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Toni Baroncelli: Introduction to Particle Physics

What we do today

Calculate, using what we saw before, ete™ - ut u~ 7 @
J ['fi = 2n|T/1=0(Ef)

(and also, later, e™p = e™p)
Fermi’'s Golden rule:
transitions between states

o . SIVIRGIVID . V;; non-invariant matrix element Vi= M| [QE) >
T =V —  Ei—- L T []\]/[]l Lorentz invariant matrix element ! D ‘
” . - g =

5 Transition matrix M = —[Qee ue(p3)y*” ue(pl)]%[Qte Ux(pa)y ur(p2)].

©

T Define currents H H d V=1 v

| Je = ue(p3)yTue(p1) and . = u(pa)y u(p2).

o

8

. 2 JeJn
Rewrite in compact foom A = —(0.0; e q2
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Calculation of(QED| Cross Section

Rules:

ete” - utu”

Draw the Feynman diagram(s) representing the reaction. The one with the fewest vertices is the ‘Lowest
Order (LO)’|diagram; each vertex contributes a factor e? « ag,, to cross section and decay rates; the

diagram below — |M|? « agy?;
« higher order Feynman diagrams (Next To Leading, NLO) — 4 vertices |M|? o agy*; see below;
Compute Matrix Element squared using Feynman'’s rules.

an
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"

!~l+)

General expression:

Mfi:MLO+ZM1,j+“'
J

|/\/[fi|2 = |aMio +afzzM1,j +"-][O¢’MEO +Q’ZZM’1"J(+---
J k

) 2 3 4
= a"|Mio|” + a Z(MLOMTJ_I_MEOMLJ')_'-Q’ ZMl’jMT,k"-"' .
J Jk
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Higher Order Diagrams & Interference

* QED a= 1/137 — LO term dominates;
» The interference between the LO and the NLO diagrams is suppressed by a a = 1/137;
« LO diagram accurate to ~ 1%.

» Particles u spinors
» Antiparticles v spinors

- Particles i

Initial state

¢ | Antiparticles | M I

Consider possible combinations of
Splﬂ each of the 2 initial / final state fermions
4x4=16 combinations
|

. . - _
Initial state e > < et

RL RR LL LR
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Spin combinations

Spin states are orthogonal — no interfefence — |M|? for each combination considered independently;

For ONE particular spin configdration of the e*e™~ state you have to sum |M|? of the 4 possible u* u~ states.

2 2 2 2
Example: RR ZZ IMRR=RRI” + IMRr=RLI™ + IMRR=LRI™ + IMRRS LL

In modern colliders ete™ are in\gl‘ S 2 2 2
general not polarised, equal (AIMyil™) = w + IMgLl™ + IMrrl™ + IMLL )
amount of all possible states

| — |

2 2 2
(|MRR—>RR| + IMRR=RLI™ + -+ + IMRLRR +)
— average of terms

1
e 2
(IMil iz E,lMl :

spins



Toni Baroncelli: Introduction to Particle Physics

Do Real Calculation! sin (%) and ¢ = cos (4

(5§ ) ( ¢ )
—ce'? se'?

, vp=VE s ,v,=VE . |
el (se'?)

J& =0p)yHu(py) and j) =T(p3)y"v(ps).

(¢ ) (—g )
se'¢ ce'?
In the ultra-relativistic region (E > m) - uy =VE c | uj =\/E .
 5e' ) \—ce'?,
These are the spinors we have to use in j; and j,
e o )
P1 P3 P3 H
Y _ P L 20 .
u 14 e -
P2
P2 P4 T A/p"'
e+ l"l’+

Scattering observed in the Centre Of Mass system: p; = —p,

Initial state electrone™:0 = 0,0 =0
initial-state positrone™:0 =m, ¢ =@
p1 = (E,0,0,E),

p2 = (£,0,0,-E),

p3 =(E,Esiné,0, Ecosb),

ps = (E,—Esin6,0,—FE cos 6)
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Spinors fermions & antifermions

General form for the spinors

Ur

VE

(

se'? ce'?
s U= ‘/E

Lse?,

¢ ) ( —§

c \)

fnitial state electron e™: @ = 0,p=0

\—ce'?,

) 5§ ) (¢ )
—ce'? se'?

; UTZ‘/E Do UlZ‘/E e
e W)

Possible spin @ Possible spin states antifermion N

initial-state positron e™: 0 =, =m (1\ states fermion( O) (1) (0
S:_Sing "}T‘d C_:_COS_% ur(pr) = VE (1) ,uy(p1) = VE (1) . v1(p2) = VE _(1) , vy(p2) = VE _(1)
\_ \0) \—1) . 0) \—1))

Final state muon u=:6,¢p =0 .\ Possible spin Possible spin states antifermion

Final state anti-muon u*:m— 6,9 =7 €\ states fermion [ %) () (5]
ur(ps) = VE i . uy(p3) = VE E . vp(ps) = VE _i . vy(ps) = VE _(;

o7 on(d). o) -(f) o=l
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The muon current

Ju = u(@3)y’v (ps)
Has to be computed for 4 possible spin configurations

-
P1 P3 / u(ps)
Y

H v j%won = ﬂ(pS)yv

o>

P2 P4 \/v, (2
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Calculating Muon Currents 2R Z.

[j%luon = ﬂ(pg))/va’(p4

Is a four-vector

)]

(C) (—S) (C) (§)
ur(ps) = VE|'| ui(ps) = VE| | og(pa) = VE| |, oy(ps) = VE|
\S) \—C) \—S) \—C)
(0 0.0 1) Yfirst Dirao.spinor. 1/jr ngmitiah Con_jug}rate W _ (W)T
0010 ¢ second Dirac spinor ¥ Adjoint spinor =y Ty,
0-100Y)
S1000) BP0 =0y 6 = Wi + Uisda + Wids + i
(001 0 DY e=01"y 6 = Uids + Uit + Uids + Ui,
= _(1) 8 8 _(1) Uy'e =Yy e = —iiga — U3 + Yide — Uid),
o010 o) e =u""Ye=uies - uies+ uien - Yidn.

10
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Calculating Muon Currents RL

. . e p’ (C
Example,for the RL combination: o, by w1 (93) VE 2:
« u~ right-handed helicity state — u;(p3) Y L
« u* left-handed helicity state — v (p,) H v (s
v (pa) VE|™¢|.
o0 - 0 P2 P4 5
Ju = ur(p3)y vy(ps) = E(cs — sc +c¢s —sc) =0, \—c
jJ = ET(pg,)ylvl(m) = E(-c® + 5> = ¢? + §%) = 2E(s* = ¢*) = —2E cos ¥, © H
Ji =W(p3)y’oy(ps) = —iE(=c* - s> — ¢ — §7) = 2iE, |::> JurL = W (p3)y vy (ps) = 2E(0, — cos 6, i, sin 6).
3

Ji = ET(pg)y3vl(p4) = E(cs + sc +cs+ sc) =4Esc = 2E sin 6.
Similar calculation for 3 other combinations

JurL = ur(p3)y vy (ps) :[ZE(O, — €08 6, 1,sin 9),]

Jurr = U (p3)y vr(ps) = (0,0,0,0), Only two components of the current are different from 0!

juLL = y(p3)y"v,(ps) = (0,0,0,0), RL and LR

Juir =y (p3)y vr(pa) {215(0, — c0s 6, —i, sin 9)]

11
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Computing the Electron Current

Almost identical calculation can be repeated for the
electron current:

jétlectron = ﬂ(pZ)yuu(pl)

With a similar result to the muon case.

j El(PZ)?/'uMT(Pl) = 2E(0,-1,-14,0), Only RL and LR electron currents are non-zero

JdLr [ Or(p2)y*uy(p1) = 2E(0,-1,1,0).
1
(IMpil') = 7 (IMrl + IMeeP + IMLgP + ML)
|
=7 (|MRR—>RR|2 + IMRr—rLI” + - + IMRLoRRIT + - )

12



Mfi for RL—RL
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|
Mil?y = = (IMgrl? + IMrel? + IMrl> + IMerl
26, superpositonof MV =3 (IMgrl® + Mgl + IMLrl” + ML)
16 components 1
P =7 (|MRR—>RR|2 + IMRRSRLI + -+ + IMRLSRRI® + - )
One component: RL—RL Mgi—pe for the process exe] — uru
ol,l = ” _ . o
Compute scalar product of Jery = 01(p2)y" ur(pr) = 2E(0, =1, -4, 0),
Electron & muon currents jJ,RL = T (p3)y v (ps) = 2E(0, — cos 6, i, sin 6).
(Center Of Mass energy s = 4E?)
2
e . .
S MRpi=rL = ) 2E(0,-1,—i,0)]-[2E(0, —cos 6, i,sin )]

= 82(1 + C0S 0)

\_ = 4ra(l + cos 6). y

13
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Similarly

6 is the angle of

|MRL—>RL@= IMiroirl® = (dra)*(1 + cos )%, | theoutgoing u~

with respect to

IMri—1rl” = IMirorLl? = @dra)*(1 = cos6)?, | the direction of

The only non-zero components of My; are

//"“L
e

e > 4 e’

The spin-averaged

matrix element M; is

Z.

-

the incoming e~

o

/“’_ /l"l’_
g -  em S em

e’ e p ¢ et e > ¢ e

IMgil® )=17

2 v

RL — LR H LR — RL WX IR LR

|

1
S [2(1 + cos 0) + 2(1 — cos 9)2]

[ 4(1+cos 0). <::|

2 2 ) 2
(lMRL—>RL| + IMRL—LRI” + IMLR=RLI +|MLR_,LR|)



The cross section of the process ete™ » u™ u~

Toni Baroncelli: Introduction to Particle Physics

. . * py momentum of the final state
We found already this general expression o 1 B ficle in th ‘
for process £|Mﬁ|2, particle in the cms system

atbhoctd dO* 64725 p:  p; momentum of the initial state

particle in the cms system
If we use i iand pr=p; =E

do 1 2 2 tlor @
ol 6471'286 (1 + cos”6), |:> a=e"/(4n). |:> — = 45(1 + cos” 6).

12 I B B B
< The measured e~ - ut u~ differential
> (1+cos®0) S cross section at Vs = 34.4 GeV from the
3 8 = JADE experiment, adapted from Bartel et al.
s FaN 5|8 (1985). The solid curve is the lowest-order
IM(LA— RO, " IM(LR— LRI " f 1 QED prediction. The dotted curve includes
FIMELD LA e ML= AOF 2 1 electroweak corrections.
| | I S 1 0 ; | | | _
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

cos 6 cos 6 15
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Electron — Proton scattering

The proton has a very complex structure.

How to study it?

How deep the virtual particle can
penetrate the proton depends on the
equivalent wavelength of the exchanged

virtual photon:
ALK R - Q*>» h*/R?

Content of the nucleon

* Atlow energies, elastic scattering, the proton remains intact.
Interaction between a photon and a proton (as a whole) — global

properties of the proton such as radius.

3 valence quarks

Many virtual

(sea quarks)

quark anti-quark pairs

Many gluons
(carriers of the
strong force)

... only quarks and anti-quarks interact with neutrinos

Deep inelastic scattering
gives the momentum
distribution of the quarks.

e~ p best way to study proton

Proton — proton scattering

Interactions of constituents of the colliding protons, the so called
partons (quarks, gluons)

proton 1 proton 2

P, ... momentum proton 1 Pparton: ... momentum parton 1

Pei ... momentum proton 2 Prarton: ... momentum parton 2
interaction vertex

« At high energies, deep inelastic scattering, the proton breaks up.
ls interpreted as the elastic scattering of the electron from one of
the quarks within the proton.

10
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e p Scattering

/ A>

> eP — eP elastic

scattering on a point-
like proton;

(a)

e )

- eP — eP no longer
purely electrostatic
account for the
extended charge and
magnetic moment of
the proton;

(b)

e

—> eP — eP elastic +
(small) interaction
with proton
constituents;

(c)

-

AL, \

- eP — eP detailed
structure of the
proton; elastic
scattering electron-
quark
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Rutherford & Mott Cross Sections

Exactly the same technique as for Rutherford & Mott non-relativistic limit e
ete” oputu” assume proton ~ point-like fermion
- Ps
IO)
C
P4 s
0 e 5 @O g
Qqu B , B ; Py
M = " [u(p3)y"u(p )] gu [u(pa)y” u(p2)]
P
Spinors of the incoming electron exactly those we used in ete™ - u* u~
(N (=5 ) (¢ ) (=5 )
se'd ce'¢ i¢ ce'?
FimC TemS KC s
| 7E-s5¢ ) | —g2=ce ) | kse'? \ —kce'? )
s = sin(6/2) and ¢ = cos(6/2) Factor K distinguishes between
p _ PBeve
Ne = VE + me. Introduced factor K: K = « Verylowenergy —» K = 0.;

E+me 7ye+1  Ultra high-energy — K = 1.; 13



Reminder (few slides before)

Toni Baroncelli: Introduction to Particle Physics

Calculate currents

=~
[

0 00 Y first spinor
| 00120 ¢ second spinor
R IV B I A
S 000) 500 =070 = wio + Uss + wis + i
(001 0) Uy'e =9y 6 = ids + Ui + Wik + Ui
S I UY0 = Uy Y2 = —ids — Uies + U2 — Uih1).
010 o) e =uNYe=uies ik +yie - vidn.

19
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Rutherford & Mott Scattering

¢, = cos(n/2) and s, = sin(n/2)

If consider the scattering to be elastic & proton at rest, then the energy of the electron doesn’t change.

0

| 0 )
0 1
ur(p1) = Ne ® , uy(p1) = Ne 0 and ur(p3) = Ne s up(p3) = Ne

\

(
All possible electron combinations are: et = B1(p3)y*ur(p1) = (E +me) | (€ + De, 2, +2ixs, 2xc | |
Jery = uy(p3)y'uy(pr) = (E + me) [(K2 + 1)c, 2ks, —=2iks, 2xc] ,
> At low electron
In the relativistic limit K ~ 1 » Vet = up(p3)y*uy(p1) = (E + me) [(1 - «7)5,0,0, 0] ’ energy all 4
Jeir @nd jeqy are both O kl = w (p)Y*ur(p1) = (E +me) [(* = 1)5,0,0,0] . currents contribute
Proton spinors are = electron spinors (/E, + m,, ~ ,/2m,) K, = 0 — lower 2 components of the spinors are 0
| 0 Cy —Sy

ur(p2) = [2my 0 =u(p2) and wuy(pr)=/2m; | = u(po). ur(p4) = | 2myp 1 and  uy(ps) = [2my g
0 0 0 0

0 0 0 0

e N
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Rutherford & Mott Scattering

The 4 possible combinations
of the proton current are

jort = =Jptl = 2myp|cy,0,0,0] and jopy = jpir = —2my [sn,O, 0.0]

Spin-averaged M,

~N

Can be simplified using/defining

Mil) = 5 LY IM
1
_le 4m2(E + me) - |2+ 2] - [401 + k3P + 401 - )5
4 g*
AmZmze*(ye + 1)
R S e ) U
q
_ Beye 202 _ E = . .
K = and (1 -0y =1 = YeMe.  Abit of calculations!
Ve + 1
L6m2m2 e 0
(M) = p4 [1 + B2y cos” = ]
q 2

21
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Rutherford & Mott Scattering

q* = (py —p3)* Y

t-channel

For the elastic scattering process where the proton doesn’'t move,

£ =L =L |:> ¢ =(0,p; —p3)” = -2p°(1 — cos 0) = —4p” sin*(6/2)
b1 =P3 = D-
4 D
X mgmgeﬁl . This expression is valid both
AP [1 + fBeYe COS —] « When the electron is non-relativistic
pTsin’(6/2) 2 : L
. * When the electron is relativistic

22
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Rutherford Scattering

The expression we just computed can represent two different cases:
« Rutherford scattering, the energy of the electron is very low, non-relativistic case;

: . . . P1
« Mott scattering, the energy of the incoming/outgoing electron cannot be neglected. e - e
Rutherford Scattering
2,2 4
msmge 0 2,2 4
Mz = = |1 €Brepos | peos = e
p*sin*(6/2) 2 © p*sin*(6/2)
2 4
aboratory scatiening 9 = L T 7 = M) = e
N 5 = \ dQ  6472m> 24 cind
(discussed in part#1) 4 647 \mp +E1 — £y coso TN 6472p* sin*(6/2)
E; = m, K m, Ex = p*/2me
Kinetic energy
7
The same expression could have been derived from ‘classical’ scattering = il
2
electronV(r) = a/r (d_a) = Cf’ 4 :
d€2 JRutherford 16E%( sin“(6/2)

— no spin!

Angular dependence originates from the 1/g2 propagator term. 3
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Mott scattering: 5 5.4
» Electron is relativistic; (M2 = Mpfte€ [
« proton recoil can still be neglected. It p# sin*(6/2)

1 + B2y?%cos —]

—>m, KELKm, »K=1

/ [1\ O (0) ) =)

0 1 S C
ur(p1) = Ne( R u(p1) = Ne 0 and up(p3) = N , uy(p3) = Ne

l 0) \—K \KS) \—KC) Reminder!

jerr =@ ()Y ur(pr) = (E +me) [ + Ve, 2us, +2iks. 2«c] | P Beve

K = = '
Jetn = W)Y uy(pr) = (E +me) [ + De, 2xs, =2iks., 2xc] E+me yet+l
ey = U u = (E + meX( - K°)520,0,0| , |
Jetg = Tps)y un(p) = € ] Same expressions for proton
Kjeu = uy(p3)y"ur(p1) = (E + me = .0,0] . /

— (small) contribution from sping-spin, interaction

KC KS

24
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Mott Scattering

2yZ > 1 2,4

, 0 g 2
—] E=ysm, (yo = E/m,) ,~\, s Ccos
2 E~p E?sin"(6/2)

2
i | 1 w m, < E K m,
dQ ~ 64n% \m, + E-=Fc0s 0

(dO') . @’ . )
dQ/vor  4EZsint(9/2) 2
As for the Rutherford scattering this expression could
have been derived from ‘classical’ scattering
electronV(r) = a/r

— almost no spin contribution!

YIS

25
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ep Scattering: Form Factors

Proton Structure — Form Factors

Classical calculation of Rutherford and Mott scattering:

electron in the Coulomb V(1) = a/r point-like proton

Classical treatment using static potential V(r) = a/r

Q total charge of ‘extended’ proton;

r' distance from center of charge distribution;
p(r") charge distribution;

[pGrd3r' =1;

Wavelength of electron > size proton — scattered wave
in phase — add constructively;

Wavelength of electron « size |:oroton — phase scattered
wave depends on position — add destructively — the
negative interference greatly reduces the total amplitude.

v = [ 229 gp
drir — 1’|
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Form Factors - 2

Initial & final electron ~classic wave
1/Ji — ei(pl-r—Et)
l/)f —_ ei(pg'T—Et)

q=P1—P3

@ »‘” 00 3y gy
drlr — 1’|

f f Q) jigr Qp(r’) Prd’r M { f eiq'R%d R | p(x)e ™ &' .

drlr — 1’|

@: WAV = f

—Et + Et

e i3 ip;r d3r

U Y; ©

vy = [ 22 gy

4nlr — /| '

R=r—-71

!

F(q®) = j p(r)e'd” dr.

scattering from a potential due to a point charge.

The form factor F(g?) is the Fourier
transform of the charge distribution.

— APt
Mf; — Mf

[

F(q®)

Form Factor:
distribution of charge

K inside the proton /

27
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Form-Factors - 3

Mott: To account for the charge distribution inside the proton — Form Factor

do a’ , 0 (dO‘) a’ 2(9) NP
i - COS” —. — — cos” (= | |F(q)| .
(dQ)Mott 4E2 sin4(9/2) 2 dQ ol 4E2 Sil‘l4(9/2) B | q |
(" , . )
« If the electron wavelength is much larger than the size of the proton —
F(q?) = fp(r)eiq-r o q -7 =~ 0.— point like source — F(q?%) = 1;
» |f the electron wavelength is much smaller than the size of the proton — rapid
\ change of scattered phases F(g? — o) = 0 — reduction of amplitude y
PN 4 point-like ‘[ exponential T\ Gaussian uniform 1 Fermi
Measure o _ sphere function
Shape of charge distribution
, (do /dQ) N N, . Ny
F(q*) =
angular terms(0) L
IF (@)1 flat 1 “dipole” 1  Gaussian 1 “sinc-like” '
— derive shape of charge F(q*)
distribution by comparison —~

Dirac fermion

proton

8Li nucleus

40Ca nucleus

28



Mott Scattering in the Relativistic case
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ep elastic scattering at high energy: do | E; \ )
« the recaoil of the proton cannot be 10~ 64x2 (m E1) Ml
neglected and ' e e i

« the magnetic spin—spin interaction
becomes important.

pl — (EIaOaOaEl)a
p2 - (mpa Oa Oa O)a

6
. P L =0
g Some calculation — book! ) p3=(E5,0,E55in0,Escos0), Q" =—¢" = 4E E3sin 2
2,4 2 Pa = (Eq, Pa).
mse 6 Q> . ,0 , L0
M -|2) = D [0032 — + ——ssin —} = —4F | E5sin” —.
! E 1 E5 sin*(6/2) 2 om0 2 9 15357 7
\. J
Mott formula in the non-relativistic case Mott formula in the relativistic case
do a’ 9 do a? E;
G0 B om0 T Lol
dQ/pon  4E?sin*(0/2) 4E? sin*(9/2) E1
Two new terms appear: Point-like proton, no F(g?)
. = (5 ~ 1 at low energy)

* and Q?/2mZ - sin(g)z this is due to spin-spin interaction 29
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Rosenbluth Formula

do a’ E; (C 0 g ) Elastic ep — ep scattering, point-like spin-half proton.

= = + ——ssin
dQ  4f% sin*(6/2) En L i 2 Contains terms due to the spin-spin interaction;

Account also for the finite size of the proton — two form factors:
« one related to the charge distribution of the proton, G;(Q?);
- and the other related to the magnetic moment distribution within the proton, G,,(Q?)

do a? Es (G% ]
= COS + SlIl
dQ "~ 4E2sin*@0/2) E1 | (1 Epin

a

Define (52), Mott formula in th lativisti o] = oS
efine (d—Q)0 ott formula in the non-relativistic case a0\, .. 4E2sin*(6/2) 7

. do G2 + TG2
R te R bluth fi I — =
ewrite Rosenbluth formula 5 ( : +@M tan> ]

30
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Measuring Gz (Q?) and G;(Q?)

E{ incoming electron energy )

2 do  (G7+>G; 0) (do do [(do
Atlow Q% -7 =2~ 0. — = |—£L M 2%2— | — — |—| ~G>.
C T g 0 |\Taex | 2) \aa),| aa/\ag), = "E
4
: 5 _ Q. do [[do N( ZE) ) -
At high Q° —> 1 am3 s very large — L_dQ/(_dQ)ON 1 + 27 tan > Gy,

By varying the initial electron energy and the electron scattering angle
that corresponds to a given Q% — G (Q?%) and G, (Q?)

|\ Ta+0 2] \aQ

do _ G% +TG%4
dQ

+27G3, tan” Q) - (dg)
0

P

8

[&

do
dQ

€= 1+7)

(GeV] +[Gu@] |

tan2(6/2)

6 outgoing electron angle
> 2mpE7(1 — cos )
my + Ey(1 — cos6) Y,

g
3

- @)

1.5
Q%/GeV?
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Measuring G & Gy,

do ) .
cm</steradian
d!l( )
= = =
S « 8

—

<
@
w

—h

<
(0]
B

Q2% =0.292 GeV?

500
E,/MeV

|
1000

Q2 =0.292 GeV?

tan3(6/2)
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