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1 Introduction

Terahertz (THz) wave, which lies between millimeter wave and far-infrared region, is at the interface
of electronics and photonics. The corresponding wavelength of THz is at the order of millimeter to
sub millimeter range.

The THz wave can be used in the integrated circuits and THz communication, which has
advantage in realization of integrated, low-cost, high speed, on-chip data communications [1, 2]. The
Terahertz wave has, in particular, provided a method of terahertz atom probe microscopy, allowing
new platform for microscopy with atomic spatial resolution. Compared to the ordinary microscopes,
the THz circumvents the diffraction limit, even at these long wavelengths, the properties of materials
can be probed on a nanometer scale [3, 4]. THz technology is also widely used in biology and
medicine [5], with significant advantages in nondestructive testing. Recently, the THz-driven
acceleration has emerged as a new way for delivering electron beam in a compact setup [6].

Free-electron lasers and fast diodes can produce narrow-band THz radiation. While, broadband
THz radiation can be produced by thermal sources and table-top laser-driven sources [7] as well as
by electron bunches in synchrotron accelerators [8].

The particles in a bunch traveling on a curved trajectory in free space emit synchrotron radiation
with a broad spectrum of wavelengths. When the wavelengths comparable to the bunch length, the
radiation from various particles is coherent, giving a radiated power proportional to the square of
the particle population. This means that, if the electron bunch length of the circular accelerator
is comparable to the THz wave length, coherent THz radiation can be achieved from the bending
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magnets. In this paper we will report the feasibility of coherent THz generation using ultra short
electron bunches at a Super Tau Charm Factory (STCF) in synchrotron mode.

This STCF planning in China is a double ring circular collider with center mass energy range
2–7 GeV. This facility is designed to use large Piwinsky angle and crab waist sextupole scheme
to increase the luminosity. In order to meet the requirement of large Piwinsky angle and crab waist
collision scheme long bunch length is required. At the 2 GeV optimized energy of collision mode
the bunch length should be 1.2 cm and should be flexibly adjusted at other energies [9]. Especially,
the bunch length should be flexibly modified to change the beam-beam parameters when the betatron
function at the collision point is changed. Therefore, harmonic cavities are preferred to adjust the
bunch length at this STCF. In order to effectively utilize these harmonic cavities, we plan to design a
long-short bunch operation mode at the synchrotron radiation mode with 1 GeV. In this mode the short
bunch length should be minimized to smaller than 3 mm to achieve coherent THz radiation in theory.

In this paper, we will give the related physical design of the coherent synchrotron radiation
pulse at the THz regime in this STCF project. Simulation and theoretical work of the long-short
bunch length operation mode is presented. The paper is organized as the following. In section 2 the
bunch length formula with harmonic cavities are given. In section 3 the coherent THz radiation
mode design process is detailedly presented. In subsection 3.1 some sections of the STCF lattice
are redesigned to meet the requirement of the THz mode. In subsection 3.2 the harmonic cavities
are carefully chosen for long-short bunch length operation. In subsection 3.3 the bunch length
evolution process at the long-short beam operation mode is numerically tracked. In section 4 the
corresponding issues of the long-short bunch length mode are given. At the last section the summary
and the outlook are given.

2 Bunch length formula with multiple cavities

The bunch length formula with a single RF cavity can be expressed as the following [10].

𝜎𝑧 =

√︄
2𝜋𝐶𝑞

(𝑚𝑐2)2
𝛼𝑅

𝐽𝜖 𝜌

𝐸3

𝑒𝑉 ′ . (2.1)

where 𝐶𝑞 = 3.84 × 10−13m is the quantum constant, 𝛼 is the momentum compaction factor,
𝑅 = 𝐿/2 × 𝜋 is the radius of the design orbit, 𝐸 is the nominal energy, 𝑚 and 𝑒 are the rest mass and
the charge of the accelerated electron, c is the velocity of the light, 𝜌 is the bending radius, 𝐽𝜖 is the
longitudinal damping partition number, 𝑉 ′ is the voltage gradient where the particle come across.

However, in a storage ring with several RF cavities the bunch length formula is shown as the
follows [11], for the sake of simplicity we assume that all of the RF cavities are installed at one
position with zero length.

𝜎𝑧 =
ℎ𝜂𝜔0
Ω𝑠

𝛿𝑝 . (2.2)

where ℎ is the harmonic number, 𝜂 is the phase slip factor, 𝜔0 =
𝛽𝑐

𝑅
is the angular revolution

frequency, 𝛿𝑝 is the rms momentum deviation. Ω𝑠 is the new synchrotron tune with several RF
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cavities and can be expressed as follows,

Ω𝑠 =

√√√�����−ℎ𝜔2
0𝜂

𝛽2𝐸

∑︁
𝑖

𝑒𝑉𝑖

2𝜋
cos 𝜙𝑠 (𝜃𝑖)

�����. (2.3)

here, 𝑉𝑖 is the 𝑖-th RF cavity voltage, 𝜙𝑠 (𝜃𝑖) is the synchrotron phase of the 𝑖-th RF cavity, 𝛽 is the
velocity of the electron in unit of 𝑐.

From equation (2.3), we see that the bunch length has a close relationship to the voltage gradient
and momentum compaction factor. The momentum compaction factor, which mainly determined by
bending radius of dipole magnets and dispersion function, is determined by lattice structure and
the geometry of the storage ring. In the case that the lattice structure cannot be changed much, it is
very effective to use harmonic cavity to control the bunch length. Thus in this paper we use the
harmonic cavities but not the momentum compaction factor to manipulate the bunch length. These
harmonic cavities will increase the voltage gradient so as to shorten the bunch length at one position
and decrease the voltage gradient so as to lengthen the bunch length at another position. So that the
storage ring will be filled with interleaved long and short bunches. The short bunches will radiate
coherent THz and the long bunches will increase the beam current.

3 Coherent THz radiation mode design at a STCF

3.1 STCF lattice design for THz radiation mode

The STCF requires ultra low betatron function, namely sub millimeter range at the interaction point for
the collision mode to get high luminosity. The very low betatron function leads to that the maximum
betatron function close to the interaction point nearly reaches to 2000 m [9]. However, in the THz
radiation mode the maximum betatron function should be minimized to the tens of meters. As a result,
the lattice of the interaction region should be redesigned. In this design the magnet positions remain
unchanged, while merely the strengths of quadrupole are redesigned to meet the THz requirement.

In this new designed lattice, the betatron functions at the interaction point are 𝛽𝑥 = 25 m and 𝛽𝑦 =

10 m, and then the maximum betatron function of the interaction section is minimized to smaller than
55 m. In this design the local chromaticity correction scheme is not adopted but a few dispersion bumps
are created for sextupole implementation. Additionally, the quadrupole strengths of the matching
section between interaction and the arc region are adjusted to meet the connection requirement. The
betatron function and dispersion function of the interaction region are plotted in figure 1. In this
THz mode the arc section keeps the scheme used in the collision mode as reported in ref. [9].

Except the linear properties of the lattice mentioned above it also needs for good nonlinear
beam performances. The most important nonlinear property is large enough dynamic aperture at the
injection point for beam injection. Since the linear tunes have a close relationship on the dynamic
aperture, we use the following matrix to replace the whole technical section to search for a reasonable
working point to obtain a large dynamic aperture.

𝑥

𝑝𝑥

𝑦

𝑝𝑦

1

=


cos(2𝜋𝜈𝑥) 𝛽𝑥 sin(2𝜋𝜈𝑥) 0 0

− sin(2𝜋𝜈𝑥)/𝛽𝑥 cos(2𝜋𝜈𝑥) 0 0
0 0 cos(2𝜋𝜈𝑦) 𝛽𝑦 sin(2𝜋𝜈𝑦)
0 0 − sin(2𝜋𝜈𝑦)/𝛽𝑦 cos(2𝜋𝜈𝑦)



𝑥

𝑝𝑥

𝑦

𝑝𝑦

0

(3.1)
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Figure 1. Optical function of the interaction region.

where 𝑥, 𝑦 and 𝑝𝑥 , 𝑝𝑦 are the horizontal and vertical displacements from closed orbit and momentum
deviations from synchrotron particle, 𝜈𝑥 and 𝜈𝑦 are the tunes of two transverse planes, 𝛽𝑥 and 𝛽𝑦 are
the horizontal and vertical betatron functions.

By changing this matrix, the tune is changed and the corresponding dynamic aperture with
different tune is tracked. The result of tune scan and the corresponding dynamic aperture area is
plotted in figure 2. From figure 2 we see that the area A have a better dynamic aperture at both planes.
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Figure 2. The relationship between dynamic aperture area and the tunes, the left plot draws the relations
between horizontal dynamic aperture area and tunes, the right plot draws the relations between vertical
dynamic aperture area and tunes.

Finally, we redesigned the lattice of the technical section and ensured that the tunes of the
storage ring are 𝜈𝑥 = 35.151774 and 𝜈𝑦 = 14.457221, which corresponding to larger dynamic
aperture area in figure 2. The beam optical functions of the new designed technical section satisfying
the above tunes are plotted in figure 3. With these tunes, the strength of sextupole pairs at the arc
section and the interaction region are varied to maximize the dynamic aperture with particle swarm
optimization. The figure 4 shows the best dynamic aperture of the last generation.
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Figure 4. The dynamic aperture at the injection
point.

3.2 RF cavity parameters design

We use three RF cavities (one basic and two harmonic cavities) to design long-short bunch operation
mode. These RF parameters should meet the requirement of the energy loss supplementation, long
bunch for the STCF collision mode and short bunch for the THz mode. The harmonic number of the
STCF is an even number, so we can obtain the operating mode with two kinds of bunch lengths,
as that reported in BESSY-II [12]. The designed two harmonic cavities are 𝑁-th harmonic and
(𝑀 +1/2)-th harmonic of the basic RF cavity, where 𝑀 and 𝑁 are two integers. Under this condition,
the sum voltage gradient of the three RF cavities is large at one position (for short bunch) and is small
in another position (for long beam). If the harmonic numbers are fixed, only the phase and voltage
of the cavities can be varied to obtain the expected bunch lengths when satisfying the synchrotron
radiation loss and stable buckets at the two bucket positions. So that the original 958 beam buckets
are filled with two kinds of beam bunches, which is the long-short bunch length operation mode.

In this design the constraints are as follows. The energy supplementation at the long and short
bunch position should meet the requirement of energy loss per turns. For this facility the energy loss
of one particle per turn is 8.2169 keV at 1 GeV energy. At the positions 2𝐾 × 0.5999775 m, the sum
of RF cavity voltage gradient should satisfying the short bunch length requirement. At the positions
(2𝐾 + 1) × 0.5999775 m, the sum of RF cavity voltage gradient should satisfying the long bunch
length requirement. For comparison of the coherent radiation power we designed two versions of
short bunches. The first version of the short bunch is 1.5 mm, long bunch is 1.2 cm. The second
version of the short bunch length is 2.0 mm, long bunch length is still 1.2 cm. With these constraints
we obtain the RF cavity parameters of these two versions, they are listed in table 1 and table 2.

Table 1. RF cavity parameters of 1.5 mm short bunch version.

parameters Basic cavity 2.5-Harmonic cavity 1.5-Harmonic cavity
Voltage (V) −735886.16061 −817063.85692 819791.35979

Phase (radian) −0.01117 −0.01058 −0.01055
Frequency (MHz) 499.672680 1249.182097 749.509258
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Table 2. RF cavity parameters of 2.0 mm short bunch version.

parameters Basic cavity 2.5-Harmonic cavity 1.5-Harmonic cavity
Voltage (V) −397132.54367 −26780.50027 273822.26449

Phase (radian) −0.02069 0.31809 3.111
Frequency (MHz) 499.672680 1249.182097 749.509258

The three cavity voltages and the sum voltage of these two versions are plotted in figure 5.
From figure we see that the sum voltage gradient is large at the positions 2𝐾 × 0.5999775 m, this is
corresponding to the short bunch positions. We also see that, the sum voltage has some small slope
positions located at the positions (2𝐾 + 1) × 0.5999775 m. These are corresponding to the long
bunch positions.
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Figure 5. Three RF cavity voltages and the sum voltage of the long-short bunch length operation mode. The
left picture corresponding to the short bunch length 1.5 mm mode and the right picture corresponding to the
short bunch length 2.0 mm mode.

3.3 Bunch length simulation

In the previous subsection we used the theoretical formula to designed two versions of long-short
bunch length operation mode. In this subsection we will install these RF cavities to the above lattice
structure and simulate the bunch length evaluation process. The beam size evolution process is
simulated by ELEGANT program [13]. Results are shown in figure 6. A Gaussian-distributed beam
with 5000 particles per bunch is tracked for 40, 000 turns. Since the longitudinal damping time
of this storage ring is 29.12 ms and the circumference of the storage ring is 574.78 m, the tracked
turns are equivalent to about 3 times of the damping time. In this simulation only the balance
between radiation damping and quantum excitation are considered, while ignoring the interaction
force between particles in a bunch. Therefore, in order to save the tracking time 5000 particles
are used for simulation but not the real particle numbers per bunch. From figure 6 we see that the
simulated bunch length agrees well with the theoretical calculation. One version of the bunch length
is stabilized at 1.5 mm and another version is stabilized at 2.0 mm.
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Figure 6. The bunch length damping process for 1.5 mm and 2.0 mm short bunch.

4 Beam properties of the coherent THz radiation mode

4.1 Coherent synchrotron radiation instability

In this sub section we studied the microwave instability driven by the impedance due to the Coherent
Synchrotron Radiation (CSR). For electrons, circulating on a circle with radius 𝜌, the longitudinal
wakefield generated by the steady CSR in free space with distance z from the bunch was given by
Murphy and so on [14],

𝑊csr(𝑧) = −4𝜋𝜌1/3

(3𝑧)4/3 . (4.1)

where 𝑧 is the longitudinal coordinate relative to the reference particle, and𝑊 (𝑧) = 0 for 𝑧 < 0. It
means that unlike a conventional wake, the CSR force is acting on the electron ahead. Actually the
corresponding impedance was already found by Faltens and Laslett in 1973,

𝑍csr(𝑘) =
(
2𝜋
𝑐

)
Γ(2/3) (

√
3 + 𝑖)

31/3 (𝜌𝑘)1/3. (4.2)

where 𝑘 is the wave number of perturbation, Γ is the complete gamma function. Using �̂�csr(𝑘) =
𝑍csr(𝑘)/2𝜋𝜌 Stupakov and Heifets analyzed the dispersion relation of the CSR impedance [15].
Results show that for high frequency perturbation Im(𝜔) < 0 area (𝜔/𝑐 = 𝑘 is the normalized
frequency), the beam is naturally stable because the Lamdau damping. Furthermore, the exact
impedance for a pipe with aperture b was carried out by Bassi [16]. Cai [17] using the same scaling
property to the CSR impedance, and analyzed the stability condition with shielding. As reported in
ref. [17] the threshold of instability becomes a function of the shielding parameters 𝜒 = 𝜎𝑧𝜌

1/2/𝑏3/2,
and the simplified threshold of the instability has a linear relation to the shielding parameter as follows,

𝜉 th(𝜒) = 0.5 + 0.34𝜒. (4.3)
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It verified that when 𝜒 > 2 the coasting beam theory is well fitted for the simulation. Additionally,
based on the coasting beam theory the corresponding beam current threshold of CSR instability is

𝐼𝑏 >
3
√

2𝛼𝛾𝜎2
𝛿
𝐼𝐴𝜎𝑧

𝜋3/2𝑏
. (4.4)

where 𝜎𝛿 is the RMS energy spread, 𝐼𝐴 = 17.5 kA is the Alfven beam current, 𝜎𝑧 is the bunch
length. This instability result is experimentally confirmed at NSLS VUV ring [8].

For 𝜒 < 2 the bunched beam theory works well and the beam becomes unstable when

𝐼𝑏 >
8𝜋2𝜉 th(𝜒)𝜎7/3

𝑧 𝑉rf cos 𝜙𝑠 𝑓rf 𝑓rev
𝑐2𝑍0𝜌1/3 . (4.5)

where 𝑉rf is the voltage of RF cavity, 𝜙𝑠 is the synchrotron phase, 𝑓rf is frequency of RF cavity,
𝑓rev is revolution frequency. This instability result is measured at different momentum compaction
factors with the same RF voltage at ANKA [18].

Using the above formula we calculated the beam CSR instability current threshold for the long
and short bunch of this STCF facility. In our calculation 𝑏 = 1 cm, 𝜌 = 9.55 m, 𝛼 = 0.000898,
𝜎𝛿 = 0.0002659. Because of the relatively large radius of this storage ring, the shielding parameter
𝜒 is larger than 2. So that the formula 4.4 is used to calculate the beam current threshold. Results
are given in table 3.

Table 3. Beam current threshold restricted by CSR instablity for different bunch lengthes.

Bunch length 𝜎𝑧 Shielding parameter 𝜒 Single beam current 𝐼𝑏 Particles per bunch 𝑁𝑏

1.2 cm 61.8 3.23 mA 3.83 × 1010

1.5 mm 4.6 0.24 mA 2.87 × 109

2.0 mm 6.2 0.32 mA 3.83 × 109

Since the shielding parameter 𝜒 is close to 2 for the 1.5 mm and 2 mm short bunches, we also
used the bunched beam theory (formula 4.5) to calculated the current threshold. The result of beam
current threshold is very close to the that calculated by the above costing beam theory.

4.2 Touschek lifetime

Touschek lifetime of a synchrotron results from large angle Coulomb scattering can transfer the
radial momentum to the longitudinal plane and cause beam loss. The emittance of this lattice is
1nmrad at the energy 1 GeV. In such a small emittance, Touscheck lifetime is the domain lifetime
of the storage ring and is a function of energy acceptance. Energy acceptance is dependent on RF
cavity and the nonlinear dynamics of the storage ring. The energy acceptance along the half storage
ring tracked by ELEGANT program is drawn in figure 7. The Touschek lifetime is calculated using
the above energy acceptance data and the particle number given in table 3 which restricted by CSR
instability. Result show that the Touschek lifetime is about 176.8 seconds for 1.5mm mode and 138.8
seconds for 2.0mm mode.
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Figure 7. Momentum aperture of the half storage ring.

4.3 Coherent synchrotron radiation power

When the bunch length is shorter than radiation wavelength the synchrotron radiation power is
enhanced obviously. The radiation power including coherent and incoherent radiation from bending
magnets is expressed by the following formula (4.6) [19, 20].

𝑃total = 𝑃𝜔

[
𝑁 + 𝑁 (𝑁 − 1) 𝑔2 (𝜆, ®𝑟)

]
. (4.6)

𝑁 is the number of particles per bunch, 𝑔 (𝜆, ®𝑟) = |
∫
𝑒𝑖𝑘 ®𝑟 ·�̂�𝜓(®𝑟)𝑑®𝑟 | is the form factor and 𝜓(®𝑟) is the

three dimension normalized particle distribution. We assume that the beam distribution is Gaussian
distribution with RMS bunch length 𝜎𝑧 such that 𝑔 (𝜆, 𝜎𝑧) = exp(−2𝜋2𝜎2

𝑧 /𝜆2). 𝑃𝜔 =
𝑃𝛾

𝜔𝑐
𝑆( 𝜔

𝜔𝑐
) is

the power spectrum. 𝑃𝛾 is the single particle radiation power integrated over all of the radiation
frequencies. 𝜔𝑐 = 3

2
𝑐𝛾3

𝜌
is called the critical frequency. The spectral function 𝑆( 𝜔

𝜔𝑐
) can be expressed

by 𝑆(𝜉) = 9
√

3
8𝜋 𝜉

∫ ∞
𝜉
𝐾5/3(𝜉)𝑑𝜉, where 𝐾5/3 is a modified Bessel function. From formula (4.6) we

see that the enhancement of the coherent power compared to the incoherent power increases with the
electron number 𝑁 . By using this formula, we calculated the radiation power with different radiation
frequency of one short bunch which is plotted in figure 8.

From the result we see that the radiation power can be coherently radiated at THz frequency
regions when the bunch length is 1.5 mm or smaller. However, the 2.0 mm bunch length is hard to
get a satisfactory coherent THz radiation power in this machine. The radiation power is reduced
nearly to the order of incoherent power at THz regions when the bunch length is longer than 2.0 mm.
So that, the first version of the long-short bunch length operation RF parameters are preferred.

5 Summary and outlook

In summary, the possibility of coherent THz radiation on a STCF project at the synchrotron radiation
mode is discussed. In the synchrotron radiation mode both the long and short bunches are injected
simultaneously. The short bunch will radiate coherent THz and the long bunch will increase the
beam current. Main performances of the beam including dynamic aperture, momentum aperture,
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Figure 8. The total radiation power from a short bunch, left plot is the radiation power from 1.5 mm bunch
length, right plot is the radiation power from 2.0mm.

Touscheck lifetime, instability and radiation power are simulated. Results show that, in this STCF
project it is hard to get a satisfactory radiation power at THz region with 2.0 mm short bunch. To get
a satisfactory radiation power the bunch length should be minimized to 1.5 mm or smaller.

There have also some problems to be overcome for achieving THz radiation wave with
satisfactory radiation power. The first one is the beam current threshold restricted by CSR impedance
for the short bunches. Result show that if the particle numbers per bunch increased to 1010, the
coherent radiation power at the THz spectrum can reach to mW. This issue may be solved by the
recent proposed scheme low-power feedback loop [21] at SOLEIL storage ring. Another issue is how
to inject a large number of particles in a short bunch. To accumulate more particles, we plan to use
an off-energy off-axis pulsed multipole injection scheme. The off-energy beam is off-axis injected
into the acceptance of the storage ring with one or several pulsed multipole kickers meanwhile the
stored beam will be almost unaffected during the injection.
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