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“Ji’s decomposition” in NNLO QCD
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“Ji’s decomposition” in NNLO QCD
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“Ji’s decomposition” in NNLO QCD
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MS scheme



00 (0 0)
, ,

00
,( ) | | ( ) ( ) (0) (0) ( )[ ]q g q g q gN p T N p u p A C M up pγ η〈 〉 = +

( )
3 00

,
, , ,

| |ˆ (0) (0)
|

q g
q g q g q g

N d xT N
H A C

N
M

N

〈 〉
= = +

〈
∫

q gM M M= + ( ), , ,(0) (0)q g q g q gM A C M= +

( ) ( )3 † 3 2 21ˆ ˆ ˆ   
2q gH H H d x i m d xψ β ψ= + = − ⋅ + + +∫ ∫D α E B



( )
, , ,( ) | | ( ) ( ) (0) (0) ( )[ ]q g q g q gN p T N p u p A C M u ppµν µ ν µνγ η〈 〉 = +

( )2
, , ,( ) | | ( ) 2 (0) 4 (0)q g q g q gN p T N p M A Cµν

µνη 〈 〉 = +

( )2 2

2
2 1| | ( )( )| |m

gN F m N
g

M N T N gµν
µνη β γ ψψ

 
〈 + + 〉 

 
= 〈 〉 =

( ), , ,(0) 4 (0)q g q g q gM A C M= +

q gM MM = + 

Trace anomaly decomposition in NNLO QCD



( )2
, , ,( ) | | ( ) 2 (0) 4 (0)q g q g q gN p T N p M A Cµν

µνη 〈 〉 = +

0.6,  0.4 0.18,  0.18−0.1− 1.1 proton
pion 0.6,  0.4 0.04,  0.04−0.4 0.6

( )2 2

2
2 1| | ( )( )| |m

gN F m N
g

M N T N gµν
µνη β γ ψψ

 
〈 + + 〉 

 
= 〈 〉 =

( ), , ,(0) 4 (0)q g q g q gM A C M= +

q gM MM = + 

Trace anomaly decomposition in NNLO QCD
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Trace anomaly decomposition in NNLO QCD
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Trace anomaly decomposition in NNLO QCD
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Summary

( )h p ( )h p′

Gravitational form factors can be accessed in hard processes @ JLab, EIC, …

1 2

1
( , , ) ( ) 4 ( )q

q qdxxH x t A t D tη η
−

= +∫
1 2

1
( , , ) ( ) 4 ( )q

q qdxxE x t B t D tη η
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= −∫

( )h p′ force & pressure
distribution
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2

, ,
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                         ( ) ( ) ( )

[
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q g q g q g

q g q g

P iN p T N p u p A t P B t
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gD t C t M u p
M

µ ν α
µν µ ν α

µ ν µν
µν

σγ

η

∆′ ′〈 〉 = +

∆ ∆ − ∆
+ +

spin distribution

mass & pressure 
distribution

mass & energy distribution

・trace anomaly for each q/g part of EMT

(0, ) (0, ) LO NLO NNLOq gC Cµ µ= − = + +

・ NNLO term is ～１％ level
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(0, 1 GeV) (0, 1 GeV) 0.180 0.003N N
q gC Cµ µ= = − = = − ± NNLO QCD

(0, 1 GeV) (0, 1 GeV) 0.04 0.02q gC Cπ πµ µ= = − = = − ± NNLO QCD with NLO input



Using the NNLO values for
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00 00 00
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Using the NNLO values for

q gM M M= +
0.6,  0.4 proton

pion 0.6 0.4 0.6,  0.4

q gM MM = +  ( ), , ,(0) 4 (0)q g q g q gM A C M= +

0.6,  0.4 0.18,  0.18−0.1− 1.1 proton
pion 0.6,  0.4 0.04,  0.04−0.4 0.6

q gT T Tµν µν µν
µν µν µνη η η= +

0.4 0.6
( ), ,, (0) (0)q gq g q gM A C M= +

, ,(0), (0),q g q gA C
00 00 00

q gT T T= +
strong μ dep.

weak μ dep.

0.18,  0.18−
0.04,  0.04−

proton

pion 

proton

pion 



backup



( )( ) ( )
( )

( )( ) ( )
( ) ( )( ) ( )

23

50
81

0
0

2

50
81

0 0
0

   0.09 0.25

( ) | ( )
   ( ) 0.00553609 0.0803962

2

0.0127684 0.0354678 0.0279651 0.0354

( ) | ( )
(0, ) 0.145556 0.3055

6

6
2

78

5

[

fn

s
q

s

s

s s
q q

s s

q

N p m N p
C

A

N p m N p
M

A

M

A

α µ
µ

α µ

α µ

α µ α µ
µ µ

α µ α

ψ

ψ

µ

ψ

ψ
=

 
+ −   

 
〈

+ +

 
+ − − −  



= −



〈
+

( )

31
81

0

]
µ

−
 
  
 

( )( ) ( )
( )

( )( ) ( )
( )

( )( ) ( )
( )

2
2

50
81

0
0

31
81

0
0

112
81

0
0

( ) | ( )
( ) 0.00174426 0.0312256

2

0.0059729 0.0165914

0.00396745 0.00503187

0.0237481 0.0216233

( ) [

]

s

s
q

s

s
q

s

s
q

s

N p m N p
M

A

A

A

α µ

α µ
µ

α µ

α µ
µ

α µ

α
µ

ψ

µ
α

ψ

µ

−

−

〈
+ +

 
− −   

 

 
− −   

 

 
+ −   

 



( )( ) ( )
( )

( )( ) ( )
( ) ( )( ) ( )

23

50
81

0
0

2

50
81

0 0
0

   0.09 0.25

( ) | ( )
   ( ) 0.00553609 0.0803962

2

0.0127684 0.0354678 0.0279651 0.0354

( ) | ( )
(0, ) 0.145556 0.3055

6

6
2

78

5

[

fn

s
q

s

s

s s
q q

s s

q

N p m N p
C

A

N p m N p
M

A

M

A

α µ
µ

α µ

α µ

α µ α µ
µ µ

α µ α

ψ

ψ

µ

ψ

ψ
=

 
+ −   

 
〈

+ +

 
+ − − −  



= −



〈
+

( )

31
81

0

]
µ

−
 
  
 

( )( ) ( )
( )

( )( ) ( )
( )

( )( ) ( )
( )

2
2

50
81

0
0

31
81

0
0

112
81

0
0

( ) | ( )
( ) 0.00174426 0.0312256

2

0.0059729 0.0165914

0.00396745 0.00503187

0.0237481 0.0216233

( ) [

]

s

s
q

s

s
q

s

s
q

s

N p m N p
M

A

A

A

α µ

α µ
µ

α µ

α µ
µ

α µ

α
µ

ψ

µ
α

ψ

µ

−

−

〈
+ +

 
− −   

 

 
− −   

 

 
+ −   

 

[ ]
1

0 0 00
( ) ( , ) ( , )qA dxx q x q xµ µ µ= +∫

( ) | | ( )
( ) | | ( )u d s

N p m N p
N p m uu m dd m ss N p

ψψ〈 〉

= 〈 + + 〉



( )2 2

2
2 1| | ( )( )| |m

gN F m N
g

M N T N gµν
µνη β γ ψψ

 
〈 + + 〉 

 
= 〈 〉 =

proton’s gluon

proton’s quark

pion’s gluon

pion’s quark

Trace anomaly decomposition in NNLO QCD
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Hatta, Rajan, KT, JHEP 12 (’18) 008
KT, JHEP 01 (‘19) 120
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Gluon field in NNLO QCD
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