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2.  There are still unsolved doubts about its applicability. 

fast equilibration


small systems / p-p, p-A collisions

Michal P. Heller etc, PRL 115, 072501 (2015) …

  James L. Nagle etc, Ann. Rev. Nucl. Part. Sci., 68:211–235 (2018)…   

What really defines a hydro !

1.  Hydrodynamic frameworks work well in high-energy physics. 

fluctuations / phase transition
L. D. Landau and E. M. Lifshitz, Fluid Mechanics …

Thermodynamic fluctuations 
are inherently there within the fluids !



Introduction 

!4

 Hydrodynamics is a low energy effective theory (often dissipative). 

Schwinger-Keldysh transport 

Michael Crossley  etc,  JHEP 09 (2017) 095…
5

Then the question is how to include dissipation in an effective field theory ?

 In a Schwinger-Keldysh path, we need to double dofs: one coin, two sides 

ϕr = ϕ1 + ϕ2

ϕa =
1
2

(ϕ1 − ϕ2)

 physical dof 

 noise 

dissipation fluctuation 
FDT (Fluctuation Dissipation Theorem) 
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Dissipation + fluctuation

Hydrodynamic fluctuations of the medium are often ignored.  


They are crucially enhanced approaching the critical point !  


P. C. Hohenberg and B. I. Halperin, Rev. Mod. Phys. 49 (1977), 435 …
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What is projection operator suitable for 

A clear separation of typical scales should exist. 


 Brown motion :  slow Brown motion

 hydrodynamics :  slow hydro dofs

There are the following typical slow processes :

 order parameter near  2nd-order phase transition

 ……

critical slowing down

conservation laws

large mass  

Introduction to projection operator 
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What is projection operator 

A splitting way of variables into relevant and irrelevant.

e.g. Brown motion :  Brown particles and pollens.

B̂(x) = PB̂(x)

PB̂ ∼ = ∑
n

̂An⟨ ̂An, B̂⟩

P2 = 1, P ̂A = ̂A, (1 − P) ̂A = 0
e.g. hydrodynamics :  slow hydro dofs and fast micro dofs.

̂A ≡ {δ ̂n, δ ̂e, δ ̂T0i} hydrodynamics with noise

Introduction to projection operator 

projection onto relevant set A
formally,

+(1 − P)B̂(x)
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Linear projection operator 

∂tB̂(t) = i[Ĥ, B̂(t)] ≡ iLB̂(t),

In Heisenberg picture

∂teiLt = eiLtiL = eiLtPiL + eiLt(1 − P)iL ,

with  the decomposition

eiLt = e(1−P)iLt + ∫
t

0
dseiL(t−s)PiLe(1−P)iLs

we arrive at the Generalized Linearized Langevin Equation (GLLE)

∂tB̂(t) = eiLtPiLB̂ + ∫
t

0
dseiL(t−s)PiLN̂(s) + N̂(t)

N̂(t) ≡ e(1−P)iLt(1 − P)iLB̂, PN̂(t) = 0with 

noise dissipation streaming 

obtained from Laplace transform

Akira Onuki - Phase transition dynamics

B̂(t) = eiLtB̂(0),

Below, we talk about the set A. 
(1 − P)iL ̂A ≠ 0!Note that



!9

�9

nonlinear projection operator 

With linear projection operator

how about

nonlinear projection operator is needed.

⟨ ̂A2
n, B̂⟩, ⟨ ̂A3

n, B̂⟩⋯? ⟨ ̂Am, N̂⟩! = 0, m > 1

̂f(a) = δ( ̂A − a) =
1

(2π)N ∫ dx exp(ix ⋅ ( ̂A − a))

PB̂ ∼ ∑
n

̂An⟨ ̂An, B̂⟩

f(a) = δ(A − a) = ΠN
n=1δ(An − an)

Weyl correspondence rule

H. Weyl, Gruppentheorie und Quantenmechanik
V. G. Morozov, TMF 48, 373(1981)

Robert Zwanzig, Phys.Rev.124.983 (1961)
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nonlinear projection operator 

̂f(a) = δ( ̂A − a) =
1

(2π)N ∫ dx exp(ix ⋅ ( ̂A − a))

̂An = ∫ daanδ( ̂A − a)
PB̂ ∼ ̂f(a)⟨ ̂f(a), B̂⟩

̂f(a, t) ≡ eiLt ̂f(a) f(a, t) ≡ Tr( ̂f(a, t) ̂ρ)

Fokker-Planck eqLangevin eqFokker-Planck eq 

in operator form

ensemble

 


average

∫ da a⋯

PB̂ ∼ ̂Ai⟨ ̂Ai, B̂⟩linear :

nonlinear:

averaged over a

 limited phase space

why nonlinear?

̂Aifor the distribution of     a
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nonlinear projection operator 

PB̂ ∼ ̂f(a)⟨ ̂f(a), B̂⟩Specify the def of projection

PB̂ ≡ ∫ dada′�
̂f(a)W−1(a, a′�)Tr(B̂ ̂f(a′�) )

W(a, a′�) = Tr( ̂f(a) ̂f(a′�) )with ∫ da′�′�W(a, a′�′�)W−1(a′�′�, a′�) = δ(a − a′�)

W−1(a, a′�) = W−1(a′�)(δ(a − a′�) + r(a, a′�))
new: non-locality from the non-commutativity of quantum operators

W(a, a′�) = W(a)(δ(a − a′�) − R(a, a′�)),

without non-locality, PB̂ = ∫ da ̂f(a)W−1(a)Tr(B̂ ̂f(a) ) classical version

V. G. Morozov, TMF 48, 373(1981)

Below, I will talk about slow variables set A (B=A).  Note (1 − P)iL ̂A ≠ 0!



Plan A (enough time)
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Fokker-Planck equation in operator form 

∂ ̂f(a, t)
∂t

= −
∂

∂ai ∫ da′�vi(a, a′�) ̂f(a′�, t) + ∫
t

0
du

∂
∂ai ∫ da′ �Kij(a, a′�, t − u)

∂
∂a′�j ∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) −

∂
∂ai

X̂i(a, t),

iL ̂f(a) ≡ −
∂ ̂Ji(a)

∂ai

vi(a, a′ �) ≡ ∫ da′�′�W−1(a′�, a′�′�)Tr( ̂Ji(a) ̂f(a′�′�) )

X̂i(a, t) = ei(1−P)Lt(1 − P) ̂Ji(a),

streaming velocity:

Kij(a, a′�, t) ≡ Tr(X̂i(a, t)X̂j(a′�) )

Tr(G( ̂A)X̂(a, t)) = 0

Kij(a, a′�, t) = Tr(X̂i(a, t)X̂j(a′�) )

noise: diffusion kernel:

Properties:

1. The correlation of  slow and fast part  is nonlinearly vanishing ! 

2. Generalized fluctuation-dissipation theorem ! 

∂t
̂A(t) = eiLtPiL ̂A + ∫

t

0
dseiL(t−s)PiLN̂(s) + N̂(t) replacement of   ̂A → ̂f(a)

�13
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Generalized langevin equation

∂ ̂f(a, t)
∂t

= −
∂

∂ai ∫ da′�vi(a, a′�) ̂f(a′�, t) + ∫
t

0
du

∂
∂ai ∫ da′ �Kij(a, a′�, t − u)

∂
∂a′�j ∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) −

∂
∂ai

X̂i(a, t),

∫ daa⋯  the Langevin equation for the slow variables. 
∂ ̂Aα(t)

∂t
= = ∫ da∫ da′�vα(a, a′�) ̂f(a′�, t) + ∫

t

0
du∫ da′�(

∂
∂a′�j

Kαj(a′�, t − u) )∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) + R̂α(t)

Mori, Hazime and Fujisaka, Progress of Theoretical Physics, 49, 764 (1973)

R̂k(t) ≡ e(1−P)iLt(1 − P)iL ̂Ak, Kij(a′�, t) = ∫ daKij(a, a′�, t) = ∫ daTr(X̂i(a, t)X̂j(a′�) ) = Tr(R̂i(t)X̂j(a′�)) .

1. The correlation of slow and fast part  is nonlinearly vanishing ! Tr(G( ̂A)R̂(a, t)) = 0
2. Generalized fluctuation-dissipation theorem is implicit! Kij(a′�, t) = Tr(R̂i(t)X̂j(a′�))
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Generalized Langevin equation

∂ ̂Aα(t)
∂t

= = ∫ da∫ da′�vα(a, a′�) ̂f(a′�, t) + ∫
t

0
du∫ da′�(

∂
∂a′�j

Kαj(a′�, t − u) )∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) + R̂α(t)

Fk(a) =
∂

∂ak
ln W(a)

local approximation 

v(a, a′�) = v(a)δ(a − a′�), W−1(a′�′�, a′�) = W−1(a′�)δ(a′� − a′�′�)

or classical approximation suitable for high temperature  

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
du∫ da′�(

∂
∂a′�j

Kαj(a′�, t − u) )W−1(a′�) ̂f(a′�, u) + R̂α(t),

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
du∫ da(

∂
∂aj

K̃αj(a, t − u) ) ̂f(a, u) + ∫
t

0
du∫ daK̃αj(a, t − u)Fj(a) ̂f(a, u) + R̂α(t)

K̃ = K/W

thermodynamic force 

Tr( ̂f(a, t) ) = Tr( ̂f(a) ) = W(a)
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Generalized Langevin equation

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
du∫ da(

∂
∂aj

K̃αj(a, t − u) ) ̂f(a, u) + ∫
t

0
du∫ daK̃αj(a, t − u)Fj(a) ̂f(a, u) + R̂α(t)

K̃αj(a, t − u) → ∫ daW(a)K̃αj(a, t − u) = ∫ daKαj(a, t − u) = Tr(R̂α(t − u)R̂j)with 

Mori, Hazime and Fujisaka, Progress of Theoretical Physics, 49, 764 (1973)

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
duTr(R̂α(t − u)R̂j)Fj( ̂A(u)) + R̂α(t)

 Generalized fluctuation-dissipation theorem is obvious ! 

 The diffusion term takes the form of generalized Onsager relation 
in a convolution form with memory effects ! Robert Zwanzig, Phys.Rev.124.983 (1961)

Gaussian

approximation
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Familiar Langevin equation

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
duTr(R̂α(u)R̂j)Fj( ̂A(t − u)) + R̂α(t)

 with bare diffusion coefficients

 We have recovered  the familiar Langevin equation with white Gaussian noise 

 Markov 


approximation

∂ ̂Aα(t)
∂t

= vα( ̂A(t)) + γαjFj( ̂A(t)) + R̂α(t)

γij ≡ ∫
∞

0
duTr(R̂i(u)R̂j)

Tr(R̂i(t)R̂j(t′�) ) = 2γijδ(t − t′�)

t ≫ u



Plan B (all for small system )
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Flow Chart

∂ ̂f(a, t)
∂t

= −
∂

∂ai ∫ da′�vi(a, a′�) ̂f(a′�, t) + ∫
t

0
du

∂
∂ai ∫ da′ �Kij(a, a′�, t − u)

∂
∂a′�j ∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) −

∂
∂ai

X̂i(a, t),

∂t
̂A(t) = eiLtPiL ̂A + ∫

t

0
dseiL(t−s)PiLN̂(s) + N̂(t)

replacement of   ̂A → ̂f(a)

∫ daa⋯

GLLE 

∂ ̂Aα(t)
∂t

= = ∫ da∫ da′�vα(a, a′�) ̂f(a′�, t) + ∫
t

0
du∫ da′�(

∂
∂a′�j

Kαj(a′�, t − u) )∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) + R̂α(t)

Fokker-Planck equation in operator form 

Generalized quantum Langevin equation 
�19

iL ̂f(a) ≡ −
∂ ̂Ji(a)

∂ai
vi(a, a′�) ≡ ∫ da′�′�W−1(a′�, a′�′�)Tr( ̂Ji(a) ̂f(a′�′�) )

X̂i(a, t) = ei(1−P)Lt(1 − P) ̂Ji(a),

streaming velocity:

Kij(a, a′�, t) ≡ Tr(X̂i(a, t)X̂j(a′�) )noise: diffusion kernel:
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Rethinking the derivation

 Markov 
approximation

∂ ̂Aα(t)
∂t

= = ∫ da∫ da′�vα(a, a′�) ̂f(a′�, t) + ∫
t

0
du∫ da′�(

∂
∂a′�j

Kαj(a′�, t − u) )∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) + R̂α(t)

 local/classical 

approximation

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
du∫ da(

∂
∂aj

K̃αj(a, t − u) ) ̂f(a, u) + ∫
t

0
du∫ daK̃αj(a, t − u)Fj(a) ̂f(a, u) + R̂α(t)

Gaussian

approximation ∂ ̂Aα(t)

∂t
= vα( ̂A, t) + ∫

t

0
duTr(R̂α(t − u)R̂j)Fj( ̂A(u)) + R̂α(t) No multiplicative noise 

No memory effects

No quantum non-locality

∂ ̂Aα(t)
∂t

= vα( ̂A(t)) + γαjFj( ̂A(t)) + R̂α(t)
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Application to stochastic hydrodynamics

∂δ ̂n
∂t

= − ∇ ⋅ ( ̂nδ ̂v) +
κn2

0T0

(e0 + p0)2
∇2 δ ln W( ̂A)

δ ̂n
+ R̂n(t, x)

∂δe
∂t

= − ∇ ⋅ π

∂ ̂πi

∂t
= − ∇iδ ̂p + (ζ +

1
3

η)∇i(∇ ⋅
δ ln W( ̂A)

δ ̂π
) + η∇2 δ ln W( ̂A)

δ ̂πi
+ R̂i

π(t, x)

with δ(
μ
T

) ∼
δ ln W( ̂A)

δ ̂π

Tr(R̂n(t, x)R̂n(t′�, x′�) ) = 2
κn2

0T0

(e0 + p0)2
∇2δ(t − t′�)δ(x − x′�),

Tr(R̂i
π(t, x)R̂j

π(t′�, x′�) ) = 2((ζ +
1
3

η)∇i ∇j + ηδij ∇2)δ(t − t′�)δ(x − x′�) .
Minami Yuki, PRD.83.094019 (2011)

stochastic hydrodynamics

Jin Hu, 24903.15825 

̂A ≡ {δ ̂n, δ ̂e, δπi = ̂T0i}

δ ̂v ∼
δ ln W( ̂A)

δ ̂n

higher terms in       can appear!δ ̂n
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Application to stochastic hydrodynamics

A = A(0) + A(1) + ⋯ A(0) = C(ω, k)Rα(ω, k)

∂tA(t, x) = vα(A) + γαjFj(A) + Rα(t, x)

−iωA(ω, k) = vα(A) + γαjFj(A) + Rα(ω, k)

Fourier transferm 


A(ω, k) = N(A) + C(ω, k)Rα(ω, k)
Generally,


 N(A) = Nonlinearity in A

Then we can follow a perturbation iteration procedure,


the lowest order of A is Gaussian !


Akira Onuki - Phase transition dynamics
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Application to stochastic hydrodynamics

A = A(0) + A(1) + ⋯ A(0) = C(ω, k)Rα(ω, k)

A(ω, k) = N(A) + C(ω, k)Rα(ω, k)

Generally,


 N(A) = Nonlinearity in A

Considering a coarse-grained technique(coarse grain Short wavelength dofs),


the lowest order of A is Gaussian !


A = AS + AL N(A) = NS(A) + NL(A)

Cannot distinguish Short wavelength dofs from noise / as new source of noise 


Akira Onuki - Phase transition dynamics
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Application to stochastic hydrodynamics
Considering a coarse-grained technique(coarse grain Short wavelength dofs),


A = AS + AL N(A) = NS(A) + NL(A)

Cannot distinguish Short wavelength dofs from noise / as new source of noise 


Akira Onuki - Phase transition dynamics

e.g: the generalized Kubo formula for bulk viscosity

is Gaussian !A(0)
S

Products of two point hydrodynamic correlations !

+ some of them are divergent near critical points

The renormalized  transport coefficients are divergent !

γR(ω) = γ + ∫
∞

0
dt∫ dre−iωt⟨NS(r, t)NS(0,0)⟩



Summary and Outlook
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•Stochastic hydrodynamics with Gaussian noise

•multiplicative noise hydro (done!)

• dynamic renormalization group applies to multiplicative noise.
the scaling of transport coefficients
critical transport in phase transition 

• totally microscopic construction.

• dissipation-fluctuation gauge ambiguity. T.Dore etc,  Annals Phys. 442 (2022) 168902

Gas-liquid PT in progress!
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Microscopic aspect

Standard paradigm:  Linearized kinetic equation (Boltzmann or Landau eq) 

1. First 5 moments 

 moments expansion: 

five zero modes or collision invariants  

2. First 14 moments  IS : promote the statues of dissipation quantities  

L ≫ λ ≫ R Kn ≡ λ/L

Higher moments are beyond the range of hydro description !  

∼ ∫ dP(u ⋅ p)n(Δαβ pαpβ)q f
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2.  How and When hydro behavior emerges from 

a dynamic QCD system ?

Hydro attractor:   an intrinsic structure of hydro


Molecular dynamic simulation:  bottom-up picture 

Michal P. Heller etc, PRL 115, 072501 (2015) …

What really defines a hydro

R. Baier etc, Phys. Lett. B 502 (2001) … 

What dynamics triggers

1.  Why hydro can work  well ?  ( why QGP equilibrates so fast ? )
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Generalized Langevin equation

∂ ̂Aα(t)
∂t

= = ∫ da∫ da′�vα(a, a′�) ̂f(a′�, t) + ∫
t

0
du∫ da′�(

∂
∂a′�j

Kαj(a′�, t − u) )∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) + R̂α(t)

Fk(a) =
∂

∂ak
ln W(a)

local approximation 

v(a, a′�) = v(a)δ(a − a′�), W−1(a′�′�, a′�) = W−1(a′�)δ(a′� − a′�′�)

or classical approximation suitable for high temperature  

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
du∫ da′�(

∂
∂a′�j

Kαj(a′�, t − u) )W−1(a′�) ̂f(a′�, u) + R̂α(t),

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
t

0
du∫ da(

∂
∂aj

K̃αj(a, t − u) ) ̂f(a, u) + ∫
t

0
du∫ daK̃αj(a, t − u)Fj(a) ̂f(a, u) + R̂α(t)

K̃ = K/W

thermodynamic force 
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Dissipation + fluctuation

Hydrodynamic fluctuations of the thermal bath are often ignored.  


They are crucially enhanced approaching the critical point !  


They may lead to the renormalization of transport coefficients 


and give rise to the anomalous long time behavior called long-time tail !  


P. C. Hohenberg and B. I. Halperin, Rev. Mod. Phys. 49 (1977), 435 …

K. Kawasaki, Ann. Phys. 61, 1 (1970),   Y. Pomeau and P. Resibois, Phys. Rept. 19 (1975) 63 …
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Linear VS nonlinear

∂ ̂Aα(t)
∂t

= vα( ̂A, t) + ∫
∞

0
duTr(R̂α(u)R̂j)Fj( ̂A(t)) + R̂α(t)

∂ ̂Aα(t)
∂t

= Ω ̂A + ∫
∞

0
duΦ(u) ̂A(t) + ̂Fα(t)

Equivalent
nonlinearity

The nonlinearity in noise lies within the range of fast dynamics and thus  uncontrollable !

∼ vα( ̂A, t) + ∫
∞

0
duTr(R̂α(u)R̂j) ̂A(t) + R̂α(t) is GaussianW( ̂A)

Renormalization of bare kinetic coefficients!
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Akira Onuki - Phase transition dynamics.pdf

• The def of thermodynamic average
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•Kubo formula

•Divergence of transport coefficients 

Minami Yuki, PRD.83.094019 (2011)

Application to stochastic hydrodynamics
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nonlinear projection operator 

̂f(a) = δ( ̂A − a) =
1

(2π)N ∫ dx exp(ix ⋅ ( ̂A − a))The  complication:

iL ̂f(a) ≡ −
∂ ̂Ji(a)

∂ai

̂J(a) ≡
1

(2π)N ∫ dxeix( ̂A−a) ∫
1

0
dτe−iτx ̂AiL ̂Aeiτx ̂A

[eB̂, Ĥ] = eB̂ ∫
1

0
dτe−τB̂[B̂, Ĥ]eτB̂

with Kubo identity

Ryogo Kubo, Lectures in theoretical physics, Volumn I (1959)

simplification : classical, one component

Below, I will talk about slow variables set A 
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Generalized Fokker-Planck equation

∂ ̂f(a, t)
∂t

= −
∂

∂ai ∫ da′�vi(a, a′�) ̂f(a′�, t) + ∫
t

0
du

∂
∂ai ∫ da′ �Kij(a, a′�, t − u)

∂
∂a′�j ∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) −

∂
∂ai

X̂i(a, t),

Tr(⋯ ̂ρ)

 The motion equation for the distribution of slow variables. No noise term. 

∂f(a, t)
∂t

= −
∂

∂ai ∫ da′�vi(a, a′�)f(a′�, t) + ∫
t

0
du

∂
∂ai ∫ da′�Kij(a, a′�, t − u)

∂
∂a′�j ∫ da′�′�f(a′�′�, u)W−1(a′�′�, a′�)

V. G. Morozov, TMF 48, 373(1981)

Robert Zwanzig, Phys.Rev.124.983 (1961)

Schrödinger picture 
classical version 
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What is projection operator 

A splitting way of variables into relevant and irrelevant.

e.g. Brown motion :  Brown particles and pollens.

B̂(x) = PB̂(x)

PB̂ ∼ ∑
n

|an⟩⟨an |B⟩ = ∑
n

̂An⟨ ̂An, B̂⟩

P2 = 1, P ̂A = ̂A, (1 − P) ̂A = 0
e.g. hydrodynamics :  slow hydro dofs and fast micro dofs.

̂A ≡ {δ ̂n, δ ̂e, δ ̂T0i} hydrodynamics with noise

Introduction to projection operator 

projection onto relevant set A
formally,

+(1 − P)B̂(x)
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Fokker-Planck equation in operator form 

∂ ̂f(a, t)
∂t

= −
∂

∂ai ∫ da′�vi(a, a′�) ̂f(a′�, t) + ∫
t

0
du

∂
∂ai ∫ da′ �Kij(a, a′�, t − u)

∂
∂a′�j ∫ da′�′� ̂f(a′�′�, u)W−1(a′�′�, a′�) −

∂
∂ai

X̂i(a, t),

iL ̂f(a) ≡ −
∂ ̂Ji(a)

∂ai

vi(a, a′ �) ≡ ∫ da′�′�W−1(a′�, a′�′�)Tr( ̂Ji(a) ̂f(a′�′�) )

X̂i(a, t) = ei(1−P)Lt(1 − P) ̂Ji(a),

streaming velocity:

Kij(a, a′�, t) ≡ Tr(X̂i(a, t)X̂j(a′�) )

Tr(G( ̂A)X̂(a, t)) = 0

Kij(a, a′�, t) = Tr(X̂i(a, t)X̂j(a′�) )

noise: diffusion kernel:

Properties:

1. The correlation of  slow and fast part  is nonlinearly vanishing ! 
2. Generalized fluctuation-dissipation theorem ! 

3.
∂W(a)

∂t
= 0 , Tr( ̂f(a, t) ) = Tr( ̂f(a) ) = W(a)

like micro-canonical  partition function  
δ( ̂A − a)

∂t
̂A(t) = eiLtPiL ̂A + ∫

t

0
dseiL(t−s)PiLN̂(s) + N̂(t) replacement of   ̂A → ̂f(a)
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Application to stochastic hydrodynamics

Tr(R̂n(t, x)R̂n(t′�, x′�) ) = 2
κn2

0T0

(e0 + p0)2
∇2δ(t − t′�)δ(x − x′�),

Minami Yuki, PRD.83.094019 (2011)

stochastic hydrodynamics

Jin Hu, 24903.15825 

̂A ≡ {δ ̂n, δ ̂e, δπi = ̂T0i}

drift  terms continuity equation

dissipation  terms hydro dissipation  terms
hydro limit

noise  terms dissipation  terms

∂tδe = − ∇ ⋅ π ∂tT00 = − ∂iT0i

FDT

stochastic hydro Langevin equation

κn2
0T0

(e0 + p0)2
∇2 δ ln W( ̂A)

δ ̂n
κn2

0T0

(e0 + p0)2
∇2 μ

T
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Application to stochastic hydrodynamics

Minami Yuki, PRD.83.094019 (2011)


