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Interactions by Particle Exchange

In this lecture

« How particles interact via exchange of particles

* Introduction to QED

Perturbation theory: If the Hamiltonian can be perturbation expanded (i.e. superposition of smaller and smaller terms)
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H, unperturbed Hamiltonian with eigenstates E,SO) and
eigenstates |n%);

AV ‘small perturbation’ with eigenstates E,gl) and
eigenstates |n') (at first order) + E,(lz'") and eigenstates
|n?-) (at higher orders);

AV, A is between 0 and 1 — higher orders count less;

The term (k°|V|n°) tells how much IV can mix different
states;

the term E.* — E,go) indicates how distant is the perturbed
state from the unperturbed one.
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[si = 27T sil*p(Ef)

Fermi’s Golden rule;

If the Hamiltonian can be perturbation expanded transitions between states
(i.e. superposition of smaller and smaller terms) T
\ : FVI)HJIV]i
/ \ Tri =<(fIVIi) + -
H=H,+\V —  Li—E;
0
E,=EY 4+ AEY) + ¥EY + ... Scattering in a ¢ | [Scattering via
potential particle exchange
In) = ’n(o)> Y ‘n(1)> a2 'n(2)> 4. v,
EO) |V 50 . V, )
) = 30 T oy, - -
g0 _ 50 .
\ k7n  Lmn k / Particles generate
potentials, other Particles interact via

particles scatter with exchange of particles —
potential. vo action at 'distance’ /

Unsatisfactory! A
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Iime Ordered Feynman Diagrams

Study reactiona + b — c + d.

» Exchange of particle X;
* Two possible time orderings.

First case:
|i) initial state a + b
|j) intermediate state c + b + X
|f) final state c + d

— a (electron) emits X(a photon) that is
absorbed by b (a second electron) later
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Note: the intermediate state |j) has an energy larger than
in the initial state: possible for a short period of time

AEAL ~ T.
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Further Analysis -1

space

Vii non—invar.iant matrix elgment Vii= M;; H(ZEk)—l/z
M;; Lorentz invariant matrix element K

The interaction contains two vertices
 Emission of X;
» Absorption of X.

Ma—)C+X

|((QE.2E:2Ex)'?  Density of states |
All particles included in the vertex

Vj;; ={(c+ X|Vl|a) =

Let’s assume that M,_,.,x is the simplest we can think of a simple scalar g,
That measures the strength of the interaction Ja

Vii=(c+ X|V]a) = .
ji = Viay (2E,2E.2Ex)\/2

db

Ve =d|VIX + D) = .
i = AVIX+ D) = B B

Same for the second vertex: g,
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The final result is then

w_ _ (dVIX+bXc+X|Vley 1 1  Gagp
07 (BEa +W) — (Ec+ Ex+ B~ 2Ex  (QE2E2E2EY)'?  (Eq— Ec — Ex)

2E, = \[2E, - \/2E,

The Lorentz invariant matrix element M;; for

a+b-c+d R
s related to the transition matrix element (not LI 1) T4 by = QE.2E,2E2Ey)" T,
Mab 1 Ya9b Similar expression for Mba - 1 dadb
'E E,—E.—E the 2" time-ordering i T hE ' E, —FE+— E
x ( X) x (Ep—Eq— Ex)
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Further Analysis -3

b
The probability for a given process is the sum of all Myi = Mai
probabilities of how that process can occur

+ Mb‘f

px = (bp —pa) = (Pa — Pc) |
=E¢ =px +mx = (Pa —pc)* +mg  Butsince ¢

Jda9b
= —_ M | = .
pa pC" # f qz_mir ]

_ Jadb 1 N 1
.} 2Ex \E,—E. - Ex lEb—EdQEX
<&
& If we take into account energy conservation E, + Ej, = E. + Eq =|Ey — Eq = E; — Eq |
| |
Mfl — gagb . .
2Ex E,—E.—Ex E,—E.+ Ey
. _ 9da9b
time (Ea o Ec)2 -
We observe that: My = Ja9b
E2 — p2 4+ m?2 Ji E _FE)— — 0 .2
x = Dx T My (Eq )" =Py —Pe) My
And that at the 15t vertex |:> Jadb
Px = (Pa — Pc) = >
and for the 2" vertex (Pa = Pe) mX

3
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Sum of all possible time orderings, is Lorentz invariant — a frame independent matrix element.

ot |
=| a c 2| a ¢ a C
2 2
X = — Ja9b
+ o . X My = =
)
d d
b > b > b d
time time
« Momentum conserved at vertices « Momentum AND energy conserved at
* Energy not conserved at vertices interaction vertices
« Exchanged particle “on mass shell” * Exchanged particle “off mass shell”
- 2 > 12 2
EZ — |Px|? = m2% Ex — |px|* # mg

— Virtual Particle
Low energy description of ‘scattering of non-relativistic electrons in a potential’: the potential V(r) that reproduces low
energy data is the Yukawa potential:

V() =go-gp e ™/r

For the exchange of a m = 0 particle (a photon) — familiar 1/;- Coulomb potential. 9
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Quantum Electrodynamics (QED)

QED is theory of EM interactions.

1
= (%IVI'#a)q (%IVI%)

-

\_

3 parts:
The strength of the interaction at each vertex

(lpclvllpa) (¢d|V|¢b>
The propagator

In the simplest choice of a LI matrix element, we have
chosen a scalar interaction

(lpClVllpa) X ga
(WYalV[Pp) * gp

\

/

In a realistic treatment of EM interactions, we
have to consider that the

photon is a spin 1 particle

— we need to account for polarisation states

Free photon wavefunction: plane wave + 4-
vector for the polarisation:

A, = eDeibx-ED,
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Interaction Fermion (Charge q) and EM Field

(D) pilpx=E1) e T s> e T e#: 4 vector indicating polarisation

Ap =gy

A photon propagating along tction has 2 orthogonal polarisation states
g1 =(0,1,0,00 and &% =(0,0,1,0).

Interaction between a fermion with charge g and an EM field 4,(¢, A)

The same substitution we (iy 0y —my =0,  Free Dirao
studied for Dirac particles _ equation
A, =(¢,A),0,=(0/0t,+V) 0y — Oy +iqA,

Derive Hamiltonian:

J
1. Multiply all terms by ¥° (y° y° = 1) |i6—"f H‘yoy VY — gy yP A — my()% =0,

oy

2. Remember Hy =i—. -Hamiltonian
ot 11
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The Hamiltonian Interaction EM

A) L i(p-x— - — - —
Ap: ]S)ez(px En) eTT” > e T

oy
i— + 1y Vo — gy vy A — my’y = 0,

ot

o Oy |
H=(my —iyy-V)+qy vy A, Interaction EM
= s field with Dirac
Vb =qy y*Au.  particle

Free particle
\Hamlltonlan y

el 4-component
p vertex {7 - spinor
Wp)IVolip1)) — ul(p) Oy v el ue(py)
Eop Eo
v vertex 1 (ps) 0-ey"y e ur(p2)

12
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T - e T
M=

Sum over polarisation
states of the photon

Transition matrix

Define currents

L - v
Z [MZ(P3)Qe€707” ue(Pl)]c‘J,(f)?&(ﬁ) [MI(P4)Qt€707 ut(pz)]-
B

A) ()=
Use Z 8;(1 )85, * —Yuv: uv =
2

—| Qee ue(p3)y* He(pl)] 7 Qe o (pa)y u(pa)).

Y =t(p3)y* ue(p1) and 2 = u(pa)y u(p2).

L 2 JeJn
[ Rewrite in compact form M = —(0.0; e 5 J

q

13
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Feynman Rules for QED

Three items in Feynman Diagrams
1. Dirac spinors for external fermions (initial and final
state particles)
2. A propagator representing the virtual photon

For each item one term; the product of these terms gives

—iM

u(ps)liey"lu(p,)

—ig,
Ve

u(pa)liey”lu(ps)

initial-state particle: u(p) = o
final-state particle: u(p) © L=
initial-state antiparticle: u(p) - o
final-state antiparticle: v(p) © =7}
initial-state photon: eu(p) ANANAANAS
final-state photon: g,(p) o~~~
i
photon propagator: - ggv { QO V|
q
: ((y*qu +m)
fermion propagator: — @ =

QED vertex: —iQey" Y

There is no QED vertex connecting more than
three particles: 1 photon + 2 charged fermions
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