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“… and if you want to make a simulation of nature, you’d 
better make it quantum mechanical, …”                 


 —Feynman



QC in High Energy Physics
• Parton structure


• H. Lamm, S. Lawrence, Y. Yamauchi, Phys. Rev. Res. 2(2020), 013272

• N. Mueller, A. Tarasov, R. Venugopalan, Phys. Rev. D 102(2020), 016007


• Jet production / fragmentation

• A. Florio et al., arXiv:2301.11991


• Phase transition

• A. M. Czajka, Z.-B. Kang, Y. Tee, F. Zhao, arXiv:2210.03062

• A. Thompson, G. Siopsis, arXiv:2303.02425

• K. Ikeda, D. E. Kharzeev, R. Meyer, S. Shi, arXiv:2305.00996


• Simulation of gauge theory

• Z. Davoudi, A. F. Shaw, J. R. Stryker, arXiv:2212.14030

• R. C. Farrell et al., Phys. Rev. D 107(2023), 054513


• And many more!
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• Noises


• Gauge field


• Analog simulation


• Digital simulation
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1+1D NJL Model
• Lagrangian:


• Discretization: staggered fermion


• Hamiltonian:

ℒ = ψ̄α(iγμ∂μ − mα)ψα + g(ψ̄αψα)2

ψα(x) = (
ψα,1(x)
ψα,2(x)) ≡ (

ϕα,2n

ϕα,2n+1)

H = ∑
α,n

[−
i

2a
(ϕ†

α,nϕα,n+1 − h . c) + (−1)nmαϕ†
α,nϕα,n]

−g ∑
α,n=even

[ϕ†
α,nϕα,n + ϕ†

α,n+1ϕα,n+1 − 2ϕ†
α,nϕα,nϕ†

α,n+1ϕα,n+1]



Parton Distribution Function
• Non-perturbative


• Light-cone: not equal-time


• Proton, Neutron, Pion, Nuclear, …


• Study method:


• Global fitting


• Lattice QCD calculation: quasi-PDF, pseudo-PDF
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Calculation of PDF
• Definition:


• where .


• Relevant dimension: 1+1 D


• Prepare the hadronic state


• Calculate the (dynamical) correlation function

γ+ = γ0 + γ1

fq/h = ∫
dz
4π

e−ixMhz⟨h | ψ̄(z, − z)γ+ψ(0,0) |h⟩

= ∫
dz
4π

e−ixMhz⟨h |eiHzψ̄(0, − z)e−iHzγ+ψ(0,0) |h⟩



Calculation of PDF
• Definition:


• where .


• Relevant dimension: 1+1 D


• Prepare the hadronic state


• Calculate the (dynamical) correlation function

γ+ = γ0 + γ1

fq/h = ∫
dz
4π

e−ixMhz⟨h | ψ̄(z, − z)γ+ψ(0k0) |h⟩

= ∫
dz
4π

e−ixMhz⟨h |eiHzψ̄(0, − z)e−iHzγ+ψ(0,0) |h⟩



Calculation of PDF
• Definition:


• where .


• Relevant dimension: 1+1 D


• Prepare the hadronic state


• Calculate the (dynamical) correlation function

γ+ = γ0 + γ1

fq/h = ∫
dz
4π

e−ixMhz⟨h | ψ̄(z, − z)γ+ψ(0k0) |h⟩

= ∫
dz
4π

e−ixMhz⟨h |eiHzψ̄(0, − z)e−iHzγ+ψ(0,0) |h⟩



Calculation of PDF
• Definition:
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How to do this on a quantum computer?



Basic Elements of Quantum Computing
• Operator: unitary


• Single qubit: X( ), Y( ), Z( ), Rx( )( ), …


• 


• Two(Multi) qubits: CNOT(          )


• Measurements: Hermitian


• X, Y, Z


• The Hamiltonian should be expressed in XYZs!

σx σy σz θ eiθσx

Xn = I ⊗ I ⊗ ⋯ ⊗ X ⊗ ⋯
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



Jordan-Wigner Transformation

• Keeps the anti-commuting relation of .ϕ

15

ϕα,n =
α−1

∏
β=1

σ̃z
β, N

2
σ̃z

α,nσ+
α,n ≡ Ξz

α,nσ+
α,n ,

σ±
α,n =

1
2

(σx
α,n ± iσy

α,n)

σ̃z
α,n ≡ ∏

i<n

σz
α,i



Preparing the Hadronic State
• Hadronic states are the eigenstates of the Hamiltonian with certain quantum 

numbers.


• e.g.: How to find the (lowest few) eigenstates of a Hamiltonian?


• Variational method!


• A quantum computing version: Quantum alternating operator ansatz(QAOA) 
[E. Farhi, J. Goldstone, S. Gutmann, arXiv:1411.4028]
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QAOA
• Divide the Hamiltonian


• 


• Each  preserves the same symmetry as 


• Parameterized symmetry-preserving operator


• The m-th state with quantum number  is 

[Hi, Hi+1] ≠ 0

Hi H

l
|ψlm(θ)⟩ = U(θ) |ψlm⟩
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H = H1 + H2 + ⋯ + Hk

U(θ) ≡
p

∏
i=1

k

∏
j=1

exp(i θijHj)

|ψl⟩{
Vary the parameters θ

…

U(θ)…

M
in

im
ize

  E
l (θ)

O
p
tim

iza
tio

n
  

Measure



QAOA
• Cost function: weighted combination of the 

energy expectations [J. S. Pedernales, R. D. Candia, I. L. Egusquiza, J. 
Casanova, E. Solano, Phys. Rev. Lett. 113(2014), 020505]


• The eigenstates are obtained by minimizing 


• The minimizing is done by a classical computer.


• Hybrid algorithm

El
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|ψl⟩{
Vary the parameters θ

…

U(θ)…

M
in

im
ize

  E
l (θ)

O
p
tim

iza
tio

n
  

Measure

El(θ) =
k

∑
i=1

wli⟨ψli(θ) |H |ψli(θ)⟩

ωl1 > ωl2 > ⋯ > ωlk



Dynamical Correlation Function
• The measurement on the quantum computer is achieved by one auxiliary qubit 

and the controlled gates. [A. Francis, J. K. Fredrick’s A. F. Kemper, Phys. Rev. B 101(2020), 014411]


• 


• 


• 


• What we measure: , 

|α⟩a |0⟩b →
2

2
|α⟩a( |0⟩b + |1⟩b) → |ϕ⟩ ≡

2
2

( |α⟩a |0⟩b + Ô |α⟩a |1⟩b)

⟨ϕ | Ia ⊗ Xb |ϕ⟩ =
1
2

+ Re(⟨α | Ô |α⟩)

⟨ϕ | Ia ⊗ Yb |ϕ⟩ =
1
2

− Im(⟨α | Ô |α⟩)

Smn(t) = ⟨h | Ômn(t) |h⟩ Ômn(t) = eiHtΞ3
mσi

me−iHtΞ3
nσ

j
n
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Full Quantum Circuit
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|ψl⟩{
Vary parameters θ

…

U(θ)…
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in
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  E
l (θ)
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Measure

|0⟩ H H

Ξ3
nσ j

n
Ξ3

mσi
m

e −iH
t

…

Qubit

Qubit

Qubit

Qubit

Qubit

N

0
1
n

m

N − 1

…

Qubit

…
…

…
…

…

Prepare |h⟩ Quantum circuit for   Snm(t)

…
…

NO

YES

|h⟩=
U(θ*) |ψ

l ⟩



Meson Mass
• , 12 qubits


• QAOA has good accuracy


• The majority of meson mass comes from interaction rather than quark mass.


• For , the quark masses are dominant.

ma = 0.2

ma = 0.8
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g 0.2 0.4 0.6 0.8 1.0

1.002 1.810 2.674 3.534 4.352

1.001 1.801 2.659 3.509 4.342

Mh,QCa

Mh,NUMa



Correlation Function
• Real part consistent with 0:




• Bounded state behavior.

fq(x) = − fq(−x) = fq̄(x)
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Meson PDF
• Error bars/bands from interpolation methods.


• QC results matches well with exact 
diagonalization ones.


• Qualitative in agreement with pion PDFs in 2d 
QCD[Y. Jia, S. Liang, X. Xiong, R. Yu, Phys. Rev. D 98(2018), 054011].
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Light-Cone Distribution Amplitudes
• The projection amplitude of a hadron onto multiple-parton states


• Describes the formation / decay of a hadron.


• 


• Now we want to measure 


• We just need to prepare

ϕh(x) =
1
fh ∫ dze−i(x−1)n⋅Pz⟨Ω | ψ̄(zn)γ+ψ(0) |h(P)⟩

⟨α | Ô |β⟩

|ϕ′￼⟩ =
1

2
( |Ω⟩ |0⟩ + Ô |h⟩ |1⟩)
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Quantum Circuit for LCDA

25

�

QUBIT �

QUBIT �

QUBIT �

QUBIT �

QUBIT � − �

Ξ�
3��

�

�
−

��
�

� QUBIT �|0 

|�Ω,1 ���

…
…

…

Ξ�
3 ��

��

�
(�

Ω ∗)

…
…

…

�
( �

ℎ ∗)

|ϕ′￼⟩ =
1

2
( |Ω⟩ |0⟩ + Ô |h⟩ |1⟩)



Results

•  is fixed to be 


• Asymptotic corresponds to 

mh 1.5a−1

ϕh(x) = 6x(1 − x)
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Results

• Peak gets narrower with decreasing coupling constant or increasing hadron mass


• Converges to asymptotic result.
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Scattering Amplitude
• We have done simulating correlation functions.


• How about scattering amplitudes? 


• Especially nonperturbative ones!


• Current framework (Science 336, 1130; Quant. Inf, Compute. 14, 1014)


• General


• High lattice size requirement


• Difficulty with bounded states


• But correlation functions and scattering amplitudes are connected!



LSZ Reduction Formula













• Scattering function is a n-point correlation function divided by propagators of 
incoming and outgoing particles.

iℳ = Rn/2 lim
p2

i →m2,k2
j →m2

G({pi}, {ki}) × (
nout

∑
r=1

K−1(pr)) (
nin−1

∑
s=1

K−1(ks))
G({pi}, {kj}) = (

nout

∑
i=1

∫ d4xieipi⋅xi)
nin

∑
j=1

∫ d4xjeikj⋅yj ⟨Ω |ϕ(x1)⋯ϕ(xnout
)ϕ†(y1)⋯ϕ†(ynin−1)ϕ†(0) |Ω⟩

K(p) = ∫ d4xep⋅x⟨Ω |T{ϕ(x)ϕ†(0) |Ω⟩

R = |⟨Ω |ϕ(0) |h(p = 0)⟩ |2



Quark Proporgator
•  is fixed to be zero.


• Poles at .


• Additional poles may be bound states.

p1

p0 = ± m



Summary
• First direct simulation of the parton structure on a quantum computer


• Meson PDF


• LCDA


• Scattering Amplitudes


• Quantum algorithm agrees well with exact diagonalization


• Results qualitatively reasonable


• Methods generally applicable
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Thank you!


