Collider Physics: Dirac Equation & Co

March 4: Dirac Equation

Toni Baroncelli
Haiping Peng
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Toni Baroncelli: Introduction to Particle Physics

lextual Summary of the Lecture

Today’s lecture contains some amount of formalism/apparently complicated technicalities (review them in the
book). Below a summary in words of the physics points we discuss:

1.

NSO E W

The explicit definition of the solutions of the Dirac
equation will allow us to do next step:

Go from a non-relativistic wave function (Schrédinger) — a relativistic one, Klein-Gordon (with difficulties) — a
relativistic which fits experimental data (Dirac); some technicalities ...

Elaborate on the Dirac wave function: constraints on the form of the equation from the relativistic invariance;
Non-conservation of angular momentum Z;

Solutions of the Dirac equation for a particle at rest;

Appearance of the ‘intrinsic angular momentum’, spin S, conservation of L+S;

Understanding negative energy solutions, antiparticles;
Charge conjugation; ﬂ— w e A

Parity & Helicity. Egchathgle
Ol partcles

Probe proton
structure

Computing decay & interaction rates in the ‘particle
exchange framework. Q+ T g qj




From Schrédinger to Klein-Gordon to Dirac

Basic requirement of relativistic Particle Physics : Lorentz invariance of the associated wave-function
History: from Schrédinger to Klein-Gordon to Dirac

2
Non-relativistic formulation: _ P Schrédinger equation, obviously non invariant for Lorentz
' - om transformations (15t order in E, 2" order in p)
Relativistic formulation E2 — p? + m2 2" order in both time and space
(start of Klein-Gordon): P ’
A 0

Using energy and momentum operators P = —iV and E = iat;ansforms into:

2 2 2 2
o2 — A2 2 u 2\i1 — OHH. = a_ — g — 0 — 0
EX(x,0) = Py, 0 + mPy(x,0). ) @M +m =0, 90u= -5~ 797

When applied to y(x, 1) = Ne‘PX=ED gives Eza,b = p2¢// + mzw, |:> Energy-momentum relationship OK

[ But negative energy solutions! E = + \fpz + m2. ] .
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Klein-Gordon: Negative Energy Solutions & More

The physical interpretation of the wave-function is that

Y (x, OY(x, y)d3x

is the probability of finding the particle it represents in a volume d3x.

Introduce probability density (—probability per unit volume — divide by d3x):
If the particle doesn’t decay or doesn'’t interact — the probability stays constant.

Define probability density: p(x, t) = Y*(x, ) Y(x, y)d3x /d3x = P*(x, )P(x, y)

Quantify the variation of probability = flux j(x, t) of probability leaving the volume V throughs

; 4 Reminder: A
~ J, pix,0)dv = [ j(x,t)dS Klein-Gordon equation
P "3, + m*y =0,
It can be shown that — continuity equation V. j + e = {] \_ ( 8 W Y,
ot
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Probability Density & Probability Current

. . o>
Klein-Gordon equation Wy vzlp . mztﬁ.

WX (A1) = x (4.1)

or?
. 32 62 *
Compute difference " a_;l‘b _ ag = (V20 — m2y) — w(VA" — mPy?)
o .oy oy* . . [ Probability current \
Sy = V- (VY -y V).
7 ("” o~ ) WU p(x, ) = " (x, O(x,)
And compare to continuity equation continuity equation
op
L0y 32W_ * (2 2 2 % 2 ol em =l
V=7 —¥v—3 =y (VY —m™y) —y(VY~ —m™y) \_ 0t )

af ob W\ ol o, .
a[(lﬂ > Y )]— V[(lﬂ Vi — ¢y )-]
op - Loy
A" H 0. identify 0= z(w > —

where the factor of i is included to ensure that the probability density is real.

o™
ot

) and j = —i(y"Vy —yVy)
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Probability Density & Probability Current

that applied to a plane wave solution

w(x’ t) — Nei(p-X—Et)’
gives

p=2INFE and j=2|NJp,

[ p=2NFE ] j

Probability density goes like E — relativistic length contraction
Negative energy solution = negative probability = impossible, unphysical

I Dirac equation: both negative energy solutions and description of spin of particles




The Dirac Equation

Try writing an equation 1st order in both time and space — Dirac Equation Klein-Gordon equation
And fulfill energy-momentum Einstein relation 08, + P = 0

: A A e, .0 . 0 . 0 What are constants
Dirac EYy = (a-p+ Bmy, Ia!,[/ = (—la’xa - zafya—y - la’za—z +ﬁm) U. B 7?

Dirac equation must also satisfy Klein-Gordon equation!

P _ iafﬁ+iaf ﬁ+ig£—ﬁm i ﬁ+ia£+iafﬁ—ﬁmlﬂ
a2\ T oy “0z Y Ox ! Oy 0z ’

Py 200 L Py 5, - -
[ v — ax@ + a,ya_yz + a;Za_Zz — B my Looks like Klein-Gordon

— » p
+ + + +
Klein-Gordon (Glia{” Ay ¥x) o et G 0+ 02t oty
. . oy . Oy
+ I(WWM%M+ (a3 +ﬁafz)ma—z. 5 2160 B CETe e

L -l numbers — matrices
o}
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The Dirac Equation. cand [
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Q2 = Gf; _ a,g - B =1, o and B.are4 mgtually
anticommuting
For Dirac to satisfy Klein-Gordon then [ a;if+pa;= ,J matrices
ajap+ara; =0 | (j#k), | .
@, cannot be numbers / / / Lowest dimension: 4x4

I 0 0 o (10 (01 (0 =i (1 0
ﬁ:(o _1) and a'i:(o_i O)’ I--(Ol). Ux—(lo), O'y—(i O) and O'Z—(O_l).

1 ol o 0 The Dirac equation is a 4x4 matrix of (Y1)
operators that act on a 1%
B = 0 1 0 0 four-component wave-function | > Y= U3
O 0 -1 O (Dirac spinor)
00 0 -1 4 degrees of freedom \ Y4 )

If all particles were massless

then the B term would not be |:> Particles quk')q b? %Sc{ibe_d by a two-
needed  Ey = (a- p + Bm). component object (Weyl spinor) ;



Dirac: Negative Probability Density?

conjugate Transpose

As we did for Klein-Gordon compute A Hermitian matrix is a square
difference between matrix that is equal to the [3 3+1-] { 3 3_,} .
transpose of its conjugate matrix. U-* ? 3+i 2 [3—1' 2]
( N\ ( )
Oy O oy 0y R A S S
=y —ly— —1;— + mpyY = +1i—, ti—a, ti—a, +t1—a, + m = —-1—.
 ox 7 oy “ 0z ad ot Yox dy Y o0z ° Vb ot
\ Wave function ) L Hermitian conjugate Wave function y

And compare to the continuity equation (omitting calculation — book)

Probability density = [ 0=y =¥+ [Wal? + sl + lwal* = positive by definition ]

« Dirac formulation gives positive defined probability density;

« Dirac particles are more complex than Klein Gordon ones: four components wavefunctions
» Additional degrees of freedom (spin, intrinsic angular momentum);

» (Can be shown to describe particles & antiparticles

Toni Baroncelli: Introduction to Particle Physics
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Paull Matrices

Hermitian matrix is a complex square matrix that is equal to its own conjugate transpose

— . . — AT
Ais Hermitian <= a;j= aji Ais Hermitian & A = A
0 1
1 0/
g The Pauli matrices are a set of three 2 X2 complex matrices 0 —z
£ that are traceless, Hermitian, unitary. 03 — 0y — 0 )
© (/
g 1 0
= 03 — 05 —
5 0 -1

11



Dirac Particles and Angular Momentum

~

inder: the ti o d . L £d0 _ - 5 Al
Rfemmdber thebt||mg erendek)nce €O _ L0y = iwllA. Oy, | Tar = 0 the observable is conserved < |H,0] =0
Or an opbservanle 0 Is given Dy dr dt — the two operators commute
L=rxp=(@yp; - Zpya ZPx — XPz> XPy — YPx). [a’xpx + a’yﬁy +a;p;, Yp; — 2ﬁy]
Angular momentum . Il

L, =yp,-2py, L,=2Zpx—Xxp; and L,=23p

Schrédinger equation A l’i2
(non relativistic) Hgp = o |Hgg, L] = 0 —. Angular Momentum is conserved

Toni Baroncelli: Introduction to Particle Physics

7 , :
Dirac equation
(relativistic) Hp=a-p+pm, [Hp,L]=[a-p+pmixp]=[a-pfx P]
L [Ap,L] = —iaxP. Angular Momentum is NOT Conserved
Introduce a new operator: 0 110 0) (0 =1 0 0) (1 00 0)
A I 0j0 O a i 00 O A 0O-10 O
éz%ﬁz%Fjo) =15 001" 2|0 00 -i| ™ =79 01 o
0o (0010, L0 0i 0 0 00-1),
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Spin & Angular Momentum of Dirac Particles

It can be shown that also’S doesn’t commute with Hamiltonian [FID, S X P.

We have just seen that  [Hp, L] @ X P.

« Itis natural to associate the operator § with the Which translates into S S o
intrinsic angular momentum of the particle; [HD’ J] = [HD’L E S] = <:|

« The total angular momentum L + S is a conserved quantity;
» Dirac particles have all intrinsic angular momentum s = %;

 The intrinsic magnetic moment of a Dirac particle is  fI = %é where g and m are the charge and the

mass of the Dirac particle

Dirac equation includes naturally the description of spin 2 particles.
This is NOT a mathematical consequence.

This is the consequence of requiring the wavefunction to satisfy a particular structure of the Dirac equation 3



Covariant Form of the Dirac Equation

Toni Baroncelli: Introduction to Particle Physics

The Dirac equation can be expressed in a covariant form (a few steps ...)

0 0 0 0
1. Start from the standard equation IE!’[/ = (—zafx— —ly— — la;— +ﬂm) /8

0x Oy 0z
0 0 %,
2. Multiply it by B zﬁaxa—"iﬂﬁafy w+zﬁcrz—w+zﬁ— - B*myr = 0.
3. Define ¥’ =pB, y' =pax. ¥’ =pe, and 73518%@[ (1000 (0 00 1)
o |01 0 0 p o o10
. YIloo-1 ol YT 0-100
_ _ 00 0 -1) (-1 000)
4. And 0y = (00.01.02,03) = [—, —, —, k
(00: 91, 02,03) (araxayaz) (000 —i) (001 0)
5 00i 0 ; 000 -1
5. You can rewrite the Dirac equation as  (iy#d, — m)y = 0 N R N
' . el = \_ \-i00 0) L 010 0)/

14
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Solutions of the Dirac Equation

Which is the physical meaning of the solutions of the Dirac equation?

(iy*d, —myy = 0. =\

(

~N
Free particle wavefunctions of spin 72 particles (X, 1) = u(E,p)

 u(E,p) is 4-component spinor
* No position and time dependence

\. J
o o 0 0 0
Derlvatlvct only on the exponent Ou = (00,01,02,03) = | - = 3y 0

G
0x

0
o= 2= —iby, 0 =

Iy

YE -y pe =y py — v p: — mu(E, p)e"®*E) = 0,

= ipy, O =ipyy and O3y =ipy.

&

" the expression doesn't contain

~

Y pu—m)u =0 derivatives
# ’ It is the free-particle Dirac equation for

Ghe spinor u(E, p)

v,

15
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Dirac Equation: Solution for a Particle at Rest

Nonrelativistic case!

W(x, 1) = u(E, p)e'P*ED,

a particle at rest

¢1 )

)
=m

?3

b4 )

_ N wavefunction
Spin up 1\ | normalisation
u(E,0) 8 and wuy(E,0)

0 )

Y = u(E,0)e™,
Ey°u = mu

(¢1) y? is diagonal & 4 orthogonal solutions

¢2

¢3
\ 4 ) The 4 states are also eigenstates of the S, operator
0) Spin up 0) Spin down (0
L| spndown g (1) and ua(E.0) @ 8
0 ) 0) .y

Positive energy solution E = +m

Negative energy solution E = —m

10
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Particle at Rest: Dirac solution

Y =

|
2

"y

e—imtg wz — N

"y

e—imI, w3 — N

"y

et and Yy = N

Dirac equation for a particle at rest has positive probability density;
Represents well spinors with spin up and spin down;

Has still not solved the problem with negative energy solutions!

+imt

17
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Dirac Equation: Solution for a Free-Particle

Dirac equation for a free-particle spinor (was Ey°u = mu for a particle at rest) Pauli matrices
Written in full — (EY" — pxy' — puy* = pv° —mu = 0 0 1
01 — 04 — ’
. 0
14 ]/1 2,3 (0 —’Z: )
Oo == 0, — .
2 Y 0

N_Ptg.
i O0.p = PxOx+ pyOy+ p;0;: .

Note in the above equation the 4x4 matrix is
written in terms of four 2x2 sub-matrices

*Writing the four component
spinor as

18
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Explicit Positive & Negative Energy Solutions

— —o - - 01 0 —i 1 0
(E-ml  —o-p “A -0 G-P:(lo)l’x+(i 6)Py+(0—1)Pz
op —(E+m) )\ ug -
5.1—5:( Pz px_lpy)
DxT1Ipy —P;
_g-p
Gives u, as a function of u, ta = E — muB’
o-p
up = Ua.
P E+m ™
One more step: explicit ug,: uy and uj. Lo ( 1 ) nd e (0) Simplest
(2 solutions for positive energy) 47\ 47 Orthogonal choice
The corresponding ug* | .
terms can be derived as g - — 1
v "up = p Uy - pz. Px — Py "
E+m E+m\px+ip, —p:

19



Explicit Positive & Negative Energy Solutions

Toni Baroncelli: Introduction to Particle Physics

41 4 )
u‘;‘ (1) The first two solutions of the @) 0
u‘;‘ . ul = f(ub) Dirac equation for a free particle. w(E.p)=N|/ p and 1w (E,p) = Na| pipy |.
? Uz = f(u?) petipy A
Up B A \ Positive or negative energy? E+m) E+m Y
.......... (
m 0\ i 010 0) :
. . . ‘o 100O0}|:
Compare with solutions for a particle at rest: u(E,0) =N 0 and w(E,0)=N ! D =
: S , 0 0 : 0001 :
— the spin operator § doesn’t return 0 or 1 {0 0 : :
\o, (0010):
| 0 X-component of :
Other two solution are obtained with Ug = ( 0) and ug = ( i ) . spin operator
And derive u, from uy, Uy = g-p Ug,
E—-—m

The choices are arbitrary; just like choosing one reference frame.

It is the simplest choice!

20



Explicit Positive & Negative Energy Solutions

« Explicitly write down 4 solutions;

4 (1 ) (0 ) ( Pz (PP )
E—-m E—m
0 1 Pxtipy E_Pz
;@: ]@ s , U = N> pe—ipy | uz = N3| E-m Us = Ny (—)m
E:m E+m I
Pxtip —p
G o 0 ) SR

« Which energy do they correspond to? All these solutions satisfy Dirac equation:

= u(E.p P

If you put back any of these solutions into Dirac equation — get E? = p? + m?

If you put p = 0 then you get (1 \  Spinors u, , reduce to the

» . N B 5
0 positive energy solution ofa £ = +‘ pr+m ‘
* There are 4 independent Dirac particle at rest

solutions; S
« We cannot avoid negative " And the same for us 4 E=_ ‘ 02 + m2 ‘

Toni Baroncelli: Introduction to Particle Physics

energy solutions
21
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Where Did We Get? Where Did We Start From?

Did we derive laws of nature from algebra of Pauli (or Gamma or Whatever) matrices?

NO!

We made use of a handful of basic ideas based on experimental facts:

« The probability of finding ONE particle (not decaying and not interacting is ONE;

* — Quantum Mechanics;

« Fermi exclusion principle Nature
« Laws of nature do not depend on the reference frame where you observe them;

« — Lorentz transformations

e S EZ=p?2+m?

These ingredients have been elaborated, expanded, represented using
algebra & operators & Co to give a mathematical representation of nature.
Nature is not in this representation, Nature is in the list of points above

22



Antiparticles & Negative Energy Solutions

Dirac equation: Difficulty:
* Incredibly good framework for spin %2 particles; « If really ‘negative energy states’ existed,
* Spin and magnetic moments emerge naturally; and were accessible, then all positive
* Negative energy solutions cannot be excluded as energy electrons would fall into this lower
‘unphysical’; energy states;
« Must provide a ‘physical’ interpretation for these
2 solutions.
2 First attempt: the ‘Dirac’ sea
';:fi The vacuumis fully occupied by Physical world Vg ote 5
o negative energy states _ 4 _ 4
S+ —noholeis present for +energy : :
2 electrons to go; p— —
= « — ‘negative energy states’ are me - ——— my | ——— v Mg = ‘: y
6 inaccessible | . L
S « Fermi exclusion principle prevents Vacuum Yl v,.r'r'
_5'2 electrons from occupying the same | —0—0—.'. e I :9:0—°_. : e I —0—0—:.
© position/energy ——— - —— ———— 53
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The Dirac see

This idea seemed not bad:

ﬁ If a photon, energy > 2m, excites one \

‘negative energy electron’ would leave a ‘hple’ me 1 — m. | —— me |- —o——
with ‘J_,Y ,./Y
* Less negative energy; T ; _._r""
* Aloss of charge -1 — charge +1 -m, |- —e—e— me |- —0—e— ~m, | —O——e—
* A positive energy electron with charge +1 —— — e e ——
\* Pair creation Y, o =\ =
K A positive energy electron falling into one\ Difficulties:

available ‘hole” would give
» Disappearance of energy (negative
energy);
» Disappearance of a charge -1 (charge
+1)

\- Electron/positron annihilation. j

— antiparticles ?7?!!

« The Dirac see would be populated by an infinite
number of antielectrons — infinite energy! How to
handle this?

« Today we know that also anti-bosons exist and the
Fermi exclusion principle would not exclude occupying
the same ‘hole’

24



The Feynman—Stiickelberg interpretation

We know today that:
Each spin 2 fermion has a spin Y2 partner with exactly same characteristics BUT opposite charge.

Solution:
Negative energy fermions that propagate —
backward in time
., Wavefunction doesn’t change when electron emits y (2E) electron (+E) annihilates with
2 (E) » (=E) 4 (—t) = (=t) + electron with positron (+E) and emits y
s el=lEt] = p|=i(=E)(=1)] e (E>0) negative energy — e (E>0) et and e~
E electron backward in time electron forward in t
E Y Y
E Graphic convention: D
< C\)b QO
E L &
z Ant|part|.CIes are Qrawn as e (E<0) e*(E > 0)
= travelling back in time ,
= electron , positron ;
g Time — Time —
kS

25
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Physical Antiparticle Spinors

Dz Px—1py

Use ‘physical spinors’: physical energy and pertp, E-m

momentum: go from s = N3 _Eim iy = Ny _E(-)m
Uz = vy and uy = v, 0 X

01 (E, p)e XD = y(—E, —p)eTPrCE]

N; = VE + m yavefunction
no ' n (Lorentz contraction)
to give 2E particles per unit volume

0 (E, p)e—i(P'x_Et) = u3(—E, —p) ollpx—(=Ex]

Same procedure as for u; and u,

0
+i(px—Et ’ !
Dirac particle solution  ¢; = u;e™"®X~ ) ur(p) and  uz(p) e=ipy |
E+m E+m
PxtiDy —Dz
“E+m E+m
Px—IPy ﬁ
, : : . - —i(p-Xx— Er) Ei“fam Px+$y
= v, z i o)
[Dlrac antiparticle solution ¥; e vl(p) 6 i @' o |
E:+|\/p2+m2| 1 0

20
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Operators Acting on Antiparticles

Operators that return physical energy and momentum of antiparticles have to be
modified (to return physical energy and momentum):

P}@: —i% and @: +iV,

Feynman-Stuckelberg interpretation: p) — (E,—p)
|:{> L=rxp—-L
o &) A
To maintain [Hp, L + S| = 0 for antiparticles §” = -8,

Dirac sea picture: a spin-up hole in the negative energy Dirac sea, leaves the vacuum in a net spin-down state.

27
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Charge Conjugation

Symmetries are very important in Particle Physics. We will discuss more

Charge conjugation is a discrete transformation of particles into antiparticles

Classical dynamics — how the Charge ¢, A scalar and vector
Conjugation operator is dgﬂngd. E—>E—-qg¢ and p— p-qA, potentials, g is the charge of the
Motion of a charged particle in an | particle

electromagnetic field A* = (¢, A) 4 vector notation Py = Pu — qAu-

Classical Physics — Quantum Mechanics E = io/ot. p=—iV |:> 0, — i0, — qA,.

Dirac equation motion of a charged particle g = —e in an EM field becomes

F ticle Di t
y“(a,@&qﬂ),’b +imy = 0. | ree ?ar icle Dirac equation
particle <:: (iy"d, — myy = 0,

Dirac equation motion of a charged antiparticle g = +e in an EM field becomes

[v"(@@Aﬂ)w’ +imy’ = 0-] ' = iyyt, E:> W = Cy = iy’y’.
28

antiparticle




Spin and Helicity

Let’s study spin and helicity

1 00 0 4 1 0} )
Z-componentof & _ | | (crZ 0 ) 0o -10 0 @ 0 @ 1
, S; =52, =5 == , u(EJ0) = N and u(E{0) =N ,
the spin operator 2 0 o 0 01 0 1 0 0
0 00 -1 o | 0
Particle at rest spinors (£>0)
Clearly not true for p # 0. In general NOT eigenstates Eigenstates of S,
. J
0 Px—ip Pz
Z (1) ! e 0,
% ur(p)= VE+m| p._ and ux(p) = VE+m| p—ip, | vi(p) = VE +m ? and vx(p) = VE +m EJlrm
& E+m E+m
= In the special case p, = =p,py, = 0.
£ s
- | 0 Frm
D 0 1 P 0
é M]ZN ;_:'_—P;n ,MQZN _0 ,U]ZN E('Sm ElIldUg:N 1
g 0 ~P 1 0
S

29



SZ ul(Ea Oa 09 ip) =
SZ MZ(Ea 07 03 ip) =

+

1(E,0,0,+p).  Spin up

The action of S, (particles)
2(E,0,0,£p). Spin down

§5] L ST

Sz(v)vl(E, 0,0,+p) = =S.v1(E, 0,0, +p) =
§Z(v)vg(E, 0,0, +p) = —S,02(E, 0,0, +p) =

(E,0,0,£p). Spin up

and of S? (antiparticles)
(E,0,0,£p).  Spin down

Toni Baroncelli: Introduction to Particle Physics

Possible configurations:

Spinup  Spin down Spinup  Spin down Spinup Spin down Spinup  Spin down

= <= ) == - <= E— <=
S o > > 4 44— 4 44—

> Z > Z

p— P

30
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Helicity

» Cross sections calculation depends on spin states;
» The z component of the Spin operator is of limited use;
* The z component of the Spin operator does not commute with the Dirac Hamiltonian;

— introduce

S-p
e .

Helicity: projection of the spin along the direction of motion h

A

. .. . A E'f’ 1 O-'f) O
The corresponding helicity operatoris = — = — N
P J Y op g 2p 2p( 0 ff-p)

It can be shown that the Dirac Hamiltonian commutes with A [Hp,£-p1=0

simultaneous eigenstates of the free particle Dirac Hamiltonian
and the helicity operator.

For a fermion the eigenvalues of the helicity operator £1/2. These
states called

* right-handed and

- left-handed helicity states 1 Helicity operator acting

on a spinor — returns A

—

U

31



Helicity Eigenstates

Need explicit solutions of Dirac Equations that are also eigenstates of Helicity

l fo-p O
2p 0O o-p/\ug Up

Toni Baroncelli: Introduction to Particle Physics

s = sin(g) and ¢ = cos(%)

Particles, right—handed spinor us left-handed spinor uy

(& —d

se'? ce'?
ur= VE+m p U= VE+m p ,
E+m E+mS
p i __Pp i¢
E+m se E+mce

Antiparticles, right/left-handed spinor vy v,

P P

E+mS E+mc
) e o
v = VNE+m Em ‘€ v, = VE+m Em ¢
— G
ce'® se'

(0 - pua = 2p Aug,
(o -p)up = 2p Aup.

)(uA ) B A(MA) p = (psin@cos ¢, psinésing, pcoso).

i ( Pz Dx — Py )
2p \ Px + ipy —p

1 cos® singe

- E(sin96i¢ —cos d )

|
g(o"P) =

&

i¢ it _ it i¢
uTz\/E Si ,ulz\/i ci ,sz\/E fi and vlz‘/f Sec :

4

In the ultra-relativistic region, E > m, the
4 spinors can be approximated as

i) A) &

—ce'® ce'? se'¢

—
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Helicity Eigenstates

u

cos(g) —sm(%)
N e'?sin (%) N e®cos ()
up = 5 u = 5.
TV es(®) || )
£rm¢ sin (3) —£rm¢ cos (3)
sin(?) s eos(9)
Pl i (2] APl i [}
v =N E+_m:ingg§(z) v =N E+n::ZS(SIQn)(2)
' cos (Qg) ¢'? sin %Q)
particles anti-particles

T’ ul VT’ Vl
h=+1 %—1 h=+1 <

33
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Intrinsic Parity of Dirac Particles

Charge conjugation, a discrete symmetry that transforms,
particle & antiparticle.

Another discrete symmetry is the parity transformation, which corresponds to spatial inversion through the origin:

!’

X'=-x, y=-y, Z=-z and ¢ =1

QED and QCD (strong interactions) always conserve parity.

Parity transformation properties & form of Parity operator

Y is a solution of the Dirac equation; iyla—"b + iyza—"b + iy’ — W _ my = _Woa_'ﬂ
0x oy 0z ot
Y’ is the parity transformation of y, ¢ — ¢’ = 151,&.
: - - oy’ oy’ oy’ oy’
also satisfies Dirac Y= 4+ 2 3 —ipV =
4 Vaw T 7’ R
If you invert twice one Dirac solution you return to the initial solution W =Py = Py =y

This means that }32 :}
34
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Intrinsic Parity

5 , 0y S0 30 .00
Insert ¥ — into zyl—"& + Wz_‘ﬂ + zy3—w —myy = —1)/0—"”.
0x dy 0z
Change of reference system, . DN/ 1/ oy’
Dirac equation is always valid ‘ +oy P 3y +iy P oz mPy’ = —iy"P o7

The derivatives in the Parity transformed system introduce aor all the space-like coordinates

X' =-x, y=—-y, Z=-z and ¢ =1
A ('31,& , ~ O’ ~ O’ , ~ Oy’
. 0,1 p 0.3 07 0.0
’p P P — P—.
Multiply all terms by y° @7 l)’ Y by —1yy P y' = —iyy o

0.k kA0
7 :@‘y .1 0800 SOy 3 0500 05, _ . 0050
nlyP +zny +1ny -my Py = -1y vy P—.
ox’ oy’ 07’ or’

And compare with the starting equation 35
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Explicit form of P

ERPNG./4 / . . OU’
zylP d !’b pIV —mPy’ = —l)/OP i | Initial equation with P-inverted coordinates
0x 8y 0z ot
’ 0 0 . ~ O’ . .
[i)/ "i, + iy*y° P(‘)'Z + iy P% —my’ Py’ = —iy"y'P (';tb’ ~ Final equation ]

If we want the two OC I
equations to be the same
Since  p2—7j |:>

Conventional choice

p=—y

Effect of parity on a spinor at rest (

Puy = {0 =

A (] )

0
| | €

0
0
1
0 -1) wy

—_—0 O O

oo O =
oo = O

Hence the intrinsic parity of a fundamental spin-half particle

Puy =+up, Pvy=-v; and Pvy=—v2. is opposite to that of a fundamental spin-half antiparticle. 5
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