. Why hydro can work well ? ( why QGP equilibrates so fast ? )

2. How and When hydro behavior emerges from

a dynamic QCD system ?

Hydro attractor: an intrinsic structure of hydro

Michal P. Heller etc, PRL 115, 072501 (2015) ...

Molecular dynamic simulation: bottom-up picture

R. Baier etc, Phys. Lett. B 502 (2001) ...
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What really defines a hydro

What dynamics triggers




Generalized Langevin equation

[

0A (1) | .
= = = Jdajda v (a,a’)f(a,t) + J

0

0 . n
du Jda’(?Kaj(a’, t—u)) Jda”f a’,u)W_,(a",a’) + R (¢)
a.
]

local approximation or classical approximation suitable for high temperature

v(a,a’) =v(a)ola—a’), W_i(a",a’) = W=l (ahé(a' - a”)

0A (1) A f 0 s A
= v, (A, J d” J da'(—K,(a',t — u))W=Na)f(a’, u) + R (0),
ot 0 da]f
k — K/W A f A
aAa(t) A a ~ N -~ A -
— - =v (A, 1)+ J dujda(a—Kaj(a, t—u))f(a,u) + J du[daKaj(a, t —uw)F(a)f(a,u) + R, (1)
0 a; 0
Fi(a) =—1InW(a) |thermodynamic force
dak
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Introduction

Dissipation + fluctuation

Hydrodynamic fluctuations of the thermal bath are often ignored.

They are crucially enhanced approaching the critical point !
P. C. Hohenberg and B. I. Halperin, Rev. Mod. Phys. 49 (1977), 435 ...
They may lead to the renormalization of transport coefficients

and give rise to the anomalous long time behavior called long-time tail !

K. Kawasaki, Ann. Phys. 61,1 (1970), Y.Pomeau and P. Resibois, Phys. Rept. 19 (1975) 63 ...



Linear VS nonlinear

0A (1) N A .
Py = QA + J du®(u)A(t) +H F (1)

a
0 \
| nonlinearity
Equivalent

e

0A (1) A . U .
= v (A, 1) +J duTr(R (w)R)F(A(1) + R (1)
0
~ V(A 1) + [ duTr(R (WR)A(1) + R (1) W(A) is Gaussian
0

Renormalization of bare kinetic coefficients!

The nonlinearity in noise lies within the range of fast dynamics and thus uncontrollable !
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Discussion

* The def of thermodynamic average
Peq(a) = <l_[ 0(Aj — aj)> = const. exp[—BH(a)], (D.2.3)
J

which 1s the probability of finding A at a in equilibrium (equilibrium distribution). Here-
after (- - -) denotes the equilibrium average, and the conditional average in which A 1s fixed
at a may be defined by

(---;a):<---1_[8(Aj—aj)>/Peq(a). (5.2.4)

|
exp[—BH + BuN]. (1.2

™
=/

Pgra(r) —

The equilibrium average 1s written as (- - -) = f dI' (- - +) Pgra(I'), where

1
/a’F:;N!(znh)dedpl---/de/drl---/drN (1:2

Akira Onuki - Phase transition dynamics.pdf
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Application to stochastic hydrodynamics

* Kubo formula A= T‘Q/dr /Ooo dt(q(r,t)q(0,0)),

» Divergence of transport coefficients

Jmacro ™ 585’0, (3)

where 0s and J0v respectively denote the fluctuations of
the entropy density and the fluid velocity. The macro-
scopic current Eq. (3) is of the second order in fluctua-
tions and hence negligible far from the CP. However, it
becomes the dominant part near the CP, since the fluc-
tuations are enhanced there. We see that Eq. (1) now
has the following form

A = /\nlicro T / dr_/ dt<58(ra t)év(ra t)58(07 O)6U(O’ O)>’
O
Minami ’Y\uki, PRD.83.094019 (2011)
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nonlinear projection operator

Below, | will talk about slow variables set A

The complication: f(a) — 5(A —a) = dx exp(ix - (A —a))

&)

cr D af i(a) T — 1 ix(A—a) 1 —itxA:T A itxA
iLf(a) = — J(a) = ~ dxe dre 1LAe
aai (271-) 0
with Kubo identity simplification : classical, one component
A A 1 A A
(e®, H] = eBJ dre "®|B, H]e™
0

Ryogo Kubo, Lectures in theoretical physics, Volumn | (1959)
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Generalized Fokker-Planck equation

of(a, 1) 0 A L9 0 ) 0 .
— Jda’vi(a, a)f(a',t) + [ du— [da’Klj(a, a,t—u) [a’a”f(a”, wW_(a",a’) Xi(a, 1),
ot oa; o 04, aa; oa;
Tr(-+-p)
dof(a, t 0 t 0 0
— f(a, D) — J'da’vl-(a, a)f(a’,t) + J du— Jda’Klj(a, a,t—u)— Jda”f a’, u)W_,(a",a’)
ot oa; o 04, ()a]f
The motion equation for the distribution of slow variables. No noise term.
Schrddinger picture V. G. Morozov, TMF 48, 373(1981)
classical version Robert Zwanzig, Phys.Rev.124.983 (1961)
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Introduction to projection operator

What Is projection operator

A splitting way of variables into relevant and irrelevant.

e.g. Brown motion : Brown particles and pollens.
B(x) = PB(x) +(1 — P)B(x)

formally, PB ~ 2 la,)(a,|B) = Zﬁn(ﬁn,é)

A\

P2=1, PA=A, (1-PA=0
e.g. hydrodynamics : slow hydro dofs and fast micro dofs.

projection onto relevant set A

A= {5,3, e, 5?01'} hydrodynamics with noise
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Fokker-Planck equation in operator form

A
0,A(t) = eM"PiLA + [ dse =9 PiLN(s) + N(¢) replacement of A — f(a)
0

of(a,t 0 A "9 0 A 0 .
fla.n) _ [da’vi(a, a)f(a', 1) + J du— Jda’Kly(a, a'yt — u)— Jdalf(“", u)W_,(a’, a’) Xia, 1),
ot oa; o 04 aa; oa;
iLf(a) = 0J{a) streaming velocity: Vi{a,a’) = Jda”W_l(a’, a"\Tr(J i(a)f (@”))
0ai
noise: )A(i(a, f) = e"I=P(] — P)fi(a), diffusion kernel: ~ K(a,a’,t) = Tr()A(,-(Cl, t))A(j(Cl'))
Properties:
1. The correlation of slow and fast part is nonlinearly vanishing ! Tr(G(A))A((a, 1) =0
2. Generalized fluctuation-dissipation theorem ! K(a,a',1) = Tr(X{(a, t))A(j(a’))
oW(a) A A
3. =0, Tr(f(a,t) =Tr(f(a)) = W(a) | | | . |
ot A like micro-canonical partition function
0(A — a)
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Application to stochastic hydrodynamics

stochastic hydrodynamics 4 = {5,@, 50, om = fol-}

stochastic hydro| — Langevin equation
drift terms — continuity equation
00e=—-V - & 0T = — o,T"
—— _ hydro limit
dissipation terms| — hydro dissipation terms
kni T, Vz(Sln W(A) kng T v2H
(9 + Po)* on (eg+po)* T
FDT —
noise terms — dissipation terms
R R KngTO Minami Yuki, PRD.83.094019 (2011)
Tr(R (t,X)R, (t,x)) =2 V28(t — t)5(x — x),

(ep + po)? Jin Hu, 24903.15825
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Application to stochastic hydrodynamics

MR D&,
the large-wavenumber components of the slow variables

A;(t) in the infinitesimal wavenumber shell,
ARBEIEMIK, ERA—PshelBR, AN

A—-90A < k<A, (10)
Akira Onuki - Phase transition dynamlcs pdf, p300 !!!!!

for Eq. (7). Here

In this way, we infinitesimally
\ma.ke coarse graining of the Langevin equation. Because

the
- Inspectlng the form of the coarse-

et el | IRl N i e I e S s oo S e amtcanyy gmesreas cecielsoso®es | Hiloecs EONETN e

Minami Yuki, PRD.83.094019 (2011)
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